



	 	 	 	 Notes Advanced Microeconomics 
 
 
In economics we make a lot of assumption —> Main reason is that economics model are just a 
modellization of the reality. We need need something simpler and easier than the reality. Assumption 
should help us to simplify the problem.



Economics model are useful because when we analise data, we need to have some background theory 
to interpret the result. 



Example 

If i have some data on the sales or on the price of the good. Then we estimate a regression: you see 
how sales depends on the price. What kind of relation we are going to expect? Positive or negative? 
Negative.

How do we explain this negative relation? This relation is based on theory in which we assume we 
receive some satisfation(utility) from a given good. You can’t compare satisfation with price that you’re 
paying for that good. If price increase you buy less! If you have an income you can buy less unit of the 
good is lesser. Unit I can afford= Income/price. But there are example in which price increase and sells 
increase. The based theory is like this but is based on assumptions. 






Ch.1 - Consumer Theory 
 
First lectures will be manly on consumer choices.



Main topics: Consumer theory explains how consumer decides what to buy and how much of a good 
to buy.



In particolar, we will see the concept of preference and choice. We will main base the lecture on 
preference based-approach compared with the choice approach. We will see utilty function also and 
then introduce way to rationalise behaviours. In economics they care about their utilty but don’t care 
about others so the concept of altruism will be implemented editing the concept of utilty function. 

 

What is preference?

First, how consumer decides between two different goods. 

Do you prefer an orange or an apple? 

2 guys, one orange and one apple. 

This choice are based on some preferences, so we will define is the preferences of individuals. This is 
an element with which can make choice. We will see the so called consumption set that is indicate 
with X.

 

Consumption set X: all set of alternatives that are available to the decision maker.

In this case the DM is the consumer.



So set of all possible choice means consumption set is very big. In the consumption set we will not 
only goods to buy but all possible combinations of quantities of these goods. (1 apple, 2 orange or 2 
apples, 1 orange). In our exercise we will be mainly two goods with quantities to buy.










Preference based-approach: assume that I know the preference of consumers so according to the 
preference that i know i can predict what people will buy. 

In the example i took i know she prefers oranges than apple and if i offer an orange or an apple she will 
decises to buy and orange.



Choice-based approach: the second approach is the choice-based approach. According to this 
approach i don’t know her preference but I make her an offer and i offer her 1 orange and 1 apple. 
Based on the choice that she makes, she decides to buy the orange. So I infer that she prefer orange 
to apple. So I build the preference based on preferences on my observation of her consumption here. 
This is something closer to reality but it’s harder to treat it analiticlaly. Sometime to change preference 
maybe. In the traditional theory we will use preference does not change over time. Main advantage of 
the choice-based approach is based on behaviours which is something I can observe while preference 
based approach rely on preferences we have to assume we know (even in the reality we don’t) as 
assumption.







Preference-based approach



How preference defined? We should ask to the decision maker which are the possible alternatives 
which are all in the consumption set X.

Given two alternatives x and y that belong to the consumption set (X) what kind of ranking can you do? 
You can say that given this two, i can prefere an orange to an apple and the simple of preference is like 
a greater sign. I can say i prefer an apple to an orange o i could say I’m indifference (tilde symble).



A preference relation is an operator that allows you to do this ranking and the kind of presence relation 
we will be use must be complete.



Complete: Individuals must be able to compare every alternatives in the consumption set. 

So for any two alternative you are able to choice between one of this. 

Ex. I can compare even with good that i never bought.

In reality, If i ask you to compare one good to another you would say “i don’t know”.



A binary preference relation is a relation. In Mathematics a binary relation of a pair. 

When we compare alternative we will compare what we called ordered pairs.



Binary relation: collection of ordered pairs(x,y) from a set x,y appartenete al consumption set X.



Esempio: this are two ordered pair. 
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The symble of strict preferences.

Before we said that x is prefer to y but we don’t say that x is strictly preferred to y. We are introducing 
the operator of strict preferences. Here we have three options: x strictly pref to y or y strictly pref to x 
or x ind to y. I can only choose one between the three.



The same relation could be define using another operator which is called weak preference operator 
where x is as good as y or x is weakly prefered to y. 

Weak preference operator we will not have three options but only two. We could say that x is al least 
as good as y or y is at least as good as x. In this case, the difference in respect to the strict preference 
is that we can choose both. This mean the two goods could have the same value. In case you choice 
both option this mean that the two good are indifferent.



 

The same preferences can be describe using the two symbles. So to say that x is ind to y, in stric 
preference we said only check x ind y, while with the weak preference i check the two boxes. 



This part is about: a way to define how to make choice and we introduce this operator to define 
preference between alternatives. So what is prefered to what and what is indifferent to what. 



Reflexivity: any alternative x can be in a set of thing that I could buy and every alternative must be 
indifference to itself. (X is as good as X —> it’s like a tautology.  



Reflexivity implies that X ind to itself or using weak preference is as good as y. 



In order to analise consumer behaviour we have to verify that relation is relational.

A preference relation if weak preference:


Completeness: we are able to compare (to rank) every alternatives.
•
Transitivity: implies 3 possible alternatives that are also referred as bundles of goods. 
•



Bundle could be 2 orange and an apple. Or two oranges and two apples.  	













If bundle like this we would have 3 goods:











But for the majority we will thread pair of goods. 
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Transitivity implies that you weakly prefered x to y and you weakly prefer y to z then implies you weakly 
prefer x to z. Even this is a stronger assumption so this mean if I ask you: you prefer orange to apple? 
You say orange. Then, you prefer apple to strawberry ? Then we can conclude that orange is weakly 
prefered to strawberries.

In theory holds but in the reality you may prefer strawberry to orange (but in the course we will use 
transitivity). 









Rational preference mean that preference relation satisfy completeness (i can compare all possible 
alternatives) and transitivity.



One bundle is prefered to another but we don’t say how to make choice so why x is prefered to y. 

One possible way of define preferences is one of the following and this is how preferences are 
described. X weakly prefered to y, we have to define a decision rule in which we can predic which 
choice will be made by the consumer.

 

X is weakly prefered to y if and only if:

I defined the components of the bundles. According to this decision rule, for this individual the first 
bundle prefered to the second if summing the quantity of the goods in the bundle I obtain a sum that is 
greater or equal to the sum of the components of the second bundles.
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Imaging the guys that we propose, choices the bundle with the highest quantity respected tot he two 
goods.  We have to prove wherever a preference satisfy some preferences.

How can we test if this relation is complete and transitive?



Let’s start with completeness. You have to be able to decide if x is weakly pref to y or y weakly pref to 
x of both (indifferent)? 

This preference relation satisfy completeness? If i give you two bundles, i will always be able to 
compare this two bundle? This is the definition of completeness. Yes, it’s complete because we can 
always compare two real number. 



Transitivity: this satisfy transitivity. If i found that x is weakly pref to y, y strictly pref to z then x weakly 
pref to z? YES.



 









We can always compare real number. Just compare the quantity in a bundle to verify the preference 
relation and verify is the preference relation is rational.



Although we did this assumption, there’s a branch of economics which is called  experimental eco 
monomials: takes individual and bring individuals to lab and test some assumption about 
Microeconomics theory. There are quite a lot of examples that individuals choice violate this 
assumptions.



There are potential source of intransitivity in preference:


Indistinguishable alternatives
1.
framing effects
2.
Aggregation of criteria
3.
Change in preferences 
4.



This may violate the transitivity properties. 



Example of framing effects.

Framing: phenomena in which your answer may depend on the order of the question.

Imaging that I bring you this and then ask you to decide this three alternative:

(Paris for $574)

We should actually say that a and b are the same because the holiday are the same. The holidays is a 
week in Paris for $574 so same offer. So we change the way we presenting it. If i compare a with c and 
b with c, if a > c also b>c. Instead, in the lab many individuals that violate this properties. 



Another example:

Coffee paradigm (Paradigma del caffè). How many spoon of sugar you want? Maybe you cannot 
distinguished between 2 or 3 spoon maybe.

This is also violation of rationality!



If i giving you 70 orange and 70 apple and make you choose by majority. Then this violate transitivity. 

This assumption help us to simplify the problems! But in reality is not like this.



The final goal is to define if a simple model can describe a reality and how well this can be predicted. 
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Ch. 2 - Utility function 
 
Preference can be described in the way he showed before. We implicitly define a function for the 
preference relation that was the sum of the components of the bundle. 






 
 
 
 
 
 
 
 
 
 
Utility function We can generalise:

Utility function is a function that is define the consumption set. So taking as input the bundle in the 
consumption set it give us a real number. This function can be called utility function representing the 
preferences if for any two alternatives we can say that x if weakly prefered to y if and of if the utility of 
the x is greater or equal than the utility of y.

We assume that we know the preference of the individuals in a sense that we know the utility function 
of the individuals. 



So preference relation can be describe by utility function. If this is true, we can say if x weakly prefered 
to y or viceversa.

An important thing is that for our consumption theory is that we are able to rank the alternatives. 



















The utility of bundle is greater than utility of bundle of y. I will choose x. So we want to predict if we will 
choose x instead of y. We don’t care about cardinality, so the number of the utility function but we just 
care about the rank. So we want to allowed  the consumer to rank (put in order) the different 
alternatives.  
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Any strictly increasing transformation of the utility function also give a utility function that describe the 
same preferences. If i apply an increasing transformation to the utility function which gives another 
utility function that describe the same preference.



Describe the same preference since it’s a strictly increasing transformation. 























In the example that we take we assume that all goods are desiderable. We will speak about 
monotonicity, strong monotonicity, satiation and non-satiation. We can include different goods in 
combination of n goods in which a set of vector with n component in which every components is a real 
number.   
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Advanced Microeconomics
(EPS)

Chapter 1: Preferences

Advanced Microeconomic Theory



Outline
• Preference and Choice
• Preference-Based Approach
• Utility Function
• Indifference Sets, Convexity, and Quasiconcavity
• Special and Continuous Preference Relations
• Social and Reference-Dependent Preferences
• Hyperbolic and Quasi-Hyperbolic Discounting
• Choice-Based Approach
• Weak Axiom of Revealed Preference (WARP)
• Consumption Sets and Constraints

2Advanced Microeconomic Theory



Preference and Choice
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Preference and Choice

• We begin our analysis of individual decision-
making in an abstract setting.

• Let ! ∈ ℝ$% be a set of possible alternatives for a 
particular decision maker.
– It might include the consumption bundles that an 

individual is considering to buy.
– Example:

! = {(, *, +, … }
! = {Apple, Orange, Banana, … }
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Preference and Choice

• Two ways to approach the decision making 
process:
1) Preference-based approach: analyzing how the 

individual uses his preferences to choose an 
element(s) from the set of alternatives !. 

2) Choice-based approach: analyzing the actual 
choices the individual makes when he is called to 
choose element(s) from the set of possible 
alternatives.
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Preference and Choice

• Advantages of the Choice-based approach:
– It is based on observables (actual choices) rather 

than on unobservables (individual preferences)

• Advantages of Preference-based approach:
– More tractable when the set of alternatives ! has 

many elements.
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Preference and Choice

• After describing both approaches, and the 
assumptions on each approach, we want to 
understand:

Rational Preferences  ⟹ Consistent Choice behavior
Rational Preferences  ⟸ Consistent Choice behavior
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Preference-Based Approach
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Preference-Based Approach

• Preferences: “attitudes” of the decision-maker 
towards a set of possible alternatives !.

• For any (, * ∈ !, how do you compare ( and *?
! I prefer ( to * (( ≻ *)
! I prefer * to ( (* ≻ ()
! I am indifferent (( ∼ *)
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Preference-Based Approach

By asking: We impose the assumption:

Tick one box 
(i.e., not refrain from 
answering)

Completeness: individuals must
compare any two alternatives, 
even the ones they don’t know.
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Preference-Based Approach

• Completeness:
– For any pair of alternatives (, * ∈ !, the individual 

decision maker:
!		( ≻ *, or
!		* ≻ (, or
! both, i.e., ( ∼ *

" (The decision maker is allowed to choose one, and 
only one, of the above boxes).
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Preference-Based Approach

• A binary relation is a collection of ordered pairs 
(x,y) from a set x,y ∈ X.

• Not all binary relations satisfy Completeness. 
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Preference-Based Approach

• Weak preferences:
– Consider the following questionnaire:
– For all (, * ∈ !, where (	and * are not necessarily 

distinct, is ( at least as preferred to *?
! Yes (( ≿ *)
! No (* ≿ ()

– Respondents must answer yes, no, or both
" Checking both boxes reveals that the individual is indifferent 

between ( and *.
" Note that the above statement relates to completeness, but 

in the context of weak preference ≿	 rather than strict 
preference ≻.
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Preference-Based Approach

• Reflexivity: every alternative ( is weakly preferred 
to, at least, one alternative: itself. 

• A preference relation satisfies reflexivity if for any 
alternative ( ∈ !, we have that:
1) ( ∼ (: any bundle is indifferent to itself.
2) ( ≿ (: any bundle is preferred or indifferent to itself.
3) ( ⊁ (: any bundle belongs to at least one 

indifference set (i.e. set of alternatives over which 
the consumer is indifferent), namely, the set 
containing itself if nothing else.
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Preference-Based Approach

• The preference relation ≿ is rational if it 
possesses the following two properties:

a) Completeness: for all (, * ∈ !, 
either ( ≿ *, or * ≿ (, or both.

b) Transitivity: for all (, *, + ∈ !,  
if ( ≿ * and * ≿ +, then it must be that ( ≿ +.
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Preference-Based Approach

• Example 1.1.
Consider the preference relation

( ≿ * if and only if   ∑ (&%
&'( ≥ ∑ *&%

&'(

In words, the consumer prefers bundle ( to * if 
the total number of goods in bundle ( is larger 
than in bundle *. 

In case of two goods (( + (+ ≥ *( + *+
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Preference-Based Approach

• Example 1.1 (continues).
• Completeness: 

– either ∑ (&%
&'( ≥ ∑ *&%

&'( (which implies ( ≿ *), or 
– ∑ *&%

&'( ≥ ∑ (&%
&'( (which implies * ≿ (), or 

– both, ∑ (&%
&'( = ∑ *&%

&'( (which implies ( ∼ *).

• Transitivity: 
– If ( ≿ *, ∑ (&%

&'( ≥ ∑ *&%
&'( , and

– * ≿ +, ∑ *&%
&'( ≥ ∑ +&%

&'( , 
– Then it must be that ∑ (&%

&'( ≥ ∑ +&%
&'( (which implies 

( ≿ +, as required).
17Advanced Microeconomic Theory



Preference-Based Approach

• The assumption of transitivity is understood as 
that preferences should not cycle.

• Example violating transitivity:
,--./ ≿ 0,1,1, 0,1,1, ≿ 23,14/

56678≿9:5;<8		(=>	?@ABCD?DED?>)

but 23,14/ ≻ ,--./.

• Otherwise, we could start the cycle all over again, 
and extract infinite amount of money from 
individuals with intransitive preferences.
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Preference-Based Approach

• Sources of intransitivity:
a) Indistinguishable alternatives 
b) Framing effects
c) Aggregation of criteria
d) Change in preferences
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Preference-Based Approach

• Example 1.2 (Indistinguishable alternatives):
– Take ! = ℝ as a share of pie and ( ≻ * if 
( ≥ * − 1 (( + 1 ≥ *) but (~* if ( − * < 1
(indistinguishable).

– Then, 
1.5~0.8 since 1.5 − 0.8 = 0.7 < 1
0.8~0.3 since 0.8 − 0.3 = 0.5 < 1

– By transitivity, we would have 1.5~0.3, but in fact 
1.5 ≻ 0.3 (intransitive preference relation).
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Preference-Based Approach

• Other examples: 
– similar shades of gray paint
– milligrams of sugar in your coffee
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Preference-Based Approach

• Example 1.3 (Framing effects):
– Transitivity might be violated because of the way 

in which alternatives are presented to the 
individual decision-maker.

– What holiday package do you prefer?
a) A weekend in Paris for $574 at a four star hotel.
b) A weekend in Paris at the four star hotel for $574.
c) A weekend in Rome at the five star hotel for $612.

– By transitivity, we should expect that if , ∼ 0 and 
0 ≻ N, then , ≻ N.
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Preference-Based Approach

• Example 1.3 (continued):
– However, this did not happen! 
– More than 50% of the students responded N ≻ ,.
– Such intransitive preference relation is induced by 

the framing of the options.
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Preference-Based Approach

• Example 1.4 (Aggregation of criteria): 
– Aggregation of several individual preferences 

might violate transitivity. 
– Consider ! = {OPQ,RST,U2V/	T1WX/3YWZ*}
– When considering which university to attend, you 

might compare:
a) Academic prestige (criterion #1)

≻(: 		OPQ ≻( RST ≻( U2V/	T1WX.
b) City size/congestion (criterion #2)

≻+: 		RST ≻+ U2V/	T1WX. ≻+ OPQ
c) Proximity to family and friends (criterion #3)

≻\: 		U2V/	T1WX. ≻\ OPQ ≻\ RST 24
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Preference-Based Approach

• Example 1.4 (continued):
– By majority of these considerations:
OPQ ≿]

^@D?_@DA	(	&	\
RST ≿]

^@D?_@DA	(	&	+
U2V/	T1WX ≿]

^@D?_@DA	+	&	\
OPQ

– Transitivity is violated due to a cycle.

– A similar argument can be used for the 
aggregation of individual preferences in group 
decision-making:
" Every person in the group has a different (transitive) 

preference relation but the group preferences are not 
necessarily transitive (“Condorcet paradox”).
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Preference-Based Approach

• Intransitivity due to a change in preferences
– When you start smoking

One	cigarette ≿ No	smoking ≿ Smoking	heavily
By transitivity, 

One	cigarette ≿ Smoking	heavily
– Once you started

Smoking	heavily ≿ One	cigarette ≿ No	smoking
By transitivity, 

Smoking	heavily ≿ One	cigarette
– But this contradicts the individual’s past 

preferences when he started to smoke.
26Advanced Microeconomic Theory






Desirability 



monotonicity
•
Strong monotonicity
•
Non-satiation
•
Local non-satiation
•



All x1,x2,x3 are defined on the set of real numbers.



Now we are going to define the first property.



Monotonicity 
If i take any two bundles x and y and x != y. 

If xk >=yk (quantity of good k in bundle x and y) then implies that x pref y.

If xk > yk then implies that x strictly pref to y.




So increasing the amount of some commodores cannot hurt x>=y.
1.

2.















Strong monotonicity 
Two bundles in consumption set if xk >= yk for every good k then we conclude that x strictly pref to y 
(before was weakly preferred).



In the last example are monotone in which add eps only to x1 then we obtain a bundle strictly 
preference to x. 

==> this means that is strong because we got a stronger condition. Even increasing the quantity of 1 
good then you obtain a bundle that is strictly pref. 

Also for the second in which we add eps to x1 and x2 then it hold because y>x comprende y>=x



Now we wander how this monotonicity can be translated in the characteristic of the utility function?

Monotonicity in preference implies that utility function is weakly monotonicity in its arguments		. 

If we increase all arguments we obtain a value that it is strictly increases its value.



If i have x1 and x2 and if ai multiply by a scalar alpha > 1. 

Alpha x1 > x1 so is greater or equal than the initial utility of the bundle u(x1,x2).

Increasing quantity of x1 i get a greater utility so if weakly pref to the original one.



If alpha x1 and alpha x2 then the utility is strictly preferred than the original one.



If we change and we want to see what strong monotonicity imply in the utility function.

In case you increase only one good you obtain a strictly greater than the original one. U(ax1, x2) > 
u(x1,x2).
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Example2 —> linear utility function  
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rational —> complete reflexives and transitivity. Transitivity assume completeness ??





Non-satiation 
You are never happy. You always find a bundle that is strictly pref than the original one. So this is not 
very usable.  We will use more frequently local non-satiation



local non-satiation

We always find a bundle that is close to the original one, but we pref the original one.















We always have an Euclidean distance < eps.

Euclidean distance is computed as 

x = (x1,x2) Y(x1, x2)

take difference power of two and then rad.

So we compute the distance we got a point the in circle by increase for a small quantity. This must 
happen for any distance eps.



For instance you can compare very close alternatives that differ for a very small amount.



Application of definition of local association.

Two goods. 

[slide cerchio]

In x1 we have quantity of first good in bundle x. In y we have the second quantity of bundle x (which is 
x2). The bundle (2,2) can be represented by a point, also for y. 

Y2 contain a small quantity of x2 and y1 larger than x1. So the distance





In case we have two bad good [called bads](pollutions of water and air)



The more we are close to the origin

The more we are happy.









(0,0) can we find another bundle close to this and

Preferred to the original one? 

We can’t have negative pollution. 

Drawing small circle x we don’t find any bundle pref to the original one

So this violate the LNS.





Another situation is the thick indifference sets (or curve).

An indifference set is the set of all bundle that are indifferent to the consumer (same level of utility)

Imagine now we have an area then, so this mean we cannot draw arbitrarialy small circle, because all 
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circle in this area of the indifference curve are indifference. So we will not consider this case.

































































Indifference set 
A bundle x and the indifference bundle in the consumption sets are indifference to the respect to x. 

Y ind to X

IND(x)



The upper-counter set 
The set of all bundle in the consumption set such that bundle are strictly preferred to x

UCS(x)



Lower-counter set

The set of all bundle in the consumption set such that bundle are strictly preferred to x Such that x is 
strictly pref to y

LCS(x)
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Graphically we can show it in this example in the following way.

























































We saw properties of preference relation. Now we will see properties in indifference set (or curves)



Strong monotonicity 
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We will have curve that decrease???





Convexity of preferences 
A preference relation is convex if for every two bundle in consumption set such that

X weak pref y ==> ax + (1-a) y >= y  —> like a weighted average a+(1-a) = 1
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You can say another property of convexity with upper counter set (UCS). 

So UCS(x) = {y app X: y>= x}



























Y in the UCS and if i have another bundle and if i have z also, then convex combination of the two 
good. So any bundle in this line is strictly pref to the original bundle. Not only weak but also strictly 
pref. 













All bundle in the strictly line are preferred.

















Convexity 1 we need just 2 bundles. For convexity 2 we need 3 bundles.



Strict convexity if you take x,y,z app X

If x weak pref z

If y weak pref to z 

Then convex combination is strictly preferred. 



The only example strictly convex (have a shape like a curve)



Imagine an UCS like a straigh line
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Taking two point x and y that are weak pref to z. Which mean z is in the indifference set. 

Any points are indifferent to z and not strictly pref to z. So straight indifference curve (rette) represent 
preference that are not strictly convex but weakly convex. This correspond with linear utilty function 
which is the example of perfect substitutes goods.





















In this case pref relation is not strictly convex. But in most of our example the curve will no have this 
shape.



Try to do example 1.7 as an exercise applying the definition that this u satisfy both convexity and strict 
convexity. 





Interpretation of convexity 

You consume a lot of good 1 and a small quantity of good2. The coordinate of  y is high and the 
second is low. You don’t like the bundles unbalance to the two good. We pref to consume a little bit of 
everything. Are weakly preferred.
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Advanced Microeconomics
(EPS)

Chapter 1: Utility functions, 
indifference sets, quasi-concavity
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Utility Function

• A function !: 	$ → ℝ is a utility function 
representing preference relations ≿ if, for every 
pair of alternatives (, * ∈ $, 

( ≿ *		 ⟺ 	!(() ≥ !(*)
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Utility Function

• Two points:
1) Only the ranking of alternatives matters. 

– That is, it does not matter if
! ( = 14 or if  ! ( = 2000
! * = 10 or if  ! * = 3

– We do not care about cardinality (the number 
that the utility function associates with each 
alternative) but instead care about ordinality
(ranking of utility values among alternatives).
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Utility Function

2) If we apply any strictly increasing function 6(∙)
on ! ( , i.e., 

6: 	ℝ → ℝ	 such that  8 ( = 6(! ( )
the new function keeps the ranking of 
alternatives intact and, therefore, the new 
function still represents the same preference 
relation.
– Example: 

8 ( = 3"($)
& $ = 5" $ + 8

4Advanced Microeconomic Theory



Desirability

• We can express desirability in different ways.
– Monotonicity
– Strong monotonicity
– Non-satiation
– Local non-satiation

• In all the above definitions, consider that $ is an +-
dimensional bundle 

$ ∈ ℝ., i.e., $ = $/, $1, … , $!
where its "#$ component represents the amount of 
good (or service) ",	$%∈ ℝ.

5Advanced Microeconomic Theory



Desirability

• Monotonicity:
– A preference relations satisfies monotonicity if, for 

all $, 9 ∈ :, where $ ≠ 9, 
a) $% ≥ 9% for every good " implies $ ≿ 9	
b) $% > 9% for every good " implies $ ≻ 9	

– That is, 
! increasing the amounts of some commodities (without 

reducing the amount of any other commodity) cannot 
hurt, $ ≿ 9	; and

! increasing the amounts of all commodities is strictly 
preferred, $ ≻ 9.
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Desirability

• Strong Monotonicity:
– A preference relation satisfies strong monotonicity 

if, for all $, 9 ∈ :, where $ ≠ 9, 
$% ≥ 9% for every good " implies $ ≻ 9	

– That is, even if we increase the amounts of only 
one of the commodities, we make the consumer 
strictly better off. 
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Desirability

• Relationship between monotonicity and utility 
function:
– Monotonicity in preferences implies that the 

utility function is weakly monotonic (weakly 
increasing) in its arguments
! That is, increasing some of its arguments weakly 

increases the value of the utility function, and 
increasing all its arguments strictly increases its value.

– For any scalar + > 1, 
"(+$/, $1) ≥ "($/, $1)
" +$/, +$1 > "($/, $1)

8Advanced Microeconomic Theory



Desirability

• Relationship between strong monotonicity and 
utility function:
– Strong monotonicity in preferences implies that 

the utility function is strictly monotonic (strictly 
increasing) in all its arguments.
! That is, increasing some of its arguments strictly 

increases the value of the utility function.

– For any scalar + > 1,
" +$/, $1 > "($/, $1)
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Desirability

• Example 1.5: " $/, $1 = min	{$/, $1}
– Monotone, since

min $/ + 1, $1 + 1 > min	{$/, $1}
for all 1 > 0.

– Not strongly monotone, since
min $/ + 1, $1 ≯ min	{$/, $1}

if min $/, $1 = $1.
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Desirability

• Example 1.6: " $/, $1 = $/ + $1
– Monotone, since 

($/ + 1) + ($1 + 1) > $/ + $1
for all 1 > 0.

– Strongly monotone, since
($/ + 1) + $1 > $/ + $1

• Hence, strong monotonicity implies monotonicity, 
but the converse is not necessarily true.
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Desirability

• Non-satiation (NS):
– A preference relation satisfies NS if, for every 
$ ∈ :, there is another bundle in set :, 9 ∈ :, 
which is strictly preferred to $, i.e., 9 ≻ $. 
! NS is too general, since we could think about a bundle 
9 containing extremely larger amounts of some goods 
than $. 

! How far away are 9 and $?

12Advanced Microeconomic Theory



Desirability

• Local non-satiation (LNS):
– A preference relation satisfies LNS if, for every 

bundle $ ∈ :	and every 3 > 0, there is another 
bundle 9 ∈ : which is less than 3-away from $, 
9 − $ < 3, and for which 9 ≻ $.
! 9 − $ = 9/ − $/ 1 + 91 − $1 1 is the Euclidean 

distance between $ and 9, where $, 9 ∈ ℝ61 .
! In words, for every bundle $, and for every distance 3

from $, we can find a more preferred bundle 9.

13Advanced Microeconomic Theory



} ε

x

y

1x

2x

1x 1y

2x

2y
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Desirability

– A preference relation 
satisfies 9 ≻ $	even if 
bundle 9 contains less 
of good 2 (but more of 
good 1) than bundle $. 
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Desirability

– A preference relation 
satisfies 9 ≻ $	even if 
bundle 9 contains less 
of both goods than 
bundle $. 
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Desirability

– LNS rules out the case 
in which the decision-
maker regards all 
goods as bads.

– Although 9 ≻ (, * is 
unfeasible given that it 
lies away from the 
consumption set, i.e., 
*	 ∉ ℝ6< .    

16

• Violation of LNS
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Desirability
• Violation of LNS

17

– LNS also rules out 
“thick” indifference 
sets.

– Bundles 9 and $ lie on 
the same indifference 
curve. 

– Hence, decision maker 
is indifferent between 
$ and 9, i.e., 9 ∼ $.  

Advanced Microeconomic Theory
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Desirability

• Note:
– If a preference relation satisfies monotonicity, it 

must also satisfy LNS. 
! Given a bundle $ = ($/, $1), increasing all of its 

components yields a bundle ($/ + 1, $1 + 1), 
which is strictly preferred to bundle ($/, $1) by 
monotonicity. 

! Hence, there is a bundle 9 = ($/ + 1, $1 + 1) such 
that 9 ≻ $ and 9 − $ < 3.
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Indifference sets
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Indifference sets

• The indifference set of a bundle $ ∈ : is the set 
of all bundles 9 ∈ :, such that 9 ∼ $.

9:; $ = {9 ∈ :: 9 ∼ $}

• The upper-contour set of bundle $ is the set of all 
bundles 9 ∈ :, such that 9 ≿ $.

<=> $ = {9 ∈ :: 9 ≿ $}

• The lower-contour set of bundle $ is the set of all 
bundles 9 ∈ :, such that $ ≿ 9.

?=> $ = {9 ∈ :: $ ≿ 9}

20Advanced Microeconomic Theory



Upper contour set (UCS)
{y ∈ 3+: y ≿ x}2

Indifference set
{y ∈ 3+: y ~ x}2

Lower contour set (LCS)
{y ∈ 3+: y ≾ x}2

x1

x2

x

Indifference sets
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Indifference sets

• Strong monotonicity implies that indifference 
curves must be negatively sloped.

22Advanced Microeconomic Theory
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Indifference sets

• Note: 
– Strong monotonicity implies that indifference 

curves must be negatively sloped. 
– In contrast, if an individual preference relation 

satisfies LNS, indifference curves can be upward 
sloping. 

• This can happen if, for instance, the individual regards 
good 2 as desirable but good 1 as a bad.
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Convexity of Preferences
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Convexity of Preferences

• Convexity 1: A preference relation satisfies 
convexity if, for all $, 9 ∈ :, 

$ ≿ 9		 ⟹ 		+$ + 1 − + 9 ≿ 9

for all + ∈ (0,1).

Advanced Microeconomic Theory 25



Convexity of Preferences

• Convexity 1
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Convexity of Preferences

• Convexity 2: A preference relation satisfies 
convexity if, for every bundle $, its upper contour 
set is convex.

<=> $ = {9 ∈ :: 9 ≿ $} is convex
• That is, for every two bundles 9 and U,

V9 ≿ $
U ≿ $

			⟹ 		W9 + 1 − W U ≿ $

for any W ∈ [0,1].
• Hence, points 9, U, and their convex combination 

belongs to the UCS of $.
Advanced Microeconomic Theory 27



Convexity of Preferences

• Convexity 2
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Convexity of Preferences

• Strict convexity: A preference relation satisfies 
strict convexity if, for every $, 9 ∈ : where $ ≠ 9,

Z
$ ≿ U
9 ≿ U 		⟹ 	W$ + 1 − W 9 ≻ U

for all W ∈ 0,1 .
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x1

x2

λx	+	(1−λ)y	≻z

UCS

x
x

y
y

z

Convexity of Preferences
• Strictly convex preferences

Advanced Microeconomic Theory 30



Convexity of Preferences
• Convex but not strict convex preferences

Advanced Microeconomic Theory 31

– W$ + 1 4 W $~U
– This type of preference 

relation is represented 
by linear utility 
functions such as 

' (), (+ , ]() . ^(+
where () and (+ are 
regarded as substitutes. 



Convexity of Preferences

Advanced Microeconomic Theory 32

• Convex but not strict convex preferences

– Other example: If a 
preference relation is 
represented by utility 
functions such as 

" $/, DE F min	/](B, ^DE}

where ], ^ ) 0, then 
the pref. relation 
satisfies convexity, but 
not strict convexity. 



Convexity of Preferences

• Example 1.7

Advanced Microeconomic Theory 33

" $/, $1 Satisfies convexity Satisfies strict convexity
]$/ + ^$1 √ X

min	{]$/, ^$1} √ X

]$/

/
1^$1

/
1 √ √

]$/
1 + ^$1

1 X X

Do the last two for exercise



Convexity of Preferences

1) Taste for 
diversification: 
– An individual with 

convex preferences 
prefers the convex 
combination of 
bundles $ and 9, 
than either of those 
bundles alone.
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• Interpretation of convexity Indifference sets can be 
interpreted as the bundles that
give the same level of utility (i.e. 
the same value of the utility 
function). In the case below it is an 
indifference curve







MRS is the slope of this indifference curve. Now we will see how to compute the marginal rate of 
substitution. 
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Marginal Rate of Substitution (MRS)

• Remark:
– Let us show that the slope of the indifference curve is 

given by the MRS.
– Consider a continuous and differentiable utility 

function  ! "#, "%, … , "' .
– Totally differentiating, we obtain

`! = ab

acd
`"# +

ab

ace
`"% + ⋯+ ab

acg
`"'

– But since we move along the same indifference curve, 
`! = 0.  ab

ach
is called the marginal utility of "i.
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Convexity of Preferences
– Inserting `! = 0, and taking any two goods

0 = ab

ach
`"i +

ab

acj
`"k

or     − ab

ach
`"i =

ab

acj
`"k

– If we want to analyze the rate at which the consumer 
substitutes units of good l for good m, we must solve for 
ncj
nch

, to obtain 

−
ncj
nch

=
op
oqh
op
oqj

≡ st>i,k

For instance if −
ncj
nch

= 2/1 = 2 you have to replace 2 units of
good j for one unit of good i to remain in the same
indifference curve.
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Convexity of Preferences

• Interpretation of convexity
2) Diminishing marginal rate of substitution:

st>#,% ≡ −nce
ncd

= ab/acd
ab/ace

– MRS describes the additional amount of good 2 
that the consumer needs to receive in order to 
keep her utility level unaffected, when the amount 
of good 1 is reduced by one unit.

– Hence, a diminishing MRS implies that the 
consumer needs to receive increasingly larger 
amounts of good 2 in order to accept further 
reductions of good 1. 
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One properties of MRS:

Since we are using convex Ind curve. 



IND set or ind set is decreasing. So IND curve decreasing, slope is negative and then the slope is 
decreasing. What does it mean? 





Slope of a curve in one point, if the slope of the angle in this point.  


























































































x1

x2

A

B

C

D

1 unit ' yx2

1 unit ' yx2

yx1 yyx1

Convexity of Preferences

• Diminishing marginal rate of substitution
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Alternative explanation: The increase in x1 
needed to compensate the same decrease in x2, 
is increasing in the quantity consumed of x1




























































Cov ve k UNE
ABen E Sopa
curve

Small slope means slope 
is ..






Imagine having variation 
from x1 to x2 this vertical 
jump.







Amount of x1 you need to mantain(mantenere) utilty invariance is larger. 



Implication of marginal rate of substitution...

[25:]



Indifferent curve decreasing mean slope < 0 and the slope is decreasing. The slope is the Marginal rate 
of substitution. 

So this are all thing we are using in the next lectures. 


























































































Quasiconcavity
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Quasiconcavity

• A utility function !(∙) is quasiconcave if, for every 
bundle M ∈ O, the set of all bundles for which the 
consumer experiences a higher utility, i.e., the 
<=> " = M ∈ O	 	!(M) ≥ !(")} is convex. 

• The following three properties are equivalent:

Convexity	of	preferences ⟺ <=> " 	is	convex ⟺ ! ∙ 	is	quasiconcave
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A utility function is concave if UCS is convex.





In the example before the UCS is convex. SO if we take two point in the set and link it with a straight 
line then they depends on the set. 





















Function convex, UCS convex ==> u(°) is quasiconcave. 


















































































Quasiconcavity

• Alternative definition of quasiconcavity:
– A utility function !(∙)	satisfies quasiconcavity if, 

for every two bundles ", M ∈ O, the utility of 
consuming the convex combination of these two 
bundles, !(+" + 1 − + M), is weakly higher than 
the minimal utility from consuming each bundle 
separately, min ! " , ! M :

!(+" + 1 − + M) ≥ min ! " , ! M
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Quasiconcavity

• Quasiconcavity (second definition)
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Quasiconcavity

• Strict quasiconcavity: 
– A utility function !(∙)	satisfies strict 

quasiconcavity if, for every two bundles ", M ∈ O, 
the utility of consuming the convex combination 
of these two bundles, !(+" + 1 − + M), is 
strictly higher than the minimal utility from 
consuming each bundle separately, 
min ! " , ! M :

! +" + 1 − + M > min ! " , ! M
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x
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( )( )1u x yα α+ −

Quasiconcavity

• What if bundles " and 
M	lie on the same 
indifference curve?

• Then, ! " = !(M).

• Since indifference curves 
are strictly convex, !(∙)
satisfies quasiconcavity.
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Quasiconcavity

• What if indifference 
curves are linear?

• !(∙) satisfies the 
definition of a 
quasiconcavity since 
! +" + 1 4 + $

% min ) * , ) $
• But ),∙. does not satisfy 

strict quasiconcavity.
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Quasiconcavity

• Relationship between concavity and 
quasiconcavity:

Concavity			
⟹
⇍ 		Quasiconcavity

– If a function k(∙) is concave, then for any two points 
", M ∈ O,
k +" + 1 − + M ≥ +k " + 1 − + k M

≥ min k " , k M
for all + ∈ 0,1 .
! The first inequality follows from the definition of concavity, 

while the second holds true for all concave functions.
! Hence, quasiconcavity is a weaker condition than 

concavity.
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Since it is a weighted
average of the two
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Quasiconcavity
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• Concavity implies quasiconcavity




























































Quasiconcavity
• A concave ! ∙ exhibits diminishing marginal 

utility.
– That is, for an increase in the consumption bundle, 

the increase in utility is smaller as we move away 
from the origin.

• The “jump” from one indifference curve to 
another requires:
– a slight increase in the amount of "# and "% when we 

are close to the origin
– a large increase in the amount of "# and "% as we get 

further away from the origin
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Quasiconcavity
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• Concave and quasiconcave utility function (3D)
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Quasiconcavity
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• Concave and quasiconcave utility function (2D)
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Quasiconcavity

• A convex ! ∙ exhibits increasing marginal utility.
– That is, for an increase in the consumption bundle, 

the increase in utility is larger as we move away from 
the origin.

• The “jump” from one indifference curve to 
another requires:
– a large increase in the amount of "# and "% when we 

are close to the origin, but…
– a small increase in the amount of "# and "% as we get 

further away from the origin
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Quasiconcavity
• Convex but quasiconcave utility function (3D)
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Quasiconcavity
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• Convex but quasiconcave utility function (2D)


































































Cobb-Douglas utility function






































































































Quasiconcavity
• Note:

– Utility function m "#, "% = "#

n
Ä"%

n
Ä is a strictly 

monotonic transformation of ! "#, "% = "#

d
Ä"%

d
Ä, 

• That is, m "#, "% = k(! "#, "% ), where k ! = !Å.

– Therefore, utility functions ! "#, "% and m "#, "%
represent the same preference relation.

– Both utility functions are quasiconcave although one 
of them is concave and the other is convex.

– Hence, we normally require utility functions to 
satisfy quasiconcavity alone.
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Quasiconcavity

• Example 1.8 (Testing properties of preference 
relations):
– Consider an individual decision maker who consumes 

bundles in ℝ6Ç .
– Informally, he “prefers more of everything”
– Formally, for two bundles ", M ∈ ℝ6Ç , bundle " is 

weakly preferred to bundle M, " ≿ M, iff bundle "
contains more units of every good than bundle M
does, i.e., "% ≥ M% for every good ".

– Let us check if this preference relation satisfies: (a) 
completeness, (b) transitivity, (c) strong monotonicity, 
(d) strict convexity, and (e) local non-satiation.
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Quasiconcavity

• Example 1.8 (continued):
– Let us consider the case of only two goods, ? = 2.

– Then, an individual prefers a bundle " = ("#, "%)
to another bundle M = (M#, M%) iff " contains more 
units of both goods than bundle M, i.e., "# ≥ M#
and "% ≥ M%.

– For illustration purposes, let us take bundle such 
as (2,1). 
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Quasiconcavity

• Example 1.8 (continued):
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Quasiconcavity

• Example 1.8 (continued):
1) UCS: 

– The upper contour set of bundle (2,1) contains 
bundles ("#, "%) with weakly more than 2 units 
of good 1 and/or weakly more than 1 unit of 
good 2:

<=> 2,1 = {("#, "%) ≿ (2,1) ⟺ "# ≥ 2, "% ≥ 1}

– The frontiers of the UCS region also represent 
bundles preferred to (2,1).
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Quasiconcavity

• Example 1.8 (continued):
2) LCS: 

– The bundles in the lower contour set of bundle 
(2,1) contain fewer units of both goods:

?=> 2,1 = {(2,1) ≿ ("#, "%) 	⟺ "# ≤ 2, "% ≤ 1}

– The frontiers of the LCS region also represent 
bundles with fewer unis of either good 1 or 
good 2.
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Quasiconcavity

• Example 1.8 (continued):
3) IND: 

– The indifference set comprising bundles 
("#, "%) for which the consumer is indifferent 
between ("#, "%) and (2,1) is empty:

9:; 2,1 = 2,1 ∼ "#, "% = ∅

– No region for which the upper contour set and 
the lower contour set overlap.
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Quasiconcavity

• Example 1.8 (continued):
4) Regions A and B: 

– Region Ö contains bundles with more units of 
good 2 but fewer units of good 1 (the opposite 
argument applies to region Ü). 

– The consumer cannot compare bundles in 
either of these regions against bundle 2,1 . 

– For him to be able to rank one bundle against 
another, one of the bundles must contain the 
same or more units of all goods.
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Quasiconcavity

• Example 1.8 (continued):
5) Preference relation is not complete:

– Completeness requires for every pair " and M, 
either " ≿ M or M ≿ " (or both).

– Consider two bundles ", M ∈ ℝ6% with bundle "
containing more units of good 1 than bundle M
but fewer units of good 2, i.e., "# > M# and 
"% < M% (as in Region B)

– Then, we have neither " ≿ M (UCS) nor M ≿ "
(LCS).
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Quasiconcavity

• Example 1.8 (continued):
6) Preference relation is transitive:

– Transitivity requires that, for any three bundles 
", M and U, if " ≿ M and M ≿ U then " ≿ U.

– Now " ≿ M and M ≿ U means "% ≥ M% and 
M% ≥ U% for all " goods. 

– Then, "% ≥ U% implies " ≿ U.
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Quasiconcavity

• Example 1.8 (continued):
7) Preference relation is strongly monotone:

– Strong monotonicity requires that if we 
increase one of the goods in a given bundle M, 
then the newly created bundle "	must be 
strictly preferred to the original bundle.

– Now " ≥ M and " ≠ M implies that "á ≥ Má for 
all good à and "% > M% for at least one good ".

– Thus, " ≥ M and " ≠ M implies " ≿ M and not 
M ≿ ".

– Thus, we can conclude that " ≻ M.
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Quasiconcavity

• Example 1.8 (continued):
8) Preference relation is strictly convex:

– Strict convexity requires that if " ≿ U and M ≿ U
and " ≠ M, then +" + 1 − + M ≻ U for all 
+ ∈ 0,1 .

– Now " ≿ U and M ≿ U implies that  "á ≥ Má and 
Má ≥ Uá	for all good à.

– " ≠ U implies, for some good ", we must have 
"% > U%.
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Quasiconcavity

• Example 1.8 (continued):
– Hence, for any + ∈ 0,1 , we must have that 

+"á + 1 − + Má ≥ Uá for every good à
+"% + 1 − + M% > U% for some "

– Thus, we have that +" + 1 − + M ≥ U and 
+" + 1 − + M ≠ U, and so 

+" + 1 − + M ≿ U
and not U ≿ +" + 1 − + M

– Therefore, +" + 1 − + M ≻ U.

Advanced Microeconomic Theory 66




























































Quasiconcavity

• Example 1.8 (continued):
9) Preference relation satisfies LNS:

– Take any bundle ("#, "%) and a scalar 3 > 0.

– Let us define a new bundle (M#, M%) where

M#, M% ≡ "# +
â

%
, "% +

â

%

so that M# > "# and M% > "%.

– Hence, M ≿ " but not " ≿ M, which implies 
M ≻ ".
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Quasiconcavity

• Example 1.8 (continued):
– Let us know check if bundle M is within an 3-ball 

around ". 
– The Cartesian distance between " and M is

" − M = "# − "# +
â

%

%
+ "# − "# +

â

%

%
= â

%

which is smaller than 3 for all 3 > 0. 
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Compute marginal derivative.
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If we have utility function and we apply 





log of the product is the sum of the log of the product 
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Utility depends on x1 and x2 but they enter separately in the utility function. A and B must be greater 
than 0.













Marginal utility of this ? 

Marginal of x1 is A and marginal of x2 is B.

In this case marginal utility is a constant and don’t depend on x1 and x2. In the linear utilty function, 
MU is constant. What does this imply for MRS (rateo of MU)? If the MU are constant then MRS is 
constant. 
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Summary

Perfect substitutes. A and B positive.

Last time introduce the concept of marginal utility = increase in the utility derived in infinitesima of x1. 
MU of first good is der of u / der of x1 = A.

MRS is the slope of the indifference curve. In mathematics how do we compute? Ratio of the two MU. 
If MU are constant also the ratio is constant. This mean that the slope is constant. 
































































































Common Utility Functions

• Perfect substitutes:
– In the case of two goods, ݔଵ and ݔଶ,

ݑ ,ଵݔ ଶݔ = ଵݔܣ + ଶݔܤ
where ܤ,ܣ > 0. 

– Hence, the marginal utility of every good is 
constant:

డ௨
డ௫భ

= ܣ and  డ௨
డ௫మ

= ܤ

ܴܵܯ– is also constant, i.e., ܴܵܯ௫భ,௫మ =



� Therefore, indifference curves are straight lines with a 
slope of  െ


.
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Common Utility Functions

• Perfect substitutes
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How can you draw IC in a graph giving the utility function?
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Common Utility Functions

– Intuitively, the individual is willing to give up 


units of ݔଶ to obtain one more unit of ݔଵ and keep 
his utility level unaffected. 

– Unlike in the Cobb-Douglas case, such willingness 
is independent in the relative abundance of the 
two goods. 

– Examples: butter and margarine, coffee and black 
tea, or two brands of unflavored mineral water
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Common Utility Functions

• Perfect Complements:
– In the case of two goods, ݔଵ and ݔଶ,

ݑ ,ଵݔ ଶݔ = ܣ ȉmin ଶݔߚ,ଵݔߙ
where ܤ,ߙ,ܣ > 0.

– Intuitively, increasing one of the goods without 
increasing the amount of the other good entails 
no increase in utility.
� The amounts of both goods must increase for the utility 

to go up.
– The indifference curve is right angle with a kink at 
ଵݔߙ = .ଶݔߚ
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Common Utility Functions

• Perfect complements
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In the case the slope is not decreasing. Slope is infinite in a vertical line, in orizzontal line slope is 0. In 
the point of corners the slope is not define.



Another function more complex that is called the constant elasticity of substitution.
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Common Utility Functions

– The slope of a ray ݔଶ =
ఉ
ఈ
ଵ, ఉݔ

ఈ
, indicates the rate 

at which goods ݔଵ and ݔଶ must be consumed in 
order to achieve utility gains. 

– Special case: ߙ = ߚ
ݑ ,ଵݔ ଶݔ = ܣ ȉmin ଶݔߙ,ଵݔߙ

= ߙܣ ȉmin ,ଵݔ ଶݔ
= ܤ ȉmin ,ଵݔ ଶݔ if  ܤ ؠ ߙܣ

– Examples: cars and gasoline, or peanut butter and 
jelly.
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Common Utility Functions

• CES utility function:
– In the case of two goods, ݔଵ and ݔଶ,

ݑ ,ଵݔ ଶݔ = ଵݔܽ
షభ
 + ଶݔܾ

షభ



షభ

where ߪ measures the elasticity of substitution 
between goods ݔଵ and ݔଶ. 

– In particular,

ߪ =
డ ೣమ
ೣభ

డெோௌభ,మ
ȉ ெோௌభ,మೣమ

ೣభ
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This form of the utility function that is called CES. A combination of cobddouglas function with only 
one good. We get a constant elasticity substitution. 

This elasticity is define d in this way.



Elasticity is percentage change of one variable of the percentage change in the other 

.























Graphical representation in the next slide.

Depending on value of sigma you can get all the utility functions that we have already introduce. If 
elasticity 1 we get cob Douglas, if 0 we obtain leonthief, if infinity you get a linear function. 

Elasticity of substitution is infinity is that for me the two good are totally indifferent. So I don’t care 
which of the two good consume. 

On Ariel he will put the proof (not necessary). 
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Common Utility Functions

• CES preferences
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Common Utility Functions

– CES utility function is often presented as 

ݑ ݔ
ଵ
, ݔ

ଶ
= ଵݔܽ

ఘ + ଶݔܾ
ఘ
ଵ
ఘ

where ߩ ؠ ఙିଵ
ఙ

.
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Sometimes the CES is indicated in this way, using rho that is a function of sigma. Still 
remain constant. 









Last utility function we consider is the quasi linear utilty function. This depend on the quantity 
consumed of two good. Quasilinear mean that one of the two good enter linearly in the utility function. 
X2 is linear.

Log function and cob double.



MRS of substitution (ratio of the two MU).



























So this is the overview of all utility function we will consider. 
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Common Utility Functions

• Quasilinear utility function:
– In the case of two goods, ݔଵ and ݔଶ, 

ݑ ,ଵݔ ଶݔ = ݒ ଵݔ + ଶݔܾ
where ݔଶ enters linearly, ܾ > 0, and ݒ(ݔଵ) is a 
nonlinear function of ݔଵ.
� For example, ݒ ଵݔ = ܽ ln ଵݔ or ݒ ଵݔ =  ଵఈ, whereݔܽ
ܽ > 0 and ߙ ് 1.

– The MRS is constant in the good that enters 
linearly in the utility function (ݔଶ in our case).
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Common Utility Functions

• MRS of quasilinear preferences
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Common Utility Functions
– For ݑ ,ଵݔ ଶݔ = ݒ ଵݔ + ଶ, the marginal utilities areݔܾ

డ௨
డ௫మ

= ܾ and  డ௨
డ௫భ

= డ௩
డ௫భ

which implies

௫భ,௫మܴܵܯ =
ങೡ
ങೣభ


which is constant in the good entering linearly, ݔଶ
– Quasilinear preferences are often used to represent 

the consumption of goods that are relatively 
insensitive to income.

– Examples: garlic, toothpaste, etc.
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Properties of Preference 
Relations
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We go on with another section of the chapter and we will introduce other properties of preference 
relation.

Rational preference: completeness, transitivity.

Completeness: DM can define for any two bundle you are able to compare each goods in the bundle

Transitivity: 1° > 2° and 2°>3° then 1°> 3°



Now we define a bundle that is a combination of good in a given points.

We define other feature in the preference relation. 



One is the definition of homogeneity: utility function is homogeneous, if you take utility and multiply 
each argument by alpha then utility function is equal to utility multiply by a^k (with alpha > 0)

If 0<a<1 we are decreasing quantity of the original bundle.



If this happen we define the utility function as homogenous of degree k. 



























If a function if utilty of degree k, then the first derivative is homogeneous of degree k-1.

How to prove? 
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Properties of Preference Relations

• Homogeneity:
– A utility function is homogeneous of degree ݇ if 

varying the amounts of all goods by a common 
factor ߙ > 0 produces an increase in the utility 
level by ߙ.

– That is, for the case of two goods, 
ݑ ଶݔߙ,ଵݔߙ = ݑߙ ,ଵݔ ଶݔ

where ߙ > 0. This allows for:
� ߙ > 1 in the case of a common increase 
� 0 < ߙ < 1 in the case of a common decrease 
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If function is homogeneous the IC has a specific shape. In particular is radial expansion of one 1.
another. If we increase with the same quantity the two bundle then they lie on the same indifference 
curve. Radial expaction because with increase the value by the same proportion of alpha.

 If we compute the MRS along radial expansion the slope of first IC is equal to the slope of the 2.
second IC. So marginal rate of substitution is constant then IC are parallel curve. 





































Properties of Preference Relations

2) The indifference curves of homogeneous 
functions are radial expansions of one 
another.

� That is, if two bundles ݕ and ݖ lie on the same 
indifference curve, i.e.,  ݑ ݕ = ݕߙ bundles ,(ݖ)ݑ
and ݖߙ also lie on the same indifference curve, 
i.e., ݑ ݕߙ = .(ݖߙ)ݑ
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Properties of Preference Relations

• Homogenous preference
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Properties of Preference Relations

3) The MRS of a homogeneous function is constant 
for all points along each ray from the origin. 

� That is, the slope of the indifference curve at point ݕ
coincides with the slope at a “scaled-up version” of 
point ݕߙ ,ݕ, where ߙ > 1.

� The MRS at bundle ݔ = ,ଵݔ ଶݔ is 

ܴܯ ଵܵ,ଶ ,ଵݔ ଶݔ = െ

,ଵݔ)ݑ߲ (ଶݔ
ଵݔ߲

,ଵݔ)ݑ߲ (ଶݔ
ଶݔ߲
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Properties of Preference Relations
� The MRS at (ݔߙଵ,ݔߙଶ) is

ܴܯ ଵܵ,ଶ ଶݔߙ,ଵݔߙ = െ

ݑ߲ ଶݔߙ,ଵݔߙ
ଵݔ߲

ݑ߲ ଶݔߙ,ଵݔߙ
ଶݔ߲

= െ
ିଵߙ ݑ߲ ,ଵݔ ଵݔଶ߲ݔ
ିଵߙ ݑ߲ ,ଵݔ ଶݔଶ߲ݔ

= െ

,ଵݔ)ݑ߲ (ଶݔ
ଵݔ߲

,ଵݔ)ݑ߲ (ଶݔ
ଶݔ߲

where the second equality uses the first property.

� Hence, the MRS is unaffected along all the points 
crossed by a ray from the origin.
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Since is 
homogeneous the 
derivative is equal to u 
time a^k-1 degree

Along radial expansion we prove MRS is the 
same since has degree k




































Increasing transformation of (similar to say monotonic transformation ) this new utilty function is 
called homothetic.



Monotonic preserve the ordering of the arguments. 



Properties of Preference Relations

• Properties:
– If ݑ ݔ is homothetic, and two bundles ݕ and ݖ lie 

on the same indifference curve, i.e., ݑ ݕ =  ,(ݖ)ݑ
bundles ݕߙ and ݖߙ also lie on the same 
indifference curve, i.e., ݑ ݕߙ = (ݖߙ)ݑ for all ߙ >
0.
� In particular, 

ݑ ݕߙ = ݒ)݃ ݕߙ ) = ߙ)݃ ݒ ݕ )
ݑ ݖߙ = ݒ)݃ ݖߙ ) = ߙ)݃ ݒ ݖ )
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Properties of Preference Relations
– The MRS of a homothetic function is homogeneous of 

degree zero. 
– In particular,

ܴܯ ଵܵ,ଶ ଶݔߙ,ଵݔߙ =
ങೠ ഀೣభ,ഀೣమ

ങೣభ
ങೠ ഀೣభ,ഀೣమ

ങೣమ

=
ങ
ങೠȉ

ങೡ(ഀೣభ,ഀೣమ)
ങೣభ

ങ
ങೠȉ

ങೡ(ഀೣభ,ഀೣమ)
ങೣమ

where ݑ ,ଵݔ ଶݔ ؠ ݒ)݃ ,ଵݔ ଶݔ ).

– Canceling the డ
డ௨

terms yields
ങೡ(ഀೣభ,ഀೣమ)

ങೣభ
ങೡ(ഀೣభ,ഀೣమ)

ങೣమ

=
ఈೖషభȉങೡ(ೣభ,ೣమ)ങೣభ

ఈೖషభȉങೡ(ೣభ,ೣమ)ങೣమ
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Properties of Preference Relations
– Canceling the ߙିଵ terms yields

ങೡ(ೣభ,ೣమ)
ങೣభ

ങೡ(ೣభ,ೣమ)
ങೣమ

– In summary,

ܴܯ ଵܵ,ଶ ଶݔߙ,ଵݔߙ =

ݑ߲ ଶݔߙ,ଵݔߙ
ଵݔ߲

ݑ߲ ଶݔߙ,ଵݔߙ
ଶݔ߲

=

=

,ଵݔ)ݑ߲ (ଶݔ
ଵݔ߲

,ଵݔ)ݑ߲ (ଶݔ
ଶݔ߲

= ܴܯ ଵܵ,ଶ ,ଵݔ ଶݔ
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Graph 1. If we increase by 2 both arguments also the value of the function 
doblued. So this IC will correspond with twice the level of utilty.

In homothetic actually the level of utilty does not doble in some case. So all the 
thing i notice graphically are summarised in the slide (homogeneous function are 
homothetic.. but homothetic function are not necessary homogeneous).
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Properties of Preference Relations

• But we also have
|𝑀𝑅𝑆1,2 𝑥1, 𝑥2 | ൌ
ങೠ ೣభ,ೣమ

ങೣభ
ങೠ ೣభ,ೣమ

ങೣమ

ൌ
ങ
ങೠȉ

ങೡሺೣభ,ೣమሻ
ങೣభ

ങ
ങೠȉ

ങೡሺೣభ,ೣమሻ
ങೣమ

ൌ

ങೡሺೣభ,ೣమሻ
ങೣభ

ങೡሺೣభ,ೣమሻ
ങೣమ

.

Hence |𝑀𝑅𝑆1,2 𝛼𝑥1, 𝛼𝑥2 ൌ ͮ𝑀𝑅𝑆1,2 𝑥1, 𝑥2 .
i.e. MRS is the same along radial expansions.
































































Properties of Preference Relations

• Homotheticity (graphical interpretation)
– A preference relation on ܺ = Թା is homothetic if 

all indifference sets are related to proportional 
expansions along the rays. 

– That is, if the consumer is indifferent between 
bundles ݔ and ݕ, i.e., ݕ~ݔ, he must also be 
indifferent between a common scaling in these 
two bundles, i.e., ݕߙ~ݔߙ, for every scalar ߙ  0. 
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Properties of Preference Relations
– For a given ray from the origin, the slope of the 

indifference curves (i.e., the MRS) that the ray crosses 
coincides.
� The ratio between the two goods ݔଵ/ݔଶ remains 

constant along all points in the ray.

– Intuitively, the rate at which a consumer is willing to 
substitute one good for another (his MRS) only 
depends on:

• the rate at which he consumes the two goods, i.e., ݔଵ/ݔଶ, 
but does not depend on the utility level he obtains.

– But it is independent in the volume of goods he 
consumes, and in the utility he achieves. 
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Properties of Preference Relations

Advanced Microeconomic Theory 15

Homogeneous of 
degree k=1

Homothethic
































































Properties of Preference Relations

• Homogeneity and homotheticity:
– Homogeneous functions are homothetic.
�We only need to apply a monotonic transformation 
݃(ȉ) on ݒ ,ଵݔ ଶݔ , i.e., ݑ ,ଵݔ ଶݔ = ݒ)݃ ,ଵݔ ଶݔ ).

– But homothetic functions are not necessarily 
homogeneous.
� Take a homogeneous (of degree one) function 
ݒ ,ଵݔ ଶݔ = .ଶݔଵݔ
� Apply a monotonic transformation ݃ ݕ = ݕ + ܽ, 

where ܽ > 0, to obtain homothetic function 
ݑ ,ଵݔ ଶݔ = ଶݔଵݔ + ܽ
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Homogeneous with strictly incr transformation we get homothetic function.

If we get hothetic function is not implied that we also get it homogeneous.
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Properties of Preference Relations

� This function is not homogeneous, since increasing 
all arguments by ߙ yields

ݑ ଶݔߙ,ଵݔߙ = ଵݔߙ ଶݔߙ + ܽ
= ݒଶߙ ,ଵݔ ଶݔ + ܽ

� Other monotonic transformations yielding non-
homogeneous utility functions are

݃ ݕ = ఊݕܽ + ,ݕܾ where ܽ, ܾ, ߛ > 0,    or
݃ ݕ = ܽ ln ܽ where   ,ݕ > 0

Advanced Microeconomic Theory 127































































TakuKuku

I 1
I 1

no heroborders overuse function word
Do as an exercise: prove 

that the two function are 
homogeneous. 
 V














































































































n get a f by
flat a't t abt

a uhh to

8 Y aln y g Carte a lay
F aka ly



Properties of Preference Relations

• Utility functions that satisfy homotheticity:
– Linear utility function ݑ ,ଵݔ ଶݔ = ଵݔܽ +  ଶ, whereݔܾ
ܽ, ܾ > 0
� Goods ݔଵ and ݔଶ are perfect substitutes

� ܴܵܯ ,ଵݔ ଶݔ = 


and  ܴܵܯ ,ଵݔݐ ଶݔݐ = ௧
௧
= 


– The Leontief utility function ݑ ,ଵݔ ଶݔ = ܣ ȉ
min{ܽݔଵ, ܣ ଶ}, whereݔܾ > 0
� Goods ݔଵ and ݔଶ are perfect complements
� We cannot define the MRS along all the points of the 

indifference curves
� However, the slope of the indifference curves coincide for 

those points where these curves are crossed by a ray from 
the origin. Advanced Microeconomic Theory 128
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Same slope
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Properties of Preference Relations

• Perfect complements and homotheticity
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Properties of Preference Relations

• Homotheticity:
– A utility function (ݔ)ݑ is homothetic if it is a 

monotonic transformation of a homogeneous 
function. 

– That is, ݑ ݔ = ݒ)݃ ݔ ), where
• ݃:Թ ՜ Թ is a strictly increasing function, and
• Թ:ݒ ՜ Թ is homogeneous of degree ݇.
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Properties of Preference Relations

• Properties:
– If ݑ ݔ is homothetic, and two bundles ݕ and ݖ lie 

on the same indifference curve, i.e., ݑ ݕ =  ,(ݖ)ݑ
bundles ݕߙ and ݖߙ also lie on the same 
indifference curve, i.e., ݑ ݕߙ = (ݖߙ)ݑ for all ߙ >
0.
� In particular, 

ݑ ݕߙ = ݒ)݃ ݕߙ ) = ߙ)݃ ݒ ݕ )
ݑ ݖߙ = ݒ)݃ ݖߙ ) = ߙ)݃ ݒ ݖ )
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Properties of Preference Relations
– The MRS of a homothetic function is homogeneous of 

degree zero. 
– In particular,

ܴܯ ଵܵ,ଶ ଶݔߙ,ଵݔߙ =
ങೠ ഀೣభ,ഀೣమ

ങೣభ
ങೠ ഀೣభ,ഀೣమ

ങೣమ

=
ങ
ങೠȉ

ങೡ(ഀೣభ,ഀೣమ)
ങೣభ

ങ
ങೠȉ

ങೡ(ഀೣభ,ഀೣమ)
ങೣమ

where ݑ ,ଵݔ ଶݔ ؠ ݒ)݃ ,ଵݔ ଶݔ ).

– Canceling the డ
డ௨

terms yields
ങೡ(ഀೣభ,ഀೣమ)

ങೣభ
ങೡ(ഀೣభ,ഀೣమ)

ങೣమ

=
ఈೖషభȉങೡ(ೣభ,ೣమ)

ങೣభ

ఈೖషభȉങೡ(ೣభ,ೣమ)
ങೣమ
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Properties of Preference Relations
– Canceling the ߙିଵ terms yields

ങೡ(ೣభ,ೣమ)
ങೣభ

ങೡ(ೣభ,ೣమ)
ങೣమ

– In summary,

ܴܯ ଵܵ,ଶ ଶݔߙ,ଵݔߙ =

ݑ߲ ଶݔߙ,ଵݔߙ
ଵݔ߲

ݑ߲ ଶݔߙ,ଵݔߙ
ଶݔ߲

=

=

,ଵݔ)ݑ߲ (ଶݔ
ଵݔ߲

,ଵݔ)ݑ߲ (ଶݔ
ଶݔ߲

= ܴܯ ଵܵ,ଶ ,ଵݔ ଶݔ
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Properties of Preference Relations

• Homotheticity (graphical interpretation)
– A preference relation on ܺ = Թା is homothetic if 

all indifference sets are related to proportional 
expansions along the rays. 

– That is, if the consumer is indifferent between 
bundles ݔ and ݕ, i.e., ݕ~ݔ, he must also be 
indifferent between a common scaling in these 
two bundles, i.e., ݕߙ~ݔߙ, for every scalar ߙ  0. 
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Properties of Preference Relations
– For a given ray from the origin, the slope of the 

indifference curves (i.e., the MRS) that the ray crosses 
coincides.
� The ratio between the two goods ݔଵ/ݔଶ remains 

constant along all points in the ray.

– Intuitively, the rate at which a consumer is willing to 
substitute one good for another (his MRS) only 
depends on:

• the rate at which he consumes the two goods, i.e., ݔଵ/ݔଶ, 
but does not depend on the utility level he obtains.

– But it is independent in the volume of goods he 
consumes, and in the utility he achieves. 
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Properties of Preference Relations

• Homogeneity and homotheticity:
– Homogeneous functions are homothetic.
�We only need to apply a monotonic transformation 
݃(ȉ) on ݒ ,ଵݔ ଶݔ , i.e., ݑ ,ଵݔ ଶݔ = ݒ)݃ ,ଵݔ ଶݔ ).

– But homothetic functions are not necessarily 
homogeneous.
� Take a homogeneous (of degree one) function 
ݒ ,ଵݔ ଶݔ = .ଶݔଵݔ
� Apply a monotonic transformation ݃ ݕ = ݕ + ܽ, 

where ܽ > 0, to obtain homothetic function 
ݑ ,ଵݔ ଶݔ = ଶݔଵݔ + ܽ
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Properties of Preference Relations

� This function is not homogeneous, since increasing 
all arguments by ߙ yields

ݑ ଶݔߙ,ଵݔߙ = ଵݔߙ ଶݔߙ + ܽ
= ݒଶߙ ,ଵݔ ଶݔ + ܽ

� Other monotonic transformations yielding non-
homogeneous utility functions are

݃ ݕ = ఊݕܽ + ,ݕܾ where ܽ, ܾ, ߛ > 0,    or
݃ ݕ = ܽ ln ܽ where   ,ݕ > 0
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Properties of Preference Relations

• Utility functions that satisfy homotheticity:
– Linear utility function ݑ ,ଵݔ ଶݔ = ଵݔܽ +  ଶ, whereݔܾ
ܽ, ܾ > 0
� Goods ݔଵ and ݔଶ are perfect substitutes

� ܴܵܯ ,ଵݔ ଶݔ = 


and  ܴܵܯ ,ଵݔݐ ଶݔݐ = ௧
௧

= 


– The Leontief utility function ݑ ,ଵݔ ଶݔ = ܣ ȉ
min{ܽݔଵ, ܣ ଶ}, whereݔܾ > 0
� Goods ݔଵ and ݔଶ are perfect complements
� We cannot define the MRS along all the points of the 

indifference curves
� However, the slope of the indifference curves coincide for 

those points where these curves are crossed by a ray from 
the origin. Advanced Microeconomic Theory 128
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Properties of Preference Relations

• Perfect complements and homotheticity
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Properties of Preference Relations

• Example 1.9 (Testing for quasiconcavity and 
homotheticity):
– Let us determine if ݑ ,ଵݔ ଶݔ = ln(ݔଵ.ଷݔଶ.) is 

quasiconcave, homothetic, both or neither.
– Quasiconcavity:
� Note that ln(ݔଵ.ଷݔଶ.) is a monotonic transformation of 

the Cobb-Douglas function  ݔଵ.ଷݔଶ..
� Since ݔଵ.ଷݔଶ. is a Cobb-Douglas function, where  ߙ +
ߚ = 0.3 + 0.6 < 1, it must be a concave function.
� Hence, ݔଵ.ଷݔଶ. is also quasiconcave, which implies 

ln(ݔଵ.ଷݔଶ.) is quasiconcave (as quasiconcavity is 
preserved through a monotonic transformation).
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Properties of Preference Relations

• Example 1.9 (continued):
– Homogeneity:
� Increasing all arguments by a common factor ߙ,

ଵݔߙ .ଷ ଶݔߙ . = ଶ.ݔ.ߙଵ.ଷݔ.ଷߙ = ଶ.ݔଵ.ଷݔ.ଽߙ

� Hence, ݔଵ.ଷݔଶ. is homogeneous of degree 0.9

– Homotheticity:
� Therefore, ݔଵ.ଷݔଶ. is also homothetic.

� As a consequence, its transformation, ln(ݔଵ.ଷݔଶ.), is also 
homothetic (as homotheticity is preserved through a 
monotonic transformation).
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Properties of Preference Relations

• Quasilinear preference relations:
– The preference relation on ܺ = (െλ,λ)
ݔ א Թାିଵ is quasilinear with respect to good 1 if: 

1) All indifference sets are parallel displacements of 
each other along the axis of good 1. 
� That is, if ݕ~ݔ, then (ݔ + ݕ)~(ଵ݁ߙ + ଵ), where ݁ଵ݁ߙ =

(1,0, … , 0).

2) Good 1 is desirable.
� That is, ݔ + ଵ݁ߙ ظ ݔ for all ݔ and ߙ > 0.
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x1

x2

y

x

y + Ƚe1
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x + Ƚe1

Properties of Preference Relations

• Quasilinear preference-I
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Properties of Preference Relations

• Notes:
– No lower bound on the consumption of good 1, 

i.e., ݔଵ א (െλ,λ).

– If ݔ ظ ݔ) then ,ݕ + (ଵ݁ߙ ظ ݕ) + .(ଵ݁ߙ
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Properties of Preference Relations

• Quasilinear preference-II
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Properties of Preference Relations

• Example 1.9 (Testing for quasiconcavity and 
homotheticity):
– Let us determine if ݑ ,ଵݔ ଶݔ = ln(ݔଵ.ଷݔଶ.) is 

quasiconcave, homothetic, both or neither.
– Quasiconcavity:
� Note that ln(ݔଵ.ଷݔଶ.) is a monotonic transformation of 

the Cobb-Douglas function  ݔଵ.ଷݔଶ..
� Since ݔଵ.ଷݔଶ. is a Cobb-Douglas function, where  ߙ +
ߚ = 0.3 + 0.6 < 1, it must be a concave function.
� Hence, ݔଵ.ଷݔଶ. is also quasiconcave, which implies 
ln(ݔଵ.ଷݔଶ.) is quasiconcave (as quasiconcavity is 
preserved through a monotonic transformation).
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Social preferences  
 
u(x1, x2) is utility function of an individual. Is not indexed by individual i. 
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Social and Reference-Dependent 
Preferences 
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Social Preferences 

• We now examine social, as opposed to individual, 
preferences.

• Consider additively separable utility functions of 
the form

ݔ)ݑ , (ݔ = (ݔ)݂ + ݃(ݔ)
where 

– (ݔ)݂ captures individual ݅’s utility from the 
monetary amount that he receives, ݔ;

– ݃(ݔ)measures the utility/disutility he derives from 
the distribution of payoffs ݔ = ,ଵݔ) ,ଶݔ . . . , (ேݔ
among all ܰ individuals.
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This is a case in which is indexed by individual. Utility of individual is define by his consumption Xi but 
also the consumption of all other people. So f(xi) is the egoistic part, and gi(x) is the consumption of all 
other people. Gi mean that can be some sort of altruism. 



In this example we don’t take average consumption. In x we have all bundle of consumption of all 
individual (kindy absurd to have all consumption so we have average). X is a vector of consumption of 
all the other individual. Xi could be a vector and also x2, x3 ... could be a vector.

Usually we will take much simpler utility function. 




























































































Social Preferences 

• Fehr and Schmidt (1999):
– For the case of two players, 

ݔ)ݑ , (ݔ = ݔ െ maxߙ ݔ െ ݔ , 0 െ maxߚ ݔ െ ݔ , 0

where ݔ is player ݅'s payoff and ݆ ് ݅.

– Parameter ߙ represents player ݅’s disutility from 
envy
� When ݔ < , maxݔ ݔ െ ݔ , 0 = ݔ െ ݔ > 0 but 
max ݔ െ ݔ , 0 = 0.
� Hence, ݑ(ݔ , (ݔ = ݔ െ ݔ)ߙ െ .(ݔ
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AltruismEnvy





Fehr and Schmidt we assume we have only two individuals, so we have only two consumption of the 
two individual. We also have consumption of j. 

Xi is your consumption and the from this level of utility we subtract something: ai max(xk-xi, 0) if i 
consume less than xj i get a max of 0. Else if you consuming more than the other guy you take in the 
utility function Bi (xi-xj). So which between the two are altruistic consort. If you consume more Than the 
other guys you are not happy. a is for envy.



In this model we assume that player envy is stronger than their guilt. So alpha >= bi. You don’t want to 
be the poor one. 










 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Social Preferences 

– Parameter ߚ  0 captures player ݅'s disutility 
from guilt 
� When ݔ > , maxݔ ݔ െ ݔ , 0 = ݔ െ ݔ > 0 but 
max ݔ െ ݔ , 0 = 0.

� Hence, ݑ ݔ , ݔ = ݔ െ ݔ)ߚ െ  .(ݔ

– Players’ envy is stronger than their guilt, i.e., ߙ 
ߚ for 0  ߚ < 1.
� Intuitively, players (weakly) suffer more from inequality 

directed at them than inequality directed at others.
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Social Preferences 

– Thus players exhibit “concerns for fairness” (or 
“social preferences”) in the distribution of payoffs.

– If ߙ = ߚ = 0 for every player ݅, individuals only 
care about their material payoff ݑ(ݔ , (ݔ = .ݔ
� Preferences coincide with the individual 

preferences.
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Social Preferences 
– Let s͛ depict the indifference curves of this utility 

function. 
– Fix the utility level at 𝑢 ൌ 𝑢. Solving for 𝑥 yields 

𝑥 ൌ
ഥ௨
ఉ
െ 1−ఉ

ఉ
𝑥 if  𝑥  𝑥

𝑥 ൌ
ഥ௨
ఈ
െ 1−ఈ

ఈ
𝑥if  𝑥 ൏ 𝑥

– Hence each indifference curve has two segments: 

� one with slope 
1−ఉ
ఉ

above the 45-degree line

� another with slope 
1−ఈ
ఈ

below 45-degree line 
– Note that ሺ𝑥, 𝑥ሻ-pairs to the northeast yield larger 

utility levels for individual 𝑖.
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xi

xj

45o-line

IC1

IC2

Social Preferences 

• Fehr and Schmidt’s (1999) preferences
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Consumption Sets
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Consumption Sets

• Consumption set: a subset of the commodity 
space Թ, denoted by ݔ ؿ Թ, whose elements 
are the consumption bundles that the individual 
can conceivably consume, given the physical 
constraints imposed by his environment.

• Let us denote a commodity bundle ݔ as a vector 
of ܮ components.
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Consumption Set 
Set of all possible alternatives (which are bundles)



sometime some bundle are not feasible, so we cannot consume it because there are constrained 
imposed by his environment.

A bundle is a vector of L components. 






























































































Consumption Sets
• Physical constraint on the labor market
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How people decide labour supply ( so how many hours they work). Leisure can also be called as house 
work. If we consider leisure as a good and bread. People don’t want to work all day but you want to 
have some leisure. You have to sleep, what are the main free activity. Studying working and having fun.  
Even if you don’t sleep any hour you do not consume any bread, the maximum amount of leisure is 
24h. It’s physical constraint on the environment.

If you have pleasure you don’t work, if you work you have more income and more pleasure. 






























































































x

Beer in
Seattle
at noon

Beer in
Barcelona

at noon

Consumption Sets

• Consumption at two different locations
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not IN C Set





Imagine this two goods are beer in Seattle and Barcellona at the same day. So there’s a physical 
constraint. The consumption set is in the axes. Since Barcellona is 0 if I’m in Seattle and vice versa. 

Not convex, if i take point in a straight line they are not in the consumption set.






































































































Consumption Sets

• Convex consumption sets:
– A consumption set ܺ is convex if, for two 

consumption bundles ݔ, Ԣݔ א ܺ, the bundle 
ᇱᇱݔ = ݔߙ + 1െ ߙ ᇱݔ

is also an element of ܺ for any ߙ א (0,1).

– Intuitively, a consumption set is convex if, for any 
two bundles that belong to the set, we can 
construct a straight line connecting them that lies 
completely within the set.
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Consumption Sets: Economic Constraints

• Assumptions on the price vector in Թ:

1) All commodities can be traded in a market, at 
prices that are publicly observable. 
– This is the principle of completeness of markets
– It discards the possibility that some goods cannot 

be traded, such as pollution.
2) Prices are strictly positive for all ܮ goods, i.e., 
 ب 0 for every good ݇. 
– Some prices could be negative, such as pollution.
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Economic constraint —> we do some additional assumption that characterise perfect competition. 

All commodities can be traded in a marker and all good has a price in the market. This is called a 
market completeness. 

For instance, we do not consider pollution because cannot be traded. Even though expert create 
market with pollution. 

[Let’s say 100 firm, each one 100 and then sell certificate and trade the right to pollute. The reason to 
create a market is that if you have a cost to pollute. You sell the right to pollute. ]



Also price is positive. If something is free i can ask for infinite amount of the good??
























































































Consumption Sets: Economic Constraints

3) Price taking assumption: a consumer’s demand 
for all ܮ goods represents a small fraction of the 
total demand for the good. 
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Consumer cannot affect the price. 

In some situation consumer can affect the price. Big enterprise in the retail distribution and you 
supply all shop and then you go to people working on agriculture if price is this, then i get it else 
i will go to another one. 



Consumption Sets: Economic Constraints

• Bundle ݔ א Թା is affordable if
ଵݔଵ + ଶݔଶ +ڮ+ ݔ  ݓ

or, in vector notation,  ȉ ݔ  .ݓ

• Note that  ȉ ݔ is the total cost of buying bundle 
ݔ = ,ଵݔ) ,ଶݔ … , (ݔ at market prices  =
,ଶ,ଵ) … ݓ ), and, is the total wealth of the 
consumer.

• When ݔ א Թା then the set of feasible consumption 
bundles consists of the elements of the set:

,௪ܤ = ݔ} א Թା : ȉ ݔ  {ݓ
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FEASIBLE





Consumer have some wealth and cannot spend more on this wealth. So consumer cannot borrow 
money to his consumption (???) [56.00]

Amount of goods that are consumed and income is endogenous (variables explained in the model). 
Endogenous decision are about x1, x2 so the amount of consumed.

The budget inequality is saying that you expenditure must be less or equal than your income.

So this define the so called budget set. 

B is a set qand then the budget set depend on price and wealth in which components are positive for 
which the product of price vector moltiply by good vector is less or equal of w (amount of wealth that 
you have, it’s a scalar! Not a vector like p and x).



How is budget set represented? In the following way.






















































































x1

x2

w
p2

w
p1

p2

p1-        (slope)

{x אԹ+:p ήx = w}2

Consumption Sets: Economic Constraints

The budget line is
ଵݔଵ + ଶݔଶ = ݓ
Hence, solving for the 
good on the vertical 
axis, ݔଶ, we obtain

ଶݔ =
ݓ
ଶ
െ
ଵ
ଶ
ଵݔ

Advanced Microeconomic Theory 200

• Example for two goods: 
,௪ܤ = ݔ} א Թାଶ : ଵݔଵ + ଶݔଶ  {ݓ






























































0

is c
sea O

Spending all income

Not spending all 
income





Two components. How do you represent graphically a budget set?

You see you have inequality and you can take this inequality as equality and define the graph of the 
function of p1x1 +p2x2 = w.























Set of all feasible bundle depending on your income and the price.
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x1

x3

x2

Consumption Sets: Economic Constraints
• Example for three goods:

,௪ܤ = ݔ} א Թାଷ : ଵݔଵ + ଶݔଶ + ଷݔଷ  {ݓ
– The surface ଵݔଵ + ଶݔଶ + ଷݔଷ = ݓ is referred to 

as the “Budget hyperplane”
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In case of three goods 
you will have the budget 
set is 3D. 



Consumption Sets: Economic Constraints

• Price vector  is orthogonal (perpendicular) to 
the budget line ܤ,௪.
– Note that  ȉ ݔ = ݓ holds for any bundle ݔ on the 

budget line.
– Take any other bundle ݔԢ which also lies on ܤ,௪. 

Hence,  ȉ Ԣݔ = .ݓ
– Then,

 ȉ ᇱݔ =  ȉ ݔ = ݓ
 ȉ ᇱݔ െ ݔ = 0 or  ȉ οݔ = 0
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Consumption Sets: Economic Constraints

– Since this is valid for any two bundles on the 
budget line, then must be perpendicular to 
οݔ on ܤ,௪.

– This implies that the price vector is perpendicular 
(orthogonal) to ܤ,௪.
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Price vector is orthogonal to the budget line Bp,w.
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Consumption Sets: Economic Constraints

• The budget set ܤ,௪ is convex.
– We need that, for any two bundles ݔ, Ԣݔ א  ,,௪ܤ

their convex combination
ᇱᇱݔ = ݔߙ + 1െ ߙ Ԣݔ

also belongs to the ܤ,௪, where ߙ א (0,1).

– Since  ȉ ݔ  ݓ and  ȉ Ԣݔ   then ,ݓ
 ȉ ᇱᇱݔ = ݔߙ +  1െ ߙ Ԣݔ

= ݔߙ + 1െ ߙ Ԣݔ  ݓ
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Advanced Microeconomic 
Theory

Chapter 2: Utility Maximization 
Problem (UMP), Walrasian demand, 

indirect utility function
































































Outline

• Utility maximization problem (UMP)
• Walrasian demand and indirect utility function
• WARP and Walrasian demand (no, skip)
• Income and substitution effects (Slutsky 

equation)
• Duality between UMP and expenditure 

minimization problem (EMP)
• Hicksian demand and expenditure function
• Connections
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Utility	Maximization	Problem

Advanced	Microeconomic	Theory 3
































































Utility	Maximization	Problem
• Consumer	maximizes	his	utility	level	by	selecting	
a	bundle	! (where	! can	be	a	vector)	subject	to	
his	budget	constraint:

max%&' ((!)	
s. t. 		/ 0 ! ≤ 2

• Weierstrass Theorem: for	optimization	problems	
defined	on	the	reals,	if	the	objective	function	is	
continuous	and	constraints	define	a	closed	and	
bounded	set,	then	the	solution	to	such	
optimization	problem	exists.
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Vector
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CastroN'T







Vector is the quantity of goods. Max u(x) is a vector. Quantity must be positive. This is a constraint that 
we see last time. 



P1x1 +p2 x2 ... is what you spend for good one and w is the total wealth. 
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Utility	Maximization	Problem
• Existence: if	/ ≫ 0 and	2 > 0 (i.e.,	if	67,9 is	closed	
and	bounded),	and	if	((0) is	continuous,	then	there	
exists	at	least	one	solution	to	the	UMP.
– If,	in	addition,	preferences	are	strictly	convex,	then	the	
solution	to	the	UMP	is	unique.

• We	denote	the	solution	of	the	UMP	as	the	:;<=:>	of	
the	UMP	(the	argument,	!,	that	solves	the	optimization	
problem),	and	we	denote	it	as	!(/, 2).	
– !(/,2) is	the	Walrasian	demand	correspondence,	which	
specifies	a	demand	of	every	good	in	ℝ@A for	every	possible	
price	vector,	/,	and	every	possible	wealth	level,	2.	
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We can show that solution is unique if preferences are strictly convex and u(°) continuous. 















Depends on prices and wealth!

So it’s why opt solution depend on w and p.
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Utility	Maximization	Problem
• Walrasian	demand	!(/,2)

at	bundle	A is	optimal,	as	
the	consumer	reaches	a	
utility	level	of	(B by	
exhausting	all	his	wealth.	

• Bundles	B and	C are	not	
optimal,	despite	exhausting	
the	consumer’s	wealth.	
They	yield	a	lower	utility	
level	(C,	where	(C < (B.	

• Bundle	D is	unaffordable	
and,	hence,	it	cannot	be	the	
argmax	of	the	UMP	given	a	
wealth	level	of	2.
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Properties	of	Walrasian	Demand
• If	the	utility	function	is	continuous	and	preferences	
satisfy	LNS	over	the	consumption	set	G = ℝ@A ,	then	the	
Walrasian	demand	!(/, 2) satisfies:
1)			Homogeneity	of	degree	zero:

! /,2 = !(I/, I2) for	all	/,	2,	and	for	all	I > 0
That	is,	the	budget	set	is	unchanged!

! ∈ ℝ@A : 	/ 0 ! ≤ 2	 = ! ∈ ℝ@A : 	I/ 0 ! ≤ I2
Note	that	we	don’t	need	any	assumption	on	the	
preference	relation	to	show	this.	We	only	rely	on	the	
budget	set	being	affected.
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We will assume this properties for any problem of utility maximisation problem.


Homogeneity —> moltiply by alpha  doesn’t change the value of the function.
1.
Why increasing prices and wealth by same alpha we obtain a solution that is the same also for the 
MUP? Is easy to demonstrate with the graphical solution before.



If we increase everything by alpha.
































































































Properties	of	Walrasian	Demand
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– Note	that	the	
preference	relation	
can	be	linear,	and	
homog(0) would	
still	hold.

x2

x1

2 2

w w
p p
=

1 1

w w
p p
=

x(p,w) is unaffected
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If i multiply for alpha i obtain the same solution.



2)			Walras’	Law:
/ 0 ! = 2 for	all	! = !(/,2)

It	follows	from	LNS:	if	the	consumer	selects	a	
Walrasian	demand	! ∈ !(/, 2),	where	/ 0 ! < 2,	
then	it	means	we	can	still	find	other	bundle	N,	
which	is	ε–close	to	!,	where	consumer	can	improve	
his	utility	level.
If	the	bundle	the	consumer	chooses	lies	on	the	
budget	line,	i.e.,		/ 0 !P = 2,	we	could	then	identify	
bundles	that	are	strictly preferred	to	!P,	but	these	
bundles	would	be	unaffordable	to	the	consumer.

Properties	of	Walrasian	Demand
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Walras’ law. In the opt solution the consumer spends all income. Consume cannot remain with income 
not spent. It’s irrational. In graphical term is intuitive because we must be in the budget line. In the opt 
solution you are in the tangency point and this define the walras law. In opt you don’t have any unspent 
income. This depend on the fact that the utilty function satisfy LNS: you can find very close point that 
give you the same utility. 



a) If Preferences are weakly convex then walrasian demand correspondence deifines a convex set.

b) if preference are strictly convex, then walrasian demand correspondence cointain a single element.




























































































Properties	of	Walrasian	Demand
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– For	! ∈ !(/,2),	there	is	
a	bundle	N,	ε–close	to	!,	
such	that	N ≻ !.	Then,	
! ∉ !(/,2).

1x

2x

x x

y y






























































But not affordable



Properties	of	Walrasian	Demand

3)		Convexity/Uniqueness:

a) If	the	preferences	are	convex,	then	the	
Walrasian	demand	correspondence	!(/, 2)
defines	a	convex	set,	i.e.,	a	continuum	of	
bundles	are	utility	maximizing.

b) If	the	preferences	are	strictly	convex,	then	the	
Walrasian	demand	correspondence	!(/, 2)
contains	a	single	element.
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(For a given p and a given w)

(For a given p and a given w)



Properties	of	Walrasian	Demand

Convex	preferences Strictly	convex	preferences	
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UMP:	Necessary	Condition
max%&' ( ! s. t. 	/ 0 ! ≤ 2

• We	solve	it	using	Kuhn-Tucker	conditions	over	the	
Lagrangian	S = ( ! + U(2 − / 0 !),

WA	
W%X

= WY(%∗)
W%X

− U/[ ≤ 0 for	all	\,		= 0 if	![∗ > 0
WA	
W] = 2 − / 0 !∗ = 0

• That	is,	in	a	interior optimum,	WY(%
∗)

W%X
= U/[ for	every	

good	\,	which	implies
^_(`∗)
^`a

^_(`∗)
^`X

= 7a
7X
⇔ cde	f,[ = 7a

7X
⇔

^_(`∗)
^`a
7a

=
^_(`∗)
^`X
7X
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UMP:	Sufficient	Condition

• When	are	Kuhn-Tucker	(necessary)	conditions,	
also	sufficient?
– That	is,	when	can	we	guarantee	that	!(/, 2) is	the	
max of	the	UMP	and	not	the	min?

Advanced	Microeconomic	Theory 14
































































UMP: Sufficient Condition

• Interpretation of 
ങೠሺೣ∗ሻ
ങೣ


ൌ
ങೠሺೣ∗ሻ
ങೣೖ
ೖ

The marginal utility of the last dollar ;͞marginal͟ 
euro) spent in good 𝑙 must produce the same utility 
of the last euro spent in good k. [Hint. With one 
dollar you buy 1/𝑝units of good 𝑙 and 1/𝑝units of 
good 𝑘)
• When are Kuhn-Tucker (necessary) conditions, 

also sufficient?
– That is, when can we guarantee that ݔሺ𝑝, ሻݓ is the 
max of the UMP and not the min?
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UMP:	Sufficient	Condition
• Kuhn-Tucker	
conditions	are	
sufficient	for	a	max if:
1) ((!)	 is	quasiconcave,	

i.e.,	convex	upper	
contour	set	(UCS).

2) ((!) is	monotone.
3) l((!) ≠ 0 for	! ∈ ℝ@A .
– If	l( ! = 0 for	some	!,	
then	we	would	be	at	the	
“top	of	the	mountain”	(i.e.,	
blissing	point),	which	
violates	both	LNS	and	
monotonicity.

Advanced	Microeconomic	Theory 15
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UMP:	Violations	of	Sufficient	Condition

1)		n(0) is	non-monotone:

– The	consumer	chooses	
bundle	A (at	a	corner)	
since	it	yields	the	highest	
utility	level	given	his	
budget	constraint.

– At	point	A,	however,	the	
tangency	condition	
cde	C,B = 7o

7p
does	not	

hold.
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UMP:	Violations	of	Sufficient	Condition

Advanced	Microeconomic	Theory 17

x2

x1

A

B

C

Budget line

– The	upper	contour	sets	
(UCS)	are	not	convex.

– cde	C,B = 7o
7p
	 is	not	a	

sufficient	condition	for	a	
max.

– A	point	of	tangency	(C)	
gives	a	lower	utility	level	
than	a	point	of	non-
tangency	(B).

– True	maximum	is	at	point	
A.	

2)		n(0) is	not	quasiconcave:
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UMP:	Corner	Solution
• Analyzing	differential	changes	in	!f and	!f,	that	keep	individual’s	

utility	unchanged,	q( = 0,

rY(%)
r%a

q!f + rY(%)
r%X

q![ = 0 (total	diff.)
• Rearranging,

q![
q!f

= −
q( !
q!f
q( !
q![

= −cdef,[

• Corner	Solution:		cdef,[ > 7a
7X
,	or	alternatively,		

s_ `∗
s`a
7a

>
s_ `∗
s`X
7X

	,	i.e.,	
the	consumer	prefers	to	consume	more	of	good	t.
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UMP:	Corner	Solution
• In	the	FOCs,	this	implies:	

a) WY(%∗)
W%X

≤ 	U/[ for	the	goods	whose	consumption	is	
zero,	![∗= 0,	and

b) WY(%∗)
W%a

= 	U/f for	the	good	whose	consumption	is	
positive,	!f∗> 0.

• Intuition:	the	marginal	utility	per	dollar	spent	on	
good	t is	still	larger	than	that	on	good	\.

^_(`∗)
^`a
7a

= U ≥
^_(`∗)
^`X
7X
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UMP:	Corner	Solution
• Consumer	seeks	to	consume	

good	1	alone.

• At	the	corner	solution,	the	
indifference	curve	is	steeper	
than	the	budget	line,	i.e.,	

cdeC,B > 7o
7p

or		wxo7o
> wxp

7p
• Intuitively,	the	consumer	

would	like	to	consume	more	
of	good	1,	even	after	
spending	his	entire	wealth	
on	good	1	alone.
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UMP:	Lagrange	Multiplier
• U is	referred	to	as	the	

“marginal	values	of	relaxing	the	
constraint”	in	the	UMP	(a.k.a.
“shadow	price	of	wealth”).

• If	we	provide	more	wealth	to	
the	consumer,	he	is	capable	of	
reaching	a	higher	indifference	
curve	and,	as	a	consequence,	
obtaining	a	higher	utility	level.
– We	want	to	measure	the	

change	in	utility	resulting	from	
a	marginal	increase	in	wealth.
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x1

x2

w	0
p2

{x	∈	ℝ+:	u(x)	=	u	1}2

{x	∈	ℝ+:	u(x)	=	u	0}2

w	1
p2

w	0
p1
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UMP:	Lagrange	Multiplier

• Let	us	take	( !(/, 2) ,	and	analyze	the	change	in	
utility	from		change	in	wealth.	Using	the	chain	rule	
yields,

l( !(/, 2) 0 y9!(/, 2)

• Substituting	l( !(/, 2) = U/ (in	interior	solutions),

U/ 0 y9!(/, 2)
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UMP:	Lagrange	Multiplier

• From	Walras’	Law,	/ 0 ! /, 2 = 2,	the	change	in	
expenditure	from	an	increase	in	wealth	is	given	by

y9 / 0 ! /, 2 = / 0 y9! /,2 = 1

• Hence,	
l( !(/, 2) 0 y9! /,2 = U / 0 y9! /,2

C
= U

• Intuition:	If	U = 5,	then	a	$1	increase	in	wealth	
implies	an	increase	in	5	units	of	utility.
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re KT Essen

                                           	 	 	 	 	 	 	 	                  																												At the maximum this must 



be the same for all goods, otherwise we are not at the maximum




Walrasian	Demand:	Wealth	Effects

• Normal	vs.	Inferior	goods
W% 7,9
W9

>
< 0 	normalinferior	

• Examples	of	inferior	goods:	
– Two-buck	chuck	(a	really	cheap	wine)
–Walmart	during	the	economic	crisis
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Walrasian	Demand:	Wealth	Effects
• An	increase	in	the	wealth	level	

produces	an	outward	shift	in	
the	budget	line.

• !B is	normal	as	W%p 7,9W9 > 0,	while	
!C is	inferior	as	W% 7,9

W9 < 0.

• Wealth	expansion	path:	
– connects	the	optimal	consumption	

bundle	for	different	levels	of	
wealth

– indicates	how	the	consumption	of	
a	good changes	as	a	consequence	
of	changes	in	the	wealth	level
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Walrasian	Demand:	Wealth	Effects
• Engel	curve	depicts	the	

consumption	of	a	particular	
good	in	the	horizontal	axis	and	
wealth	on	the	vertical	axis.

• The	slope	of	the	Engel	curve	is:
– positive	if	the	good	is	normal	
– negative	if	the	good	is	inferior

• Engel	curve	can	be	positively	
slopped	for	low	wealth	levels	
and	become	negatively	slopped	
afterwards.
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Walrasian	Demand:	Price	Effects

• Own	price	effect:
!"[ $, &
!$[

<
> 0			 	UsualGiffen	

• Cross-price	effect:
!"[ $, &

!$f
>
< 0			 	 SubstitutesComplements	

– Examples	of	Substitutes:	two	brands	of	mineral	water,	such	
as	Aquafina	vs.	Poland	Springs.

– Examples	of	Complements:	cars	and	gasoline.
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If price for sugar increase, then you demand less coffe. If prime derivative is positive 




























































Walrasian	Demand:	Price	Effects
• Own	price	effect
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Usual	good Giffen	good
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Vertical axis is the demand. We have said that if price increases the quantity increase and the walras’ 
demand is positively sloped. 



What if we want to see graphically if demand for one good is the same as the second good? 

We want to see how demand depends. On another wealth. We can’t use this curve because represent 
the realtion between quiantity of k and price of k. 
































































































Walrasian	Demand:	Price	Effects
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• Cross-price	effect

Substitutes Complements


































































Warla’s demand. Level 0 of price pk. Walras demand. If other two variable, like price in the other good 
change, the curves could change up or down. If good increase and the goods are substitute the curve 
moves up. 

For a given pk do you demand more or less pk. So curve goes up right. 

Complements good is the opposite. If the price of the other good increase the second one will 
decrease. 



Different goods can be classified using walras’ demand.




























































































Indirect	Utility	Function

• The	Walrasian	demand	function,	" $,& ,	is	the	
solution	to	the	UMP	(i.e., argmax).

• What	would	be	the	utility	function	evaluated	at	
the	solution	of	the	UMP,	i.e.,	" $,& ?
– This	is	the	indirect	utility	function	(i.e.,	the	highest	
utility	level),	@ $, & ∈ ℝ,	associated	with	the	UMP.

– It	is	the	“value	function”	of	this	optimization	problem.
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(I.e the function evaluated at the maximum)





If good normal or inferior we expect demand of the good will increase or decreases.

After solving the UMP getting the argmax yesterday, the solution of this problem is called walras 
demand. We have found this solution called x(p,w). Now we can compute the utilty function of this 
argument. If we compute utilty function at the optimal level.





















Degree of homogeneity of the indirect utilty function? 

What happened to the value function if the prices and the wealth increase by the same proportion? 
[value alpha]. And we want to see what happen to the maximum likehood. What we have found? 
Walra’s demeaned is homogeneous of degree 0 since the budget constraint the solution will be the 
same.

What happen to the utility function if p and w change for the small propotion of alpha. The value of 
utility doesn’t change so I directed utility function is homogeneous of degree 0.



The indirect utilty function is homogeneous of degree 0.
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Properties	of	Indirect	Utility	Function

• If	the	utility	function	is	continuous	and	
preferences	satisfy	LNS	over	the	consumption	
set	C = ℝ@A , then	the	indirect	utility	function	
@ $, & 	satisfies:

1) Homogenous	of	degree	zero:	Increasing	$ and	&
by	a	common	factor	G > 0 does	not	modify	the	
consumer’s	optimal	consumption	bundle,
"($, &),	nor	his	maximal	utility	level,	measured	
by	@ $,& .
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Properties	of	Indirect	Utility	Function

Advanced	Microeconomic	Theory 32

x1

x2

wp2
α	wα	p2 =

wp1
α	wα	p1 =
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Properties	of	Indirect	Utility	Function

2)		Strictly	increasing	in	&:
@ $,&P > @($, &) for	&P > &.

3)		non-increasing	(i.e.,	weakly	
decreasing)	in	$[
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Imagine corner solution, the demand remain the same (x2), the supply will decrease. So is not 
increasing in pk\	 








































































































Properties	of	Indirect	Utility	Function
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W

P1

w2

w1

4)		Quasiconvex:	The	set	 $,& : @($, &) ≤ @̅ is	convex	for	
any	@̅.

- Interpretation	I:	If	($C, &C) ≿∗ ($B, &B), then	($C, &C) ≿∗ (R$C +
(1 − R)$B, R&C + (1 − R)&B); i.e.,	if	V ≿∗ W,	then	V ≿∗ X.
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Properties	of	Indirect	Utility	Function
- Interpretation	II:	@($,&) is	quasiconvex if	the	set	of	
($, &) pairs	for	which	@ $,& < @($∗, &∗) is	convex.
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Properties	of	Indirect	Utility	Function

- Interpretation	III:	Using	"C and	"B in	the	axis,	perform	
following	steps:
1) When	W7,9,	then	" $,&
2) When	W7ä,9ä,	then	" $P, &P

3) Both	" $,& and	" $P, &P induce	an	indirect	utility	
of	@ $,&	 = @ $P, &P = \ã

4) Construct	a	linear	combination	of	prices	and	wealth:
$PP = G$ + (1 − G)$P
&PP = G& + (1 − G)&På			W7ää,9ää

5) Any	solution	to	the	UMP	given	W7ää,9ää must	lie	on	a	
lower	indifference	curve	(i.e.,	lower	utility)

@ $PP, &PP ≤ \ã
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Properties	of	Indirect	Utility	Function
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Substitution	and	Income	Effects:	
Normal	Goods

• Decrease	in	the	price	of	the	
good	in	the	horizontal	axis	(i.e.,	
food).

• The	substitution	effect	(SE)	
moves	in	the	opposite	direction	
as	the	price	change.
– A	reduction	in	the	price	of	

food	implies	a	positive	
substitution	effect.	

• The	income	effect	(IE)	is	
positive	(thus	it	reinforces	the	
SE).
– The	good	is	normal.
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Substitution	and	Income	Effects:	
Inferior	Goods

• Decrease	in	the	price	of	the	
good	in	the	horizontal	axis	(i.e.,	
food).

• The	SE	still	moves	in	the	
opposite	direction	as	the	price	
change.

• The	income	effect	(IE)	is	now	
negative	(which	partially	
offsets	the	increase	in	the	
quantity	demanded	associated	
with	the	SE).	
– The	good	is	inferior.

• Note:	the	SE	is	larger	than	the	
IE.
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Substitution	and	Income	Effects:	
Giffen	Goods

• Decrease	in	the	price	of	the	
good	in	the	horizontal	axis	(i.e.,	
food).

• The	SE	still	moves	in	the	
opposite	direction	as	the	price	
change.

• The	income	effect	(IE)	is	still	
negative	but	now	completely	
offsets	the	increase	in	the	
quantity	demanded	associated	
with	the	SE.	
– The	good	is	Giffen	good.

• Note:	the	SE	is	less	than	the	IE.
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Substitution	and	Income	Effects
SE IE TE

Normal	Good + + +
Inferior Good + - +
Giffen	Good + - -
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• Not	Giffen:	Demand	curve	is	negatively	sloped	(as	usual)
• Giffen:	Demand	curve	is	positively	sloped
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Expenditure	Minimization	
Problem
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and connection between functions



Expenditure	Minimization	Problem

• Expenditure	minimization	problem	(EMP):

min%&' ' 0 )	
s.t. *()) ≥ *

• Alternative	to	utility	maximization	problem
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In the previous problem we have the budget constraint and we have ...



If you want to translate this problem in a optimization problem we can maximise the opposite of the 
max.
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Expenditure	Minimization	Problem
• Consumer	seeks	a	utility	level	

associated	with	a	particular	
indifference	curve,	while	
spending	as	little	as	possible.

• Bundles	strictly	above	)∗ cannot	
be	a	solution	to	the	EMP:
– They	reach	the	utility	level	*
– But,	they	do	not	minimize	total	

expenditure

• Bundles	on	the	budget	line	
strictly	below	)∗ cannot	be	the	
solution	to	the	EMP	problem:
– They	are	cheaper	than	)∗
– But,	they	do	not	reach	the	

utility	level	*
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Expenditure Minimization Problem

• Lagrangian
𝐿 = −𝑝 ȉ 𝑥 + 𝜇 𝑢 𝑥 − 𝑢

• FOCs (necessary conditions)
𝜕𝐿
𝜕𝑥𝑘

= −𝑝𝑘 + 𝜇
𝜕𝑢(𝑥∗)
𝜕𝑥𝑘

≤ 0

𝜕𝐿
𝜕𝜇

= 𝑢 𝑥∗ − 𝑢 ≥ 0
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[ = 0 for interior 
solutions ]
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Take the opposite of the maximal function.



The second is the constraint and i add the la grangian multiplier (mu) which multiply the budget 
constrain.






























































































INTERIOR solution

KK 0

By Gnawer c Sccurren
Point IN Ucs Aine not arrive

BUTMuss so e escort in two 1 C so
AN we can focus on

CASE

u x wi o

THEN here
ON tires rant

rn louver Shore



Expenditure	Minimization	Problem
• For	interior	solutions,	

'[ = 1 WY(%
∗)

W%X
or				C± =

^_(`∗)
^`X
7X

for	any	good	;.	This	implies,	
^_(`∗)
^`X
7X

=
^_(`∗)
^`a
7a

or			7X7a =
^_(`∗)
^`X

^_(`∗)
^`a

• The	consumer	allocates	his	consumption	across	goods	until	
the	point	in	which	the	marginal	utility	per	dollar	spent	on	
each	good	is	equal	across	all	goods	(i.e.,	same	“bang	for	the	
buck”).

• That	is,	the	slope	of	indifference	curve	is	equal	to	the	slope	
of	the	budget	line.
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EMP: Hicksian Demand

• The bundle 𝑥∗ ∈ argmin 𝑝 ȉ 𝑥 (the argument that 
solves the EMP) is the Hicksian demand, which 
depends on 𝑝 and 𝑢 (while Walrasian demand 
depends on p and w),

𝑥∗ ∈ ℎ(𝑝, 𝑢)

• Recall that if such bundle 𝑥∗ is unique, we denote 
it as 𝑥∗ = ℎ 𝑝, 𝑢 (i.e. it is a function not a 
correspondance).
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Walras demand is the solution of maximisation problem. Similar we get the same with minimum 
problem and is called the Hicksian demand.



Walras demand depends on the price and the wealth that are the parameter in the budget constraint. 
While x is the choice variable.







Parameters appearing? Price parameter, is u parameter? Yes.

Hicksian depend on price and utility! So it’s different.









































































If both price and u increase by alpha then ratio between price doesn’t change. Bundle does’t change 
but expenditure does change!  P X* —> alpha P X*.

To reach that utilty level you spend more!
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Solution is unique.... set of bundle???

[24]



Properties	of	Hicksian	Demand

• Suppose	that	*(0) is	a	continuous	function,	
satisfying	LNS	defined	on	= = ℝ@A .	Then	for	' ≫
0,	ℎ(', *) satisfies:
1) Homog(0) in	',	i.e.,	ℎ ', * = ℎ(E', *) for	any	',	*,	

and	E > 0.
§ If	)∗ ∈ ℎ(', *) is	a	solution	to	the	problem

min%&' ' 0 )	
then	it	is	also	a	solution	to	the	problem

min%&' E' 0 )	
§ Intuition:	a	common	change	in	all	prices	does	not	alter	the	

slope	of	the	consumer’s	budget	line.
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Properties	of	Hicksian	Demand
• )∗ is	a	solution	to	the	EMP	when	

the	price	vector	is	' = ('C, 'B).
• Increase	all	prices	by	factor	E

'P = ('CP , 'BP ) = (E'C, E'B)
• Downward	(parallel)	shift	in	the	

budget	line,	i.e.,	the	slope	of	the	
budget	line	is	unchanged.

• But	I	have	to	reach	utility	level	* to	
satisfy	the	constraint	of	the	EMP!

• Spend	more	to	buy	bundle	
)∗()C∗, )B∗),	i.e.,	
'CP)C∗ + 'BP )B∗ > 'C)C∗ + 'B)B∗

• Hence,	ℎ ', * = ℎ(E', *)
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Properties	of	Hicksian	Demand

2) No	excess	utility:	
for	any	optimal	
consumption	bundle	
) ∈ ℎ ', * ,	utility	
level	satisfies	
* ) = *.
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(That is the level of utility 
fixed in the constraint)

NB. Equivalent of Walras’ Law in UMP 
(constraint holds with equality)



Properties	of	Hicksian	Demand
• Intuition:	Suppose	there	exists	a	bundle	) ∈ ℎ ', * for	which	the	

consumer	obtains	a	utility	level	* ) = *C > *,	which	is	higher	
than	the	utility	level	* he	must	reach	when	solving	EMP.

• But	we	can	then	find	another	bundle	)P = )E,	where	E ∈ (0,1),	
very	close	to	) (E → 1),	for	which	*()P) > *.

• Bundle	)P:
– is	cheaper	than	) since	it	contains	fewer	units	of	all	goods;	and
– exceeds	the	minimal	utility	level	* that	the	consumer	must	reach	in	his	

EMP.
• We	can	repeat	that	argument	until	reaching	bundle	).
• In	summary,	for	a	given	utility	level	* that	you	seek	to	reach	in	the	

EMP,	bundle	ℎ ', * does	not	exceed	*.	Otherwise	you	can	find	a	
cheaper	bundle	that	exactly	reaches	*.
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Properties	of	Hicksian	Demand

3) Convexity:
If	the	preference	
relation	is	convex,	
then	ℎ ', * is	a	
convex	set.
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Properties	of	Hicksian	Demand

4) Uniqueness:
If	the	preference	
relation	is	strictly	
convex,	then	ℎ ', *
contains	a	single	
element.
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Properties of Hicksian Demand
• Compensated Law of Demand: for any change in prices 𝑝

and 𝑝′, 
(𝑝′−𝑝) ȉ ℎ 𝑝′, 𝑢 − ℎ 𝑝, 𝑢 ≤ 0

– Implication: for every good 𝑘,
(𝑝𝑘′ − 𝑝𝑘) ȉ ℎ𝑘 𝑝′, 𝑢 − ℎ𝑘 𝑝, 𝑢 ≤ 0

– This is true for Hicksian ;also named ͞compensated͟Ϳ demand͕ 
but not necessarily true for Walrasian demand (which is 
uncompensated). This means that movements in prices and 
movements in quantities must go in opposite direction.
• The following will be clear later, when we introduce income and 

substitution effects:
• Recall the figures on Giffen goods, where a decrease in 𝑝𝑘 in fact 

decreases 𝑥𝑘 𝑝, 𝑢 when wealth was left uncompensated.
• Meaning: changes in prices and changes in compensate demand 

always go in opposite directions (if price increases demand falls, if 
price falls demand increases)
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The	Expenditure	Function

• Plugging	the	result	from	the	EMP,	ℎ ', * ,	into	
the	objective	function,	' 0 ),	we	obtain	the	value	
function	of	this	optimization	problem,

' 0 ℎ ', * = M(', *)
where	M(', *) represents	the	minimal	
expenditure that	the	consumer	needs	to	incur	in	
order	to	reach	utility	level	* when	prices	are	'.
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Properties	of	Expenditure	Function
• Suppose	that	*(0) is	a	continuous	function,	satisfying	
LNS	defined	on	= = ℝ@A .	Then	for	' ≫ 0,	M(', *)
satisfies:

1) Homog(1) in	',	
M E', * = E ' 0 )∗

µ(7,Y)
= E 0 M(', *)

for	any	',	*,	and	E > 0.
§ We	know	that	the	optimal	bundle	is	not	changed	when	all	

prices	change,	since	the	optimal	consumption	bundle	in	
ℎ(', *) satisfies	homogeneity	of	degree	zero.

§ Such	a	price	change	just	makes	it	more	or	less	expensive	to	
buy	the	same	bundle.
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Properties	of	Expenditure	Function
2) Strictly	increasing	in	O:	

For	a	given	price	vector,	
reaching	a	higher	utility	
requires	higher	
expenditure:

'C)CP + 'B)BP > 'C)C + 'B)B
where	()C, )B) = ℎ(', *)
and	()CP , )BP ) = ℎ(', *P).	

Then,
M ', *P > M ', *
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Properties	of	Expenditure	Function
3) Non-decreasing	in	PQ for	every	good	Q:

Higher	prices	mean	higher	expenditure	to	reach	a	
given	utility	level.	
• Let	'P = ('C, 'B, … , '[P , … , 'A) and	' =('C, 'B, … , '[, … , 'A),	where	'[P > '[.
• Let	)P = ℎ 'P, * and	) = ℎ ', * from	EMP	under	
prices	'P and	',	respectively.

• Then,	'P 0 )P = M('P, *) and	' 0 ) = M(', *).
M 'P, * = 'P 0 )P 	≥ 	' 0 )P		≥ 	' 0 ) = M(', *)
– 1st inequality	due	to	'P ≥ '
– 2nd inequality:	at	prices	',	bundle	)	minimizes	EMP.	
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Properties	of	Expenditure	Function
4) Concave	in	P:
Let	)P ∈ ℎ 'P, * ⇒ 'P)P ≤ 'P) 	
∀) ≠ )P,	e.g.,	'P)P ≤ 'P)̅
and	
)PP ∈ ℎ 'PP, * ⇒ 'PP)PP ≤ 'PP) 	
∀) ≠ )PP,	e.g.,	'PP)PP ≤ 'PP)̅
where	)̅ = E)P + 1 − E )′′

This	implies
E'P)P + 1 − E 'PP)PP ≤ E'P)̅ + 1 − E 'PP)̅

E 'P)P[
µ(7ä,Y)

+ 1 − E 'PP)PP
µ(7ää,Y)

≤ [E'P + 1 − E 'PP
7̅

])̅

EM('P, *) + 1 − E M('PP, *) ≤ M('̅, *)

as	required	by	concavity
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Connections
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Relationship	between	the	Expenditure	
and	Hicksian	Demand	

• Let’s	assume	that	*(0) is	a	continuous	function,	
representing	preferences	that	satisfy	LNS	and	are	
strictly	convex	and	defined	on	= = ℝ@A .	For	all	' and	*,	

Wµ 7,Y
W7X

= ℎ[ ', * for	every	good	;
This	identity	is	“Shepard’s	lemma”:	if	we	want	to	find	
ℎ[ ', * and	we	know	M ', * ,	we	just	have	to	
differentiate	M ', * with	respect	to	prices.

• Proof:	three	different	approaches
1) the	support	function
2) first-order	conditions	
3) the	envelope	theorem										(See	Appendix	2.2)
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Proof of Shephard s͛ lemma ;using 
͞Enǀelope theorem͟Ϳ

𝑒 𝑝, 𝑢 = min
𝑥≥0

𝑝 ȉ 𝑥
s͘t͘ 𝑢(𝑥) ≥ 𝑢

To see how e(.) changes when a parameter 𝑝𝑘 changes we can use the 
Langrangian
𝐿 = −(𝑝 ȉ 𝑥Ϳн𝜇 𝑢 𝑥 − 𝑢 (remember we set it as a max problem)   
In particular

𝜕𝑒 𝑝, 𝑢
𝜕𝑝𝑘

= −
𝜕𝐿
𝜕𝑝𝑘

|𝑥=𝑥∗ 𝑝 = −
𝜕[−𝑝 ȉ 𝑥(𝑝)Ϳн𝜇(𝑢 𝑥 𝑝 − 𝑢]

𝜕𝑝𝑘
|𝑥=𝑥∗ 𝑝

= −[−𝑥𝑘 𝑝 − 𝑝
𝜕𝑥
𝜕𝑝𝑘

+ 𝜇
𝜕𝑢
𝜕𝑥

𝜕𝑥
𝜕𝑝𝑘

]|𝑥=𝑥∗(𝑝)

But −𝑝 + 𝜇 𝜕𝑢
𝜕𝑥

= 0 from FOCs then 𝜕𝑒 𝑝,𝑢
𝜕𝑝𝑘

= 𝑥𝑘 𝑝 |𝑥=𝑥∗(𝑝) = ℎ𝑘(𝑝, 𝑢)

(NB. 𝑝, 𝑥 𝑝 , 𝜕𝑢
𝜕𝑥

= 𝛻𝑢 𝑥 𝑝 , 𝜕𝑥
𝜕𝑝𝑘

= 𝐷𝑝𝑘𝑥 𝑝 are vectors, while 𝜇 a scalar)
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Take opposite 
•
Write lagrangian
•



The opt will be x* so computing minimum deriving la grandina in respect of pk. The values of the 
problem computed in the opt should be the same. I take der of Exp in respect to pk that will be der of L 
with respect to pk. 



Next i take a minus since I translated the min problem in the max problem. 

X is a function of p since if we change p then will change the opt solution that is x*. We write x as a 
function of p. Also x is a function in p computing the derivative. 



With a composite function we have first to derive in respect to the second function moltiply by the 
derive the second function in respect with the parameter par. 

 

























If we have opt problem you can forget all the der involving the constraint, you can just derive in the 
Expednciture function the part that is related to the objective function.
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Relationship between Hicksian and 
Walrasian Demand

• We can formally relate the Hicksian and Walrasian demand 
as follows:
– Consider 𝑢(ȉ) is a continuous function, representing preferences 

that satisfy LNS and are strictly convex and defined on 𝑋 = ℝ+
𝐿 .

– Consider a consumer facing ( ҧ𝑝, ഥ𝑤) and attaining utility level ത𝑢
(i.e. solution of UMP)

– Note that ഥ𝑤 = 𝑒 ҧ𝑝, ത𝑢 , i.e. the min expenditure that the 
consumer bear to reach utility ത𝑢 is ഥ𝑤.  In addition, we know 
that for any (𝑝, 𝑢), ℎ𝑙 𝑝, 𝑢 = 𝑥𝑙(𝑝, 𝑒 𝑝, 𝑢

𝑤
). Differentiating this 

expression with respect to 𝑝𝑘, and evaluating it at ( ҧ𝑝, ത𝑢), we 
get: 

𝜕ℎ𝑙( ҧ𝑝, ത𝑢)
𝜕𝑝𝑘

=
𝜕𝑥𝑙( ҧ𝑝, 𝑒( ҧ𝑝, ത𝑢))

𝜕𝑝𝑘
+
𝜕𝑥𝑙( ҧ𝑝, 𝑒( ҧ𝑝, ത𝑢))

𝜕𝑒( ҧ𝑝, ത𝑢))
𝜕𝑒( ҧ𝑝, ത𝑢)
𝜕𝑝𝑘
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Utilty maximisation problem: How much consumer spend in opt solution in this UMP?

W (barrato). So u(bar) is the max utility in UMP. 

To reach u maximising u and the level of wealth then it must be the case is the w(bar)



I have p bar and w bar. Reach level of utilty b bar and w bar. What is the expenditure of this walras 
demand? Is the w bar. Now I’m saying, what is the min exp to reach 
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Relationship between Hicksian and 
Walrasian Demand

• Using the fact that 𝜕𝑒( ҧ𝑝,ഥ𝑢)
𝜕𝑝𝑘

= ℎ𝑘( ҧ𝑝, ത𝑢)
;Shepard s͛ lemmaͿ͕

𝜕ℎ𝑙( ҧ𝑝,ഥ𝑢)
𝜕𝑝𝑘

= 𝜕𝑥𝑙( ҧ𝑝,𝑒( ҧ𝑝,ഥ𝑢))
𝜕𝑝𝑘

+ 𝜕𝑥𝑙( ҧ𝑝,𝑒( ҧ𝑝,ഥ𝑢))
𝜕𝑒( ҧ𝑝,ഥ𝑢))

ℎ𝑘( ҧ𝑝, ത𝑢)

• Finally, since ഥ𝑤 = 𝑒( ҧ𝑝, ത𝑢) and ℎ𝑘 ҧ𝑝, ത𝑢 =
𝑥𝑘 ҧ𝑝, 𝑒 ҧ𝑝, ത𝑢 = 𝑥𝑘 ҧ𝑝, ഥ𝑤 , then 

𝜕ℎ𝑙( ҧ𝑝,ഥ𝑢)
𝜕𝑝𝑘

= 𝜕𝑥𝑙( ҧ𝑝, ഥ𝑤)
𝜕𝑝𝑘

+ 𝜕𝑥𝑙( ҧ𝑝, ഥ𝑤)
𝜕 ഥ𝑤

𝑥𝑘( ҧ𝑝, ഥ𝑤)
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Slutsky equation correspond to total effect and income effect. So 
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Relationship between Hicksian and 
Walrasian Demand

• This is the so called Slutsky equation: The
total effect of a price change on Walrasian
demand can be decomposed into a
substitution effect and an income effect:
𝜕ℎ𝑙 ҧ𝑝,ഥ𝑢
𝜕𝑝𝑘
𝑆𝐸

= 𝜕𝑥𝑙 ҧ𝑝, ഥ𝑤
𝜕𝑝𝑘
𝑇𝐸

+ 𝜕𝑥𝑙 ҧ𝑝, ഥ𝑤
𝜕 ഥ𝑤

𝑥𝑘 ҧ𝑝, ഥ𝑤
𝐼𝐸

Or, more 

compactly, 𝑆𝐸 = 𝑇𝐸 + 𝐼𝐸 or TE = SE - IE
Where SE = substitution effect

TE = total effect
IE = income effect
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TE, IE, SE

• Total Effect: measures how the quantity demanded is affected 
by a change in the price of good 𝑙, when we leave the wealth 
uncompensated (Walras demand is also called 
uncompensated demand).

• Substitution Effect: measures how the quantity demanded is 
affected by a change in the price of good 𝑙, after the wealth 
adjustment which allows the consumer to reach the same 
utility as before the price change. Is given by Hicksian demand 
that is also called compensated demand.
– That is, the substitution effect only captures the change in demand due to variation 

in the price ratio, but abstracts from the larger (smaller) purchasing power that the 
consumer experiences after a decrease (increase, respectively) in prices.

• Income Effect: measures the change in the quantity 
demanded as a result of the wealth adjustment.
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Rent increase I’ll go to the second house, i consume a little bit houses. This means that we are left with 
less income to buy less good. So increasing price of one good will reduce the consumption of others 
good even if you don’t change the consumption of one good.



Inflation is an exemple. If i consume the same bundle ...[1.31]

So this is the income effect.



Substitution effect relate to the fact of compensate the Hicksian demand. When computing Hicksian 
demand we gave a utilty level .. to the price before. How the bundle changes when we keep the 
consumer in the same IC as the prices changes. So neutralising the effect on well. Slutsky ...

Tp 0Mt bees here expens
Turn twice BOY who sews Goos





 This is the slutsky equation. In the left wee have SE that is the change in Hicksian demand. The 
change in the Hicksian demand depend in the price change = TE + IE.



We can compute this effect for each good: der first good with respect to price of first good or der in the 
quantity and changing price. With 2 good we have 4 derivatives. This 4 can be put in a matrix called 
Slutsky matrix.



A generic term slk(p,w) 




























































































Slutsky matrix

• All these derivatives can be collected into a matrix, the 
so called Slutsky (or substitution) matrix

𝑆 𝑝,𝑤 =
𝑠11 𝑝, 𝑤 ⋯ 𝑠1𝐿 𝑝, 𝑤

⋮ ⋱ ⋮
𝑠𝐿1 𝑝, 𝑤 ⋯ 𝑠𝐿𝐿 𝑝, 𝑤

where each element in the matrix is 

𝑠𝑙𝑘 𝑝, 𝑤 =
𝜕𝑥𝑙(𝑝, 𝑤)

𝜕𝑝𝑘
+
𝜕𝑥𝑙 𝑝, 𝑤

𝜕𝑤
𝑥𝑘(𝑝,𝑤)
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Implications of WARP: Slutsky Matrix

• Proposition: If preferences satisfy LNS and strict 
convexity, and they are represented with a continuous 
utility function, then the Walrasian demand 𝑥 𝑝,𝑤
generates a Slutsky matrix, 𝑆 𝑝, 𝑤 , which is 
symmetric.

• The above assumptions are really common. 
– Hence, the Slutsky matrix will then be symmetric.

• However, the above assumptions are not satisfied in 
the case of preferences over perfect substitutes (i.e., 
preferences are convex, but not strictly convex).
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Implications of WARP: Slutsky Equation

𝑠𝑙𝑙 𝑝, 𝑤
ୱubୱ୲i୲u୲i୭n ୣୣc୲

=
𝜕𝑥𝑙(𝑝, 𝑤)

𝜕𝑝𝑙
୭୲a୪ ୣୣc୲

+
𝜕𝑥𝑙 𝑝, 𝑤

𝜕𝑤
𝑥𝑙(𝑝, 𝑤)

Inc୭mୣ ୣୣc୲

• Total Effect: measures how the quantity demanded is affected 
by a change in the price of good 𝑙, when we leave the wealth 
uncompensated.

• Income Effect: measures the change in the quantity 
demanded as a result of the wealth adjustment.

• Substitution Effect: measures how the quantity demanded is 
affected by a change in the price of good 𝑙, after the wealth 
adjustment.
– That is, the substitution effect only captures the change in demand due to variation 

in the price ratio, but abstracts from the larger (smaller) purchasing power that the 
consumer experiences after a decrease (increase, respectively) in prices.
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Why is useful to decompose total effect changing? We see how quantity changes depending on the 
characteristics of the goods.






































































































Implications of WARP: Slutsky Matrix

• Let us focus now on the signs of the IE and SE (implied by 
WARP, i.e. of the utilities that we will use) in case of 𝑃𝑙 ↑

• Non-positive substitution effect, 𝑠𝑙𝑙 ≤ 0:

𝑠𝑙𝑙 𝑝, 𝑤
ୱubୱ୲i୲u୲i୭n ୣୣc୲ (−)

=
𝜕𝑥𝑙(𝑝, 𝑤)

𝜕𝑝𝑙
୭୲a୪ ୣୣc୲:
− uୱua୪ g୭୭d
+ ୋiୣn g୭୭d

+
𝜕𝑥𝑙 𝑝, 𝑤

𝜕𝑤
𝑥𝑙(𝑝, 𝑤)

Inc୭mୣ ୣୣc୲:
+ n୭rma୪ g୭୭d
− inୣri୭r g୭୭d

• Substitution Effect = Total Effect + Income Effect
⇒ Total Effect = Substitution Effect - Income Effect
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usurersrn A 3 meansno

If weak (WARP) .. holds then substitution effect is negative —> Hicksian demand decrease

Giffen: if price increase, demand increases so this derivative increase

SE always non positive





If SE decrease and TE positive mean that IE should be negative and greater than TE. So x(p,w) should 
be > 0 so derivative is negative. Giffen good can only be inferior good by definition. But not only inferior 
good are Giffen. If income increase i call it normal. 






































































































• Reduction in the price of 𝑥1. 
– It enlarges consumer s͛ set of feasible 

bundles. 
– He can reach an indifference curve 

further away from the origin.

• The Walrasian demand curve indicates 
that a decrease in the price of 𝑥1 leads 
to an increase in the quantity 
demanded.
– This induces a negatively sloped 

Walrasian demand curve (so the good 
is ͞normal͟Ϳ͘ 

• The increase in the quantity 
demanded of 𝑥1 as a result of a 
decrease in its price represents the 
total effect (TE). 
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Graphical representation: Slutsky Equation
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Decompose the two effect graphically.





We start from a given budget constraint with price p1. The solution of consumer problem is the 
tangency point between the IC and the budget constraint. We call this point A.  
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• Reduction in the price of 𝑥1.
– Hicksian wealth compensation (i.e., 

͞constant utilitǇ͟ demand curǀeͿ͍

• The consumer s͛ ǁealth leǀel is adjusted 
so that she can still reach her initial utility 
level (i.e., the same indifference curve 𝐼1
as before the price change).
– The Hicksian demand curve reflects that, for 

a given decrease in p1, the consumer slightly 
increases her consumption of good one.

• In summary, a given decrease in 𝑝1
produces: 
– A small increase in the Hicksian demand for 

the good, i.e., from 𝑥10 to 𝑥11. 
– (neglect CCP)
– A substantial increase in the Walrasian 

demand for the product, i.e., from 𝑥10 to 𝑥12.
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Graphical representation: Slutsky Equation
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• A decrease in price of 𝑥1 leads the consumer 
to increase his consumption of this good, ∆𝑥1, 
but:

– The ∆𝑥1 which is solely due to the price effect 
(measured by the Hicksian demand curve) is 
smaller than the ∆𝑥1 measured by the Walrasian 
demand, 𝑥 𝑝, 𝑤 , which also captures wealth 
effects.
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Implications of WARP: Slutsky Equation
































































Relationship between Hicksian and 
Walrasian Demand

• When income effects 
are positive (normal 
goods), then the 
Walrasian demand 
𝑥(𝑝,𝑤) is above the 
Hicksian demand 
ℎ(𝑝, 𝑢) .
– The Hicksian demand 

is steeper than the 
Walrasian demand.
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Relationship between Hicksian and 
Walrasian Demand

• When income effects 
are negative (inferior 
goods), then the 
Walrasian demand 
𝑥(𝑝,𝑤) is below the 
Hicksian demand 
ℎ(𝑝, 𝑢) .
– The Hicksian demand 

is flatter than the 
Walrasian demand.
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Substitution and Income Effects: 
Normal Goods

• Decrease in the price of the 
good in the horizontal axis (i.e., 
food).

• The substitution effect (SE) 
moves in the opposite direction 
as the price change.
– A reduction in the price of 

food implies a positive 
substitution effect. 

• The income effect (IE) is 
positive (thus it reinforces the 
SE).
– The good is normal.
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Substitution and Income Effects: 
Inferior Goods

• Decrease in the price of the 
good in the horizontal axis (i.e., 
food).

• The SE still moves in the 
opposite direction as the price 
change.

• The income effect (IE) is now 
negative (which partially 
offsets the increase in the 
quantity demanded associated 
with the SE). 
– The good is inferior.

• Note: the SE is larger than the 
IE (Law of price still holds)
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Substitution and Income Effects: 
Giffen Goods

• Decrease in the price of the 
good in the horizontal axis (i.e., 
food).

• The SE still moves in the 
opposite direction as the price 
change.

• The income effect (IE) is still 
negative but now completely 
offsets the increase in the 
quantity demanded associated 
with the SE. 
– The good is Giffen good.

• Note: the SE is less in absolute 
value than the IE (Law of price 
does not hold)
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Substitution and Income Effects
(e.g. effects 𝑃𝑙 on 𝑥𝑙)

SE IE TE

Normal Good ↑ ↑ ↑
Inferior Good ↑ ↓ ↑
Giffen Good ↑ ↓ ↓
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• Not Giffen: Demand curve is negatively sloped (as usual)
• Giffen: Demand curve is positively sloped
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Substitution and Income Effects
• Summary:

1) SE is negative (since  ↓ 𝑝1 ⇒ ↑ 𝑥1, they move in opposite directions)
� SE < 0 does not imply ↓ 𝑥1 just implies that the two move in opposite 

directions
2) If good is inferior, IE < 0. Then,

TE = ณSE
− ต
− ณIE

−
+

⇒ if  IE >
< SE , then  

TE(+)
TE(−)

For a price decrease ↓ 𝑝1, this implies
TE(+)
TE(−) ⇒ ↓ 𝑥1

↑ 𝑥1
Giffen good

NonоGiffen good

3) Hence,
a) A good can be inferior, but not necessarily be Giffen
b) But all Giffen goods must be inferior.

NB. The signs of SE and IE are opposite if we consider ↓ 𝑝1 or ↑ 𝑝1
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Relationship between the Expenditure 
and Hicksian Demand 

• The relationship between the Hicksian demand and the expenditure 
function 𝜕𝑒 𝑝,𝑢

𝜕𝑝𝑘
= ℎ𝑘 𝑝, 𝑢 can be further developed by computing 

the second derivative. That is,
𝜕2𝑒(𝑝, 𝑢)
𝜕𝑝𝑘𝜕𝑝𝑘

=
𝜕ℎ𝑘(𝑝, 𝑢)

𝜕𝑝𝑘
or

𝐷𝑝2𝑒 𝑝, 𝑢 = 𝐷𝑝ℎ(𝑝, 𝑢)

• Since 𝐷𝑝ℎ(𝑝, 𝑢) provides the Slutsky matrix, 𝑆(𝑝, 𝑤), then

𝑆 𝑝,𝑤 = 𝐷𝑝2𝑒 𝑝, 𝑢

Thus the Slutsky matrix can be obtained from the observable 
Walrasian demand (rather than from the unobservable Hicksian or 
compensated demand).
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Relationship between Walrasian 
Demand and Indirect Utility Function

• Let s͛ assume that 𝑢(ȉ) is a continuous function, 
representing preferences that satisfy LNS and are strictly 
convex and defined on 𝑋 = ℝ+

𝐿 . Suppose also that 
𝑣(𝑝, 𝑤) is differentiable at any (𝑝, 𝑤) ≫ 0. Then, 

−
𝜕𝑣 𝑝,𝑤
𝜕𝑝𝑘

𝜕𝑣 𝑝,𝑤
𝜕𝑤

= 𝑥𝑘(𝑝, 𝑤) for every good 𝑘

• This is RoǇ͛s identitǇ ;I don͛t do this proof͕  is eǆ͘ Ϯϴ Ch͘ ϮͿ
• Powerful result, since in many cases it is easier to 

compute the derivatives of 𝑣 𝑝, 𝑤 than solving the UMP 
with the system of FOCs. Hint. Having the indirect utility 
function allows you to derive the Walrasian demand 
functions.
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IUtilty is walrasian demand on maximum.

Roy identity to derive walrasian demand just computation ratio of the two derivative. 
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Taking stock: Summary of 
Relationships

• The Walrasian demand, 𝑥 𝑝,𝑤 , is the 
solution of the UMP.
– Its value function is the indirect utility function, 
𝑣 𝑝, 𝑤 .

• The Hicksian demand, ℎ(𝑝, 𝑢), is the 
solution of the EMP. 
– Its value function is the expenditure function, 
𝑒(𝑝, 𝑢).
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Summary of Relationships
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x(p,w)

v(p,w) e(p,u)

h(p,u)

The UMP The EMP

(1) (1)
































































Summary of Relationships

• Relationship between the value functions of the 
UMP and the EMP (lower part of figure):
– 𝑒 𝑝, 𝑣 𝑝, 𝑤 = 𝑤, i.e., the minimal expenditure 

needed in order to reach a utility level equal to the 
maximal utility that the individual reaches at her UMP, 
𝑢 = 𝑣 𝑝,𝑤 , must be 𝑤.

– 𝑣 𝑝, 𝑒(𝑝, 𝑢) = 𝑢, i.e., the indirect utility that can be 
reached when the consumer is endowed with a wealth 
level w equal to the minimal expenditure she optimally 
bear in the EMP, i.e., 𝑤 = 𝑒(𝑝, 𝑢), is exactly 𝑢.
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In the expenditure prices and utilty in constraint. Since EMP the expenditure function will be function of 
price and utilty.



IUF depends on wealth and price. 

What maximise price p and wealth w. When we give max utilty level in price p and wealth w and by 
definition is w. 

We can do the same with Indirect utilty function. 






























































































Summary of Relationships
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x(p,w)

v(p,w) e(p,u)

h(p,u)

The UMP The EMP

e(p, v(p,w))=w
v(p, e(p,w))=u

(1) (1)

(2)
































































Summary of Relationships

• Relationship between the argmax of the UMP 
(the Walrasian demand) and the argmin of the 
EMP (the Hicksian demand):
– 𝑥 𝑝, 𝑒(𝑝, 𝑢) = ℎ 𝑝, 𝑢 , i.e., the (uncompensated) 

Walrasian demand of a consumer endowed with an 
adjusted wealth level 𝑤 (equal to the expenditure she 
optimally bear in the EMP), 𝑤 = 𝑒 𝑝, 𝑢 , coincides 
with his Hicksian demand, ℎ 𝑝, 𝑢 .

– ℎ 𝑝, 𝑣(𝑝, 𝑤) = 𝑥 𝑝,𝑤 , i.e., the (compensated) 
Hicksian demand of a consumer reaching the 
maximum utility of the UMP, 𝑢 = 𝑣 (𝑝, 𝑤), coincides 
with his Walrasian demand, 𝑥 𝑝, 𝑤 .
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Summary of Relationships

Advanced Microeconomic Theory 48

x(p,w)

v(p,w) e(p,u)

h(p,u)

The UMP The EMP

e(p, v(p,w))=w
v(p, e(p,w))=u

(1) (1)

(2)

3(a) 3(b)
































































Summary of Relationships
• Finally, we can also use:

– The Slutsky equation: 
𝜕ℎ𝑙(𝑝, 𝑢)
𝜕𝑝𝑘

=
𝜕𝑥𝑙(𝑝, 𝑤)
𝜕𝑝𝑘

+
𝜕𝑥𝑙(𝑝, 𝑤)

𝜕𝑤
𝑥𝑘(𝑝, 𝑤)

to relate the derivatives of the Hicksian and the Walrasian demand.
– Shepard͛s lemma:

𝜕𝑒 𝑝, 𝑢
𝜕𝑝𝑘

= ℎ𝑘 𝑝, 𝑢

to obtain the Hicksian demand from the expenditure function.
– RoǇ͛s identitǇ: 

−

𝜕𝑣 𝑝,𝑤
𝜕𝑝𝑘

𝜕𝑣 𝑝,𝑤
𝜕𝑤

= 𝑥𝑘(𝑝, 𝑤)

to obtain the Walrasian demand from the indirect utility function.
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Summary of Relationships
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x(p,w)

v(p,w) e(p,u)

h(p,u)

The UMP The EMP

e(p, v(p,w))=w
v(p, e(p,w))=u

(1) (1)

(2)

3(a) 3(b)

4(a) Slutsky equation
(Using derivatives)
































































Summary of Relationships
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x(p,w)

v(p,w) e(p,u)

h(p,u)

The UMP The EMP

e(p, v(p,w))=w
v(p, e(p,w))=u

(1) (1)

(2)

3(a) 3(b)

4(a) Slutsky equation
(Using derivatives)

4(b) 
Roy’s 

Identity 4(c)
































































Take away

• It is time to study hard guys!!!

• To defuse Micro:

A physicist, a chemist and an economist are stranded on 
an island, with nothing to eat. A can of soup washes 
ashore.
The physicist says, "Lets smash the can open with a rock."
The chemist says, "Lets build a fire and heat the can first."
The economist says, "Lets assume that we have a can-
opener..."
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Advanced Microeconomic 
Theory

Chapter 3: Welfare evaluation
































































Outline

• Welfare evaluation
– Compensating variation
– Equivalent variation

• Quasilinear preferences
• Slutsky equation revisited
• Income and substitution effects in labor 

markets
• Gross and net substitutability
• Aggregate demand
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Measuring the Welfare Effects of 
a Price Change
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Measuring the Welfare Effects of a 
Price Change

• How can we measure the welfare effects of:
– a price decrease/increase
– the introduction of a tax/subsidy

• Why not use the difference in the individual’s 
utility level, i.e., from 𝑢0 to 𝑢1?
– Two problems:

1) Within a subject criticism: Only ranking matters 
(ordinality), not the difference;

2) Between a subject criticism: Utility measures would not be 
comparable among different individuals.

• Instead, we will pursue monetary evaluations of 
such price/tax changes. 
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How to evaluate the welfare with different level of utilty? In reality different guys have different utilty 
function. 



2) utility may be different between individuals.



We use money to evaluate welfare
































































































Measuring the Welfare Effects of a 
Price Change

• Consider a price 
decrease from 𝑝10 to 
𝑝11.

• We cannot compare 
𝑢0 to 𝑢1.

• Instead, we will find a 
money-metric
measure of the 
consumer’s welfare 
change due to the 
price change.

Advanced Microeconomic Theory 5
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Measuring the Welfare Effects of a 
Price Change

• Compensating Variation (CV):
– How much money a consumer would be willing to 

give up after a reduction in prices to be just as 
well off as before the price decrease (After-Before, 
AB)

• Equivalent Variation (EV): 
– How much money a consumer would need before

a reduction in prices to be just as well off as after
the price decrease (Before-After, BA)

Advanced Microeconomic Theory 6






























































Ssw Uticity went r

j

How much money i will have 
to transfer to the consumer 
after a price change(decrease 
or increase) to be as well off 
as before the price change

















Hoping with Lower price is better than with higher prices. This means that after price decrease we have 
higher utility level. After price change utility level was lower. 

To let the guy reach the same utility level before the price decrease the guy should have more or less 
income? We have to reduce the income. 



If we consider a increase in price is the opposite. Willing to give up is only fro reduction in price. 
Transfer can be positive or negative. Positive mean increasing income, negative decreasing income.


















































































We could use Hicksian demand or expenditure function 



Measuring the Welfare Effects of a 
Price Change

• Two approaches:
1) Using expenditure function
2) Using the Hicksian demand

Advanced Microeconomic Theory 7
































































CV using Expenditure Function

• 𝐶𝑉ሺ𝑝0, 𝑝1, 𝑤ሻ using 𝑒ሺ𝑝, 𝑢ሻ:
𝐶𝑉 𝑝0, 𝑝1, 𝑤 ൌ 𝑒 𝑝1, 𝑢1 െ 𝑒 𝑝1, 𝑢0

• The amount of money the consumer is willing 
to give up after the price decrease (after price 
level is 𝑝1 and her utility level has improved to 
𝑢1) to be just as well off as before the price 
decrease (reaching utility level 𝑢0).

Advanced Microeconomic Theory 8
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CV is new price and new unity level - new price and old utilty level.

The vector of prices goes from p0 to p1, so wealth remain the same. So BC remain the same.



CV using Expenditure Function
1) When 𝐵బ,௪ , 𝑥 𝑝0, 𝑤
2) 𝛻𝑝1 and 𝑥 𝑝1,𝑤 under 

𝐵భ,௪
3) Adjust final wealth (after

the price change) to make 
the consumer as well off 
as before the price change 

4) Difference in expenditure:
𝐶𝑉 𝑝0, 𝑝1, 𝑤 =

𝑒 𝑝1, 𝑢1
ୟ୲ భ,ೢ

െ 𝑒 𝑝1, 𝑢0
dୟୱ୦ୣd li୬ୣ

This is Hicksian wealth 
compensation!
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EV using Expenditure Function

• 𝐸𝑉ሺ𝑝0, 𝑝1, 𝑤ሻ using 𝑒ሺ𝑝, 𝑢ሻ:

𝐸𝑉 𝑝0, 𝑝1, 𝑤 ൌ 𝑒 𝑝0, 𝑢1 െ 𝑒 𝑝0, 𝑢0

• The amount of money the consumer needs to 
receive before the price decrease (at the initial 
price level 𝑝0 when her utility level is still 𝑢0) 
to be just as well off as after the price 
decrease (reaching utility level 𝑢1).
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EV using Expenditure Function
1) When 𝐵బ,௪ , 𝑥 𝑝0, 𝑤
2) 𝛻𝑝1 and 𝑥 𝑝1,𝑤 under 

𝐵భ,௪
3) Adjust initial wealth 

(before the price change) 
to make the consumer as 
well off as after the price 
change 

4) Difference in expenditure:
𝐸𝑉 𝑝0, 𝑝1, 𝑤 =

𝑒 𝑝0, 𝑢1
dୟୱ୦ୣd li୬ୣ

െ 𝑒 𝑝0, 𝑢0
ୟ୲ బ,ೢ
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CV using Hicksian Demand
• From the previous definitions we know that, if 𝑝11 ൏ 𝑝10 and 
𝑝1 ൌ 𝑝0 for all 𝑘 ് 1, then

𝐶𝑉 𝑝0, 𝑝1, 𝑤 ൌ 𝑒 𝑝1, 𝑢1 െ 𝑒 𝑝1, 𝑢0
ൌ 𝑤 െ 𝑒 𝑝1, 𝑢0
(since 𝑒 𝑝1, 𝑢1 = 𝑒 𝑝0, 𝑢0 =w)
ൌ 𝑒 𝑝0, 𝑢0 െ 𝑒 𝑝1, 𝑢0 (*)

ൌ భభ
భబ డሺభ, ҧషభ,௨బሻ

డభ
𝑑𝑝1 (**)

(since (**) is the solution of (*))

ൌ න
భభ

భబ

ℎ1ሺ𝑝1, ҧ𝑝−1, 𝑢0ሻ 𝑑𝑝1
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CV using Hicksian Demand
• The case is:

– Normal good
– Price decrease

• Graphically, CV is 
represented by the area to 
the left of the Hicksian 
demand curve for good 1 
associated with utility level 
𝑢0, and lying between 
prices 𝑝11 and 𝑝10.

• The welfare gain is 
represented by the shaded 
region.
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EV using Hicksian Demand

• From the previous definitions we know that, if 𝑝11 ൏ 𝑝10
and 𝑝1 ൌ 𝑝0 for all 𝑘 ് 1, then

𝐸𝑉 𝑝0, 𝑝1, 𝑤 ൌ 𝑒 𝑝0, 𝑢1 െ 𝑒 𝑝0, 𝑢0
ൌ 𝑒 𝑝0, 𝑢1 െ 𝑤
ൌ 𝑒 𝑝0, 𝑢1 െ 𝑒 𝑝1, 𝑢1

ൌ න
భభ

భబ 𝜕𝑒ሺ𝑝1, ҧ𝑝−1, 𝑢1ሻ
𝜕𝑝1

𝑑𝑝1

ൌ න
భభ

భబ

ℎ1ሺ𝑝1, ҧ𝑝−1, 𝑢1ሻ 𝑑𝑝1
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EV using Hicksian Demand
• The case is:

– Normal good
– Price decrease

• Graphically, EV is 
represented by the area to 
the left of the Hicksian 
demand curve for good 1 
associated with utility level 
𝑢1, and lying between 
prices 𝑝11 and 𝑝10.

• The welfare gain is 
represented by the shaded 
region.

Advanced Microeconomic Theory 15
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What about a price increase?

• The Hicksian demand associated with initial 
utility level 𝑢0 (before the price increase, or 
before the introduction of a tax) experiences 
an inward shift when the price increases, or 
when the tax is introduced, since the 
consumer’s utility level is now 𝑢1, where 𝑢0 
𝑢1.  Hence,

ℎ1 𝑝1, ҧ𝑝−1, 𝑢0  ℎ1ሺ𝑝1, ҧ𝑝−1, 𝑢1ሻ

Advanced Microeconomic Theory 16



What about a price increase?

• The definitions of CV and EV would now be:
– CV:  the amount of money that a consumer would 

need after a price increase to be as well off as before
the price increase.

– EV: the amount of money that a consumer would be 
willing to give up before a price increase to be as well 
off as after the price increase.

• Graphically, it looks like the CV and EV areas have 
been reversed:
– CV is associated to the area below ℎ1 𝑝1, ҧ𝑝−1, 𝑢0 as 

usual
– EV is associated with the area below ℎ1 𝑝1, ҧ𝑝−1, 𝑢1 .

Advanced Microeconomic Theory 17



What about a price increase?

• CV is always associated 
with ℎ1 𝑝1, ҧ𝑝−1, 𝑢0

• 𝐶𝑉 𝑝0, 𝑝1, 𝑤 ൌ

భబ
భభ ℎ1ሺ𝑝1, ҧ𝑝−1, 𝑢0ሻ 𝑑𝑝1
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What about a price increase?

• EV is always associated 
with ℎ1 𝑝1, ҧ𝑝−1, 𝑢1

• 𝐸𝑉 𝑝0, 𝑝1, 𝑤 ൌ

భబ
భభ ℎ1ሺ𝑝1, ҧ𝑝−1, 𝑢1ሻ 𝑑𝑝1

Advanced Microeconomic Theory 19
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Introduction of a Tax

• The introduction of a tax can be analyzed as a 
price increase.

• The main difference: we are interested in the area 
of CV and EV that is not related to tax revenue.

• Tax revenue is:

𝑇 ൌ 𝑝10  𝑡 െ 𝑝10 ȉ
௧

ℎሺ𝑝1, ҧ𝑝−1, 𝑢0ሻ (using CV)

𝑇 ൌ 𝑝10  𝑡 െ 𝑝10 ȉ
௧

ℎሺ𝑝1, ҧ𝑝−1, 𝑢1ሻ (using EV)

Advanced Microeconomic Theory 20
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Introduction of a Tax
• CV is measured by the large 

shaded area to the left of  
ℎ 𝑝1, ҧ𝑝−1, 𝑢0 :
𝐶𝑉 𝑝0, 𝑝1, 𝑤

ൌ න
భబ

భబ+௧
ℎ1ሺ𝑝1, ҧ𝑝−1, 𝑢0ሻ 𝑑𝑝1

• Welfare loss (DWL) is the 
area of the CV not 
transferred to the 
government via tax 
revenue:

𝐷𝑊𝐿 ൌ 𝐶𝑉 െ 𝑇
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Introduction of a Tax
• EV is measured by the large 

shaded area to the left of  
ℎ 𝑝1, ҧ𝑝−1, 𝑢1 :
𝐸𝑉 𝑝0, 𝑝1, 𝑤

ൌ න
భబ

భబ+௧
ℎ1ሺ𝑝1, ҧ𝑝−1, 𝑢1ሻ 𝑑𝑝1

• Welfare loss (DWL) is the 
area of the EV not 
transferred to the 
government via tax 
revenue:

𝐷𝑊𝐿 ൌ 𝐸𝑉 െ 𝑇
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Why not use the Walrasian demand?

• Walrasian demand is easier to observe, so we could 
use the variation in consumer’s surplus as an 
approximation of welfare changes. 

• This is only valid when income effects are zero:
– Recall that the Walrasian demand measures both income 

and substitution effects resulting from a price change, 
while

– The Hicksian demand measures only substitution effects 
from such a price change.

• Hence, there will be a difference between CV and 
Consumer Surplus (CS), and between EV and CS (area 
under the Walrasian demand, between prices).

Advanced Microeconomic Theory 23



Why not use the Walrasian demand?

• Normal goods (i.e. W-demand flatter than H-demand) 
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Why not use the Walrasian demand?

• Inferior goods: (i.e. H-demand flatter than W-demand) 
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Why not use the Walrasian demand?

• For normal goods:
– Price decrease: 𝐶𝑉 ൏ 𝐶𝑆 ൏ 𝐸𝑉
– Price increase: 𝐶𝑉  𝐶𝑆  𝐸𝑉

• For inferior goods we find the opposite ranking:
– Price decrease: 𝐶𝑉  𝐶𝑆  𝐸𝑉
– Price increase: 𝐶𝑉 ൏ 𝐶𝑆 ൏ 𝐸𝑉

• NOTE: consumer surplus is also referred to as the 
area variation (AV).
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SUMMARISE



When can we use the Walrasian 
demand?

• When the price change is 
small (using AV):

– 𝐶𝑉 ൌ 𝐴  𝐵  𝐶  𝐷  𝐸

– 𝐶𝑆 ൌ 𝐴  𝐵  𝐸

– Measurement error from 
using CS (or AV) is  𝐶  𝐷
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Area under demand



When can we use the Walrasian 
demand?

• The measurement difference between CV (and 
EV) and CS, 𝐶  𝐷, is relatively small:
1) When income effects are small:
– Graphically, 𝑥ሺ𝑝, 𝑤ሻ and ℎሺ𝑝, 𝑢ሻ almost coincide.
– The welfare change using the CV and EV coincide too.

2) When the price change is very small:
– The error involved in using AV, i.e., areas 𝐶  𝐷, as a 

fraction of the true welfare change, becomes small. 
That is,

lim
ሺభభ−భబሻ→0

𝐶  𝐷
𝐶𝑉

ൌ 0
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When can we use the Walrasian 
demand?

• However, if we measure the approximation 
error by +

ௐ
, where 𝐷𝑊 ൌ 𝐷  𝐸, then 

lim
ሺభభ−భ

బሻ→0

𝐶  𝐷
𝐷𝑊

does not necessarily converge to zero.
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Application of IE and SE
• From the Slutsky equation, we know

𝜕ℎ1ሺ𝑝, 𝑢ሻ
𝜕𝑝1

ൌ
𝜕𝑥1ሺ𝑝, 𝑤ሻ

𝜕𝑝1

𝜕𝑥1ሺ𝑝, 𝑤ሻ

𝜕𝑤 𝑥1ሺ𝑝, 𝑤ሻ

• Multiplying both terms by భ
௫భ

,
𝜕ℎ1ሺ𝑝, 𝑢ሻ

𝜕𝑝1
𝑝1
𝑥1

ൌ
𝜕𝑥1ሺ𝑝, 𝑤ሻ

𝜕𝑝1
𝑝1
𝑥1


𝜕𝑥1ሺ𝑝, 𝑤ሻ

𝜕𝑤 𝑥1ሺ𝑝, 𝑤ሻ
𝑝1
𝑥1

And multiplying all terms by ௪
௪
ൌ 1,

𝜕ℎ1ሺ𝑝, 𝑢ሻ
𝜕𝑝1

𝑝1
𝑥1

ୗ୳ୠୱ୲i୲୳୲i୭୬ ୰iୡୣ
ୣlୟୱ୲iୡi୲୷ ୭ dୣmୟ୬d

ఌ,ೂ

ൌ
𝜕𝑥1ሺ𝑝, 𝑤ሻ

𝜕𝑝1
𝑝1
𝑥1

୰iୡୣ ୣlୟୱ୲iୡi୲୷
୭ dୣmୟ୬d

ఌ,ೂ


𝜕𝑥1ሺ𝑝, 𝑤ሻ

𝜕𝑤 𝑥1ሺ𝑝, 𝑤ሻ
𝑝1
𝑥1
𝑤
𝑤

?
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Elasticity of walrasian demand with respect to 
price







Elasticity is the percentage change of a variable divided by the percentage in a second variable.













To get elasticity we moltiply both side by the same ratio (p1/x1) 

Also then multiply by w/w for the last term ( w/w which is 1) but convenient.
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For elasticity 
then, we can 
write this in this 
way



Application of IE and SE

• Rearranging the last term, we have
𝜕𝑥1 𝑝,𝑤

𝜕𝑤
𝑥1 𝑝,𝑤

𝑝1
𝑥1
𝑤
𝑤

ൌ
𝜕𝑥1 𝑝,𝑤

𝜕𝑤
𝑤
𝑥1

୍୬ୡ୭mୣ ୣlୟୱ୲iୡi୲୷
୭ dୣmୟ୬d

ఌೢ,ೂ

ȉ
𝑝1𝑥1 𝑝,𝑤

𝑤
ୗ୦ୟ୰ୣ ୭ ୠ୳dୣ୲
ୱ୮ୣ୬୲ ୭୬ ୭୭d 1, ఏ

• We can then rewrite the Slutsky equation in terms of 
elasticities as follows

ǁ𝜀,ொ ൌ 𝜀,ொ  𝜀௪,ொ ȉ 𝜃
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If income very close to 0 then SE = TE. So if eps is 0 no income effect or if income effect is very small. 
So this one case we can use walrasian demand instead of Hicksian demand to do welfare analysis. 

Also if share of budget spent on good 1 is closer to 0




































































































Application of IE and SE
• Example: consider a good like housing, with 𝜃 ൌ 0.4, 
𝜀௪,ொ ൌ 1.38, and 𝜀,ொ ൌ െ0.6.

• Therefore,
ǁ𝜀,ொ ൌ 𝜀,ொ  𝜀௪,ொ ȉ 𝜃 ൌ െ0.6  1.38 ȉ 0.4 ൌ െ0.05

• If price of housing rises by 10%, and consumers do not 
receive a wealth compensation to maintain their welfare 
unchanged, consumers reduce their consumption of 
housing by 6%.

• However, if consumers receive a wealth compensation, the 
housing consumption will only fall by 0.5%.
– Intuition: Housing is such an important share of my monthly 

expenses, that higher prices lead me to significantly reduce my 
consumption (if not compensated), but to just slightly do so (if 
compensated).
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t
Much smaller than walrasian demand! 
(1.38)







Share on the budget is not small in housing. In this example testa is 0.4 so 40% of IE. So this term is 
not close to 0. We can use walrasian demand instead of Hicksian demand to have some infos about 
elasticity of housing with respect to income. 



What does elasticity of 1.38 means?

You cannot by a piece of house so we can measure it with square feet. So 1.38 if your income increase 
by 1% the demand for housing increase 1.38% so demand increase more than demand in proportion. 



This means that elasticity is not small at all. So we can predict and we expect and increase of 10% in 
prices. So when we only consider substitution effect and walrasian demand (uncompensated demand). 
In this case we already have the estimati which is -0.6. So if price increase 1% the demand for housing  
decrease for 0.6%. 



We can compute compensated demand in price change. 

First of all we get the substitution elasticity that we can get from the parameter.












































































Application of IE and SE

• Other useful lessons from the previous 
expression

ǁ𝜀,ொ ൌ 𝜀,ொ  𝜀௪,ொ ȉ 𝜃

• Price-elasticities very close ǁ𝜀,ொ ≃ 𝜀,ொ if
– Share of budget spent on this particular good, 𝜃, is 

very small (Example: garlic).
– The income-elasticity is really small (Example: pizza).

• Advantages if ǁ𝜀,ொ ≃ 𝜀,ொ:
– The Walrasian and Hicksian demand are very close to 

each other. Hence, 𝐶𝑉 ≃ 𝐸𝑉 ≃ 𝐶𝑆.
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Application of IE and SE

• YŽƵ caŶ ƌead ƐŽmeƚimeƐ ͞iŶ ƚhiƐ ƐƚƵdǇ ǁe ƵƐe ƚhe 
change in CS to measure welfare changes due to 
a price increase given that income effects are 
Ŷegligible͟
– What the authors are referring to is: 
� Share of budget spent on the good is relatively small and/or
� The income-elasticity of the good is small

• Remember that our results are not only 
applicable to price changes, but also to changes 
in the sales taxes. 

• For which preference relations a price change 
induces no income effect? Quasilinear.
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Application of IE and SE

• In 1981 the US negotiated voluntary automobile 
export restrictions with the Japanese 
government.

• Clifford Winston (1987) studied the effects of 
these export restrictions:
– Car prices: 𝑝 was 20% higher with restrictions that 

without. 𝑝ௌ was 8% higher with restrictions than 
without.

– What is the effect of these higher prices on 
cŽŶƐƵmeƌ Ɛ͛ ǁelfaƌe͍

– Would you use CS? Probably not, since both 𝜃 and 
𝜀௪,ொ are relatively high. 
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Imaging import tax. So what happen to the consumer? The demand decreases since the prices 
increases and we are going to replace with internally goods.

On average we tend to replace internal good instead of abroad good but prices will increase.



We can evaluate in advance to evaluate the introduction of import tax. 
































































































Application of IE and SE
• Winston did not use CS. Instead, he focused on the CV. 

He found that CV = -$14 billion.
– Intuition: The wealth compensation that domestic car 

owners would need after the price change (after setting 
the export restrictions) in order to be as well off as they 
were before the price change is $14 billion.

• This implies that, considering that in 1987 there were 
179 million car owners in the US, the wealth 
compensation per car owner should have been 
$14,000/$179 = $78.

• Of course, this is an underestimation, since we should 
divide over the new number of car owners (lower) 
during the period of export restriction was active (not 
the number of all current car owners).
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Application of IE and SE

• Jerry Hausmann (MIT) measures the welfare 
gain consumers obtain from the price 
decrease they experience after a Walmart 
store locates in their locality/country.

• He used CV. Why? Low-income families spend 
a non-negligible part of their budget in Wal-
Mart.

• Result: welfare improvement of 3.75%.
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Advanced Microeconomic 
Theory

Chapter 3: Gross and net 
complements and substitutes, and 

substitutability across goods
































































Outline

• Welfare evaluation
– Compensating variation
– Equivalent variation

• Quasilinear preferences
• Slutsky equation revisited
• Income and substitution effects in labor 

markets
• Gross and net substitutability
• Aggregate demand

Advanced Microeconomic Theory 2
































































Gross/Net Complements and 
Gross/Net Substitutes
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Perfect substitute we are looking for the crossite



Demand Relationships among Goods

• So far, we were focusing on the SE and IE of 
varying the price of good 𝑘 on the demand for 
good 𝑘.

• Now, we analyze the SE and IE of varying the 
price of good 𝑘 on the demand for other good 𝑗.
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Demand Relationships among Goods

• For simplicity, let us start our analysis with the 
two-good case. 
– This will help us graphically illustrate the main 

intuitions.

• Later on we generalize our analysis to 𝑁  2
goods.
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Demand Relationships among Goods: 
The Two-Good Case

• When the price of 𝑦
falls, the substitution 
effect may be so small
that the consumer 
purchases more 𝑥 and 
more 𝑦.
– In this case, we call 
𝑥 and 𝑦 gross 
complements.

𝜕𝑥
𝜕𝑝௬

൏ 0
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Quantity of y

Quantity of x

u1

u0A
B

C

x1x0

y0

y1

SE

TE






























































NEGATIVE
DERIVATIVE

If y increase BC shift up or 
down. So there is a rotation 
of the budget constraint. This 
is a case a price decrease of 
good y.  












C is the new walrasian demand and account for total effect. Moving A to C. The price of Py decrease 
and quantity of x increase so TE is positive. What about demand for y? Increases. Demand of both 
increase due to decrease in price of y. 



Are the two good complement or substitute?

So see the walrasian or Hicksian? WALRASIAN and they are complements. If der negative they are 
moving in opposite direction: if py decrease the demand for x increases. 



From A to B demand for X decrease, but demand of y increases. So this is the SE for good y. 

From B to C we can find income effect: are the two good normal or inferior? Demand for X increase so 
x is normal. Demand for Y increase so also Y is normal. 


















































































Demand Relationships among Goods: 
The Two-Good Case

• When the price of 𝑦
falls, the substitution 
effect may be so large
that the consumer 
purchases less 𝑥 and 
more 𝑦.
– In this case, we call 
𝑥 and 𝑦 gross 
substitutes.

𝜕𝑥
𝜕𝑝௬

 0
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Demand Relationships among Goods: 
The Two-Good Case

• A mathematical treatment
– The change in 𝑥 caused by changes in 𝑝௬ can be 

shown by a Slutsky-type equation:
𝜕𝑥
𝜕𝑝௬

ൌ
ต
𝜕ℎ௫
𝜕𝑝௬
ௌ𝐸 ሺ+ሻ

െ ถ𝑦
𝜕𝑥
𝜕𝑤
ூ𝐸:

− ୧ ௫ ୧ୱ n୭r୫ୟl
+ ୧ ௫ ୧ୱ ୧nୣr୧୭r

େ୭୫ୠ୧nୣd ୣୣୡ୲ ሺୟ୫ୠ୧୳୭୳ୱሻ

𝑆𝐸  0 is not a typo: ∆𝑝௬ induces the consumer to 
buy more of good 𝑥, if his utility level is kept constant. 
Graphically, we are moving along the same 
indifference curve. 
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Demand Relationships among Goods: 
The Two-Good Case

• Or, in elasticity terms
𝜀௫,  ൌ ถǁ𝜀௫, 

ௌ𝐸 ሺ+ሻ

െ 𝜃௬𝜀௫, ௪
ூ𝐸:

− ୧ ௫ ୧ୱ n୭r୫ୟl
+ ୧ ௫ ୧ୱ ୧nୣr୧୭r

where 𝜃௬ denotes the share of income spent 
on good 𝑦. The combined effect of ∆𝑝௬ on 
the observable Walrasian demand, 𝑥ሺ𝑝, 𝑤ሻ, is 
ambiguous.
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Demand Relationships among Goods: 
The Two-Good Case

• Example͗ Let s͛ show the SE and IE across 
different goods for a Cobb-Douglas utility 
function 𝑢 𝑥, 𝑦 ൌ 𝑥0.ହ𝑦0.ହ.

– The Walrasian demand for good 𝑥 is 

𝑥 𝑝, 𝑤 ൌ
1
2
𝑤
𝑝௫

– The Hicksian demand for good 𝑥 is 

ℎ௫ 𝑝, 𝑢 ൌ
𝑝௬
𝑝௫

⋅ 𝑢
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Is X gross complement or substitute with respect to y?

What we have to do?

WE CAN USE DERIVATIVE OF x with respect to Py





By looking at the walrasian demand the consumption of x and y is independent.

Let’s see the income and the substitution effect for these cobb Douglas. 



If we look at the Hicksian demand: What would you conclude between the relationship between X or Y 
(are they net complement or substitutes?)

The derivative here is



















Effect Walrasian demand is 0

What about income effect? Is the same as the substitution effect since TE = 0 of increasing Py. So IE = 
SE and opposite. 

So the effect on walrasian demand is 0 and we can prove this if we compute the SE of the derivative 
here (sopra).
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Demand Relationships among Goods: 
The Two-Good Case

• Example (continued):
– First, not that differentiating 𝑥 𝑝, 𝑤 with respect to 
𝑝௬, we obtain

𝜕𝑥 𝑝, 𝑤
𝜕𝑝௬

ൌ 0

i.e., variations in the price of good 𝑦 do not affect 
consumer s͛ Walrasian demand͘

– But,
𝜕ℎ௫ 𝑝, 𝑢
𝜕𝑝௬

ൌ
1
2

𝑢
𝑝௫𝑝௬

് 0

– How can these two (seemingly contradictory) results 
arise?
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Demand Relationships among Goods: 
The Two-Good Case

• Example (continued):
– Answer: the SE and IE completely offset each other.
– Substitution Effect: Given

డೣ ,௨
డ

ൌ 1
2

௨
ೣ

,

plug Walrasian demands for x and y in u(x,y) to get the 
indirect utility function 𝑢 ൌ 1

2
௪
ೣ

, and replace it in 

the expression above to obtain a SE of 1
4

௪
ೣ

.

– Income Effect: 

െ𝑦
𝜕𝑥
𝜕𝑤

ൌ െ
1
2
𝑤
𝑝௬

1
2
1
𝑝௫

ൌ െ
1
4

𝑤
𝑝௫𝑝௬
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Demand Relationships among Goods: 
The Two-Good Case

• Example (continued):
– Therefore, the total effect is 

𝜕𝑥 𝑝, 𝑤
𝜕𝑝௬

்𝐸

ൌ
ฐ𝜕ℎ௫
𝜕𝑝௬

ௌ𝐸

െ
ฑ
𝑦
𝜕𝑥
𝜕𝑤

ூ𝐸

ൌ
1
4

𝑤
𝑝௫𝑝௬

െ
1
4

𝑤
𝑝௫𝑝௬

ൌ 0

– Intuitively, this implies that the substitution and 
income effect completely offset each other.
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Demand Relationships among Goods: 
The Two-Good Case

• Common mistake:

– ͞ డ௫ ,௪
డ

ൌ 0 means that good 𝑥 and 𝑦 cannot be 
substituted in consumption. That is, they must be 
consumed in fixed proportions (perfect complents). 
Hence͕ this consumer s͛ utilitǇ function is a Leontief 
tǇpe͘ ͟

• No! We just showed that
𝜕𝑥 𝑝,𝑤
𝜕𝑝௬

ൌ 0 ฺ
𝜕ℎ௫
𝜕𝑝௬

ൌ 𝑦
𝜕𝑥
𝜕𝑤

i.e., the SE and IE completely offset each other.
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Demand Relationships among Goods: 
The N-Good Case

• We can, hence, generalize the Slutsky 
equation to the case of 𝑁  2 goods as 
follows:

𝜕𝑥
𝜕𝑝

ൌ
𝜕ℎ
𝜕𝑝

െ 𝑥
𝜕𝑥
𝜕𝑤

for any 𝑖 and 𝑗.

• The change in the price of good 𝑗 induces IE 
and SE on good 𝑖. 
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Asymmetry of the Gross Substitute 
and Complement

• Two goods are substitutes if one good may 
replace the other in use.
– Example:  tea and coffee, butter and margarine

• Two goods are complements if they are used 
together.
– Example: coffee and cream, fish and chips.

• The concepts of gross substitutes and 
complements include both SE and IE.
– Two goods are gross substitutes if  డ௫

డೕ
 0.

– Two goods are gross complements if  డ௫
డೕ

൏ 0.
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Asymmetry of the Gross Substitute 
and Complement

• The definitions of gross substitutes and 
complements are not necessarily symmetric.
– It is possible for 𝑥1 to be a substitute for 𝑥2 and at 

the same time for 𝑥2 to be a complement of 𝑥1.

• Let us see this potential asymmetry with an 
example.

Advanced Microeconomic Theory 17




















































We can get that x Perfect Comp to y but 
not the contrary.



Asymmetry of the Gross Substitute 
and Complement

• Suppose that the utility function for two goods is given by
𝑈 𝑥, 𝑦 ൌ ln 𝑥  𝑦

• The Lagrangian of the UMP is
𝐿 ൌ ln 𝑥  𝑦  𝜆ሺ𝑤 െ 𝑝௫𝑥 െ 𝑝௬𝑦ሻ

• The first order conditions are
𝜕𝐿
𝜕𝑥

ൌ
1
𝑥
െ 𝜆𝑝௫ ൌ 0

𝜕𝐿
𝜕𝑦

ൌ 𝑦 െ 𝜆𝑝௬ ൌ 0

𝜕𝐿
𝜕𝜆

ൌ 𝑤 െ 𝑝௫𝑥 െ 𝑝௬𝑦 ൌ 0
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Asymmetry of the Gross Substitute 
and Complement

• Manipulating the first two equations, we get
1
𝑝௫𝑥

ൌ
1
𝑝௬

ฺ 𝑝௫𝑥 ൌ 𝑝௬

• Inserting this into the budget constraint, we 
can find the Marshallian demand for 𝑦

ต𝑝௫𝑥


 𝑝௬𝑦 ൌ 𝑤 ฺ 𝑝௬𝑦 ൌ 𝑤 െ 𝑝௬ ฺ

𝑦 ൌ
𝑤 െ 𝑝௬
𝑝௬
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Asymmetry of the Gross Substitute 
and Complement

• An increase in 𝑝௬ causes a decline in spending on 
𝑦
– Since 𝑝௫ and 𝑤 are unchanged, spending on 𝑥 must 

rise డ௫
డ

 0 . 
� Hence, 𝑥 and 𝑦 are gross substitutes. 

– But spending on 𝑦 is independent of 𝑝௫
డ௬
డೣ

ൌ 0 . 
� Thus, 𝑥 and 𝑦 are neither gross substitutes nor gross 

complements. 
– This shows the asymmetry of gross substitute and 

complement definitions.
� While good 𝑦 is a gross substitute of 𝑥, good 𝑥 is neither a 

gross substitute or complement of 𝑦.
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Asymmetry of the Gross Substitute 
and Complement

• Depending on how we check for gross 
substitutability or complementarities between 
two goods, there is potential to obtain 
different results. 

• Can we use an alternative approach to check if 
two goods are complements or substitutes in 
consumption?
– Yes. We next present such approach.
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Net Substitutes and Net Complements

• The concepts of net substitutes and 
complements focus solely on SE. 
– Two goods are net (or Hicksian) substitutes if

𝜕ℎ
𝜕𝑝

 0

– Two goods are net (or Hicksian) complements if
𝜕ℎ
𝜕𝑝

൏ 0

where ℎሺ𝑝, 𝑝, 𝑢ሻ is the Hicksian demand of good 𝑖.
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Net Substitutes and Net Complements

• This definition looks only at the shape of the 
indifference curve.

• This definition is unambiguous because the 
definitions are perfectly symmetric

𝜕ℎ
𝜕𝑝

ൌ
𝜕ℎ
𝜕𝑝

– This implies that every element above the main 
diagonal in the Slutsky matrix is symmetric with 
respect to the corresponding element below the main 
diagonal.
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Net Substitutes and Net Complements
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Net Substitutes and Net Complements

• Proof: 
– Recall that, from Shephard s͛ lemma, ℎሺ𝑝, 𝑢ሻ ൌడሺ,௨ሻ

డೖ
.  Hence, 

𝜕ℎሺ𝑝, 𝑢ሻ
𝜕𝑝

ൌ
𝜕2𝑒ሺ𝑝, 𝑢ሻ
𝜕𝑝𝜕𝑝

– Using Young s͛ theorem͕ we obtain
𝜕2𝑒ሺ𝑝, 𝑢ሻ
𝜕𝑝𝜕𝑝

ൌ
𝜕2𝑒ሺ𝑝, 𝑢ሻ
𝜕𝑝𝜕𝑝

which implies
𝜕ℎሺ𝑝, 𝑢ሻ

𝜕𝑝
ൌ
𝜕ℎሺ𝑝, 𝑢ሻ
𝜕𝑝

Advanced Microeconomic Theory 25



Net Substitutes and Net Complements

• Even though 𝑥 and 𝑦
are gross 
complements, they are 
net substitutes.

• Since MRS is 
diminishing, the own-
price SE must be 
negative ሺ𝑆𝐸 ൏ 0ሻ so 
the cross-price SE must 
be positive ሺ𝑇𝐸  0ሻ .
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A Note on the Euler s͛ Theorem 

• We say that a function 𝑓ሺ𝑥1, 𝑥2ሻ is homogeneous 
of degree 𝑘 if

𝑓 𝑡𝑥1, 𝑡𝑥2 ൌ 𝑡 ȉ 𝑓ሺ𝑥1, 𝑥2ሻ
• Differentiating this expression with respect to 𝑥1, 

we obtain
𝜕𝑓 𝑡𝑥1, 𝑡𝑥2

𝜕𝑥1
ȉ 𝑡 ൌ 𝑡 ȉ

𝜕𝑓 𝑥1, 𝑥2
𝜕𝑥1

or, rearranging,
𝜕𝑓 𝑡𝑥1, 𝑡𝑥2

𝜕𝑥1
ൌ 𝑡−1 ȉ

𝜕𝑓 𝑥1, 𝑥2
𝜕𝑥1
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A Note on the Euler s͛ Theorem 

• Last, denoting 𝑓1 ≡
డ
డ௫భ

, we obtain

𝑓1 𝑡𝑥1, 𝑡𝑥2 ൌ 𝑡−1 ȉ 𝑓1ሺ𝑥1, 𝑥2ሻ

• Hence, if a function is homogeneous of degree 𝑘, 
its first-order derivative must be homogeneous 
of degree 𝑘 െ 1. 
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A Note on the Euler s͛ Theorem 

• Differentiating the left-hand side of the definition 
of homogeneity, 𝑓 𝑡𝑥1, 𝑡𝑥2 ൌ 𝑡 ȉ 𝑓ሺ𝑥1, 𝑥2ሻ, 
with respect to 𝑡 yields

𝜕ሺ𝑡𝑥1, 𝑡𝑥2ሻ
𝜕𝑡

ൌ 𝑓1 𝑡𝑥1, 𝑡𝑥2 𝑥1  𝑓2 𝑡𝑥1, 𝑡𝑥2 𝑥2

• Differentiating the right-hand side produces

𝜕ሺ𝑡 ⋅ 𝑓ሺ𝑥1, 𝑥2ሻ
𝜕𝑡

ൌ 𝑘 ⋅ 𝑡−1𝑓ሺ𝑥1, 𝑥2ሻ
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A Note on the Euler s͛ Theorem 

• Combining the differentiation of LHS and RHS, 
𝑓1 𝑡𝑥1, 𝑡𝑥2 𝑥1  𝑓2 𝑡𝑥1, 𝑡𝑥2 𝑥2
ൌ 𝑘 ⋅ 𝑡−1𝑓ሺ𝑥1, 𝑥2ሻ

• Setting 𝑡 ൌ 1, we obtain

𝑓1 𝑥1, 𝑥2 𝑥1  𝑓2 𝑥1, 𝑥2 𝑥2 ൌ 𝑘 ⋅ 𝑓ሺ𝑥1, 𝑥2ሻ

where 𝑘 is the homogeneity order of the 
original function 𝑓ሺ𝑥1, 𝑥2ሻ.
– If 𝑘 ൌ 0, the above expression becomes 0.
– If 𝑘 ൌ 1, the above expression is 𝑓ሺ𝑥1, 𝑥2ሻ.
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A Note on the Euler s͛ Theorem 

• Application:
– The Hicksian demand is homogeneous of degree 

zero in prices, that is,
ℎ 𝑡𝑝1, 𝑡𝑝2, … , 𝑡𝑝, 𝑢 ൌ ℎ 𝑝1, 𝑝2, … , 𝑝, 𝑢

– Hence, multiplying  all prices by 𝑡 does not affect 
the value of the Hicksian demand.

– BǇ Euler s͛ theorem͕
𝜕ℎ
𝜕𝑝1

𝑝1 
𝜕ℎ
𝜕𝑝2

𝑝2  ⋯
𝜕ℎ
𝜕𝑝

𝑝
ൌ 0 ⋅ 𝑡0−1ℎ 𝑝1, 𝑝2, … , 𝑝, 𝑢 ൌ 0
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Substitutability with Many Goods
• Question: Is net substitutability or complementarity 

more prevalent in real life?
• To answer this question, we can start with the 

compensated demand function
ℎ 𝑝1, 𝑝2, … , 𝑝, 𝑢

• ApplǇing Euler s͛ theorem Ǉields
𝜕ℎ
𝜕𝑝1

𝑝1 
𝜕ℎ
𝜕𝑝2

𝑝2 ⋯
𝜕ℎ
𝜕𝑝

𝑝 ൌ 0

• Dividing both sides by ℎ, we can alternatively 
express the above result using compensated 
elasticities

ǁ𝜀1  ǁ𝜀2  ⋯ ǁ𝜀 ≡ 0
Advanced Microeconomic Theory 32



Substitutability with Many Goods

• Since the negative sign of the SE implies that 
ǁ𝜀  0, then the sum of Hicksian cross-price 

elasticities for all other 𝑗 ് 𝑖 goods should 
satisfy


≠

ǁ𝜀  0

• Hence͕ ͞most͟ goods must be substitutes͘
• This is referred to as HicŬ͛Ɛ ƐecŽŶd ůaǁ Žf 

demand.
Advanced Microeconomic Theory 33
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Chapter 3: Aggregate demand
































































Outline

• Welfare evaluation
– Compensating variation
– Equivalent variation

• Quasilinear preferences
• Slutsky equation revisited
• Income and substitution effects in labor 

markets
• Gross and net substitutability
• Aggregate demand
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Aggregate Demand
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Aggregate Demand

• We now move from individual demand, 𝑥ሺ𝑝, 𝑤ሻ, 
to aggregate demand, 


ୀ1

ூ

𝑥ሺ𝑝, 𝑤ሻ

which denotes the total demand of a group of 
𝐼 consumers.

• Individual 𝑖 Ɛ͛ demaŶd 𝑥ሺ𝑝, 𝑤ሻ still represents a 
vector of 𝐿 components, describing his demand 
for 𝐿 different goods.
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Aggregate Demand

• We know individual demand depends on prices 
aŶd iŶdiǀidƵal Ɛ͛ ǁealƚh͘
– When can we express aggregate demand as a function 

of prices and aggregate wealth?
– In other words, when can we guarantee that 

aggregate demand defined as 
𝑥 𝑝,𝑤1, 𝑤2, … , 𝑤ூ ൌ σୀ1

ூ 𝑥ሺ𝑝, 𝑤ሻ
satisfies


ୀ1

ூ

𝑥ሺ𝑝, 𝑤ሻ ൌ 𝑥 𝑝,
ୀ1

ூ

𝑤
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Aggregate Demand

• This is satisfied if, for any two distributions of 
wealth, ሺ𝑤1, 𝑤2,… ,𝑤ூሻ and ሺ𝑤1ᇱ, 𝑤2

ᇱ , … ,𝑤ூ
ᇱሻ such 

that σୀ1
ூ 𝑤 ൌ σୀ1

ூ 𝑤
ᇱ, we have 


ୀ1

ூ

𝑥ሺ𝑝, 𝑤ሻ ൌ
ୀ1

ூ

𝑥ሺ𝑝, 𝑤
ᇱሻ

• FŽƌ ƐƵch cŽŶdiƚiŽŶ ƚŽ be ƐaƚiƐfied͕ leƚ Ɛ͛ Ɛƚaƌƚ ǁiƚh 
an initial distribution ሺ𝑤1, 𝑤2,… ,𝑤ூሻ and apply a 
differential change in wealth ሺ𝑑𝑤1, 𝑑𝑤2,… , 𝑑𝑤ூሻ
such that the aggregate wealth is unchanged, 
σୀ1
ூ 𝑑𝑤 ൌ 0.
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Aggregate Demand

• If aggregate demand is just a function of aggregate 
wealth, then we must have that 

σୀ1
ூ డ௫ሺ,௪ሻ

డ௪
𝑑𝑤 ൌ 0 for every good 𝑘

In words, the wealth effects of different individuals are 
compensated in the aggregate. That is, in the case of 
two individuals 𝑖 and 𝑗,

𝜕𝑥ሺ𝑝, 𝑤ሻ
𝜕𝑤

ൌ
𝜕𝑥ሺ𝑝, 𝑤ሻ

𝜕𝑤
for every good 𝑘.

Advanced Microeconomic Theory 7






























































x



Aggregate Demand

• This result does not imply that 𝐼𝐸  0 while 𝐼𝐸 ൏ 0.
• In addition, it indicates that its absolute values 

coincide, i.e., 𝐼𝐸 ൌ 𝐼𝐸 , which means that any 
redistribution of wealth from consumer 𝑖 to 𝑗 yields

𝜕𝑥ሺ𝑝, 𝑤ሻ
𝜕𝑤

𝑑𝑤 
𝜕𝑥ሺ𝑝, 𝑤ሻ

𝜕𝑤
𝑑𝑤 ൌ 0

which can be rearranged as
𝜕𝑥ሺ𝑝, 𝑤ሻ

𝜕𝑤
ต𝑑𝑤
ି

ൌ െ
𝜕𝑥ሺ𝑝, 𝑤ሻ

𝜕𝑤 ต𝑑𝑤
ା

• Hence, డ௫ೖሺ,௪ሻ
డ௪

ൌ డ௫ೖೕሺ,௪ೕሻ
డ௪ೕ

, since  𝑑𝑤 ൌ 𝑑𝑤 .
Advanced Microeconomic Theory 8






























































x



Aggregate Demand
• In summary, for any

– fixed price vector 𝑝,
– good 𝑘, and
– wealth level any two individuals 𝑖 and 𝑗

the wealth effect is the same across individuals.
• In other words, the wealth effects arising from the 

distribution of wealth across consumers cancel out.
• This means that we can express aggregate demand as a 

function of aggregate wealth


ୀ1

ூ

𝑥ሺ𝑝, 𝑤ሻ ൌ 𝑥 𝑝,
ୀ1

ூ

𝑤
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Aggregate Demand

• Graphically, this condition entails that all 
consumers exhibit parallel, straight wealth 
expansion paths. 
– Straight: wealth effects do not depend on the 

iŶdiǀidƵalƐ͛ ǁealƚh leǀel͘
– Parallel͗ iŶdiǀidƵalƐ͛ ǁealƚh effecƚƐ mƵƐƚ cŽiŶcide 

across individuals.
� Recall that wealth expansion paths just represent how 

an individual demand changes as he becomes richer.

Advanced Microeconomic Theory 10











































































































































































W E P

F E



Aggregate Demand
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Straight wealth 
expansion path
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A given increase in wealth 
leads to changes in the 
consumption of good 𝑥 that 
are dependent on the 
iŶdiǀidƵal Ɛ͛ ǁealƚh leǀel

A given increase in wealth 
leads the same change in the 
consumption of good 𝑥, 
regardless of the initial wealth 
of the individual
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Aggregate Demand

• IŶdiǀidƵalƐ͛ ǁealƚh 
effects coincide.

• The wealth expansion 
path for consumers 1 
and 2 are parallel to 
each other
– bŽƚh iŶdiǀidƵalƐ͛ 

demands change 
similarly as they 
become richer.
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Aggregate Demand

• Preference relations that yield straight wealth 
expansion paths:
– Homothetic preferences
– Quasilinear preferences

• Can we embody all these cases as special 
cases of a particular type of preferences?
– Yes. We next present such cases.
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Aggregate Demand: Gorman Form

• Gorman form. A necessary and sufficient condition for 
consumers to exhibit parallel, straight wealth 
eǆƉaŶƐiŽŶ ƉaƚhƐ iƐ ƚhaƚ eǀeƌǇ cŽŶƐƵmeƌ Ɛ͛ iŶdiƌecƚ 
utility function can be expressed as:

𝑣 𝑝, 𝑤 ൌ 𝑎 𝑝  𝑏 𝑝 𝑤

This indirect utility function is referred to as the 
Gorman form. 

• Indeed, in case of quasilinear preferences

𝑣 𝑝, 𝑤 ൌ 𝑎 𝑝  1
ೖ
𝑤 so that 𝑏 𝑝 ൌ 1

ೖ
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Aggregate Demand: Gorman Form

• Example (continued):
– The vertical intercept of this 

function is  𝑝ሺ0ሻ ൌ 1
100

.

– The slope of this function is

𝜕𝑝 𝑤

𝜕𝑤
ൌ

1
10


1

10 1  40𝑤
 0

and it is decreasing in 𝑤 (concavity)

𝜕2𝑝 𝑤

𝜕𝑤
2 ൌ

2
ሺ1  40𝑤ሻଷ/2
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Aggregate Demand: Gorman Form

• Leƚ Ɛ͛ ƐhŽǁ ƚhaƚ͕ fŽƌ iŶdiƌecƚ ƵƚiliƚǇ fƵŶcƚiŽŶƐ Žf ƚhe 
Gorman form, we obtain 


ୀ1

ூ

𝑥ሺ𝑝, 𝑤ሻ ൌ 𝑥ሺ𝑝,
ୀ1

ூ

𝑤ሻ

• FiƌƐƚ͕ ƵƐe RŽǇ Ɛ͛ ideŶƚiƚǇ ƚŽ fiŶd ƚhe WalƌaƐiaŶ demaŶd 
associated with this indirect utility function

െ

𝜕𝑣ሺ𝑝, 𝑤ሻ
𝜕𝑝

𝜕𝑣ሺ𝑝, 𝑤ሻ
𝜕𝑤

ൌ 𝑥ሺ𝑝, 𝑤ሻ
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Aggregate Demand: Gorman Form

• In particular, for good 𝑗,

െ

𝜕𝑣 𝑝, 𝑤
𝜕𝑝

𝜕𝑣 𝑝, 𝑤
𝜕𝑤

ൌ െ

𝜕𝑎ሺ𝑝ሻ
𝜕𝑝
𝑏ሺ𝑝ሻ

െ

𝜕𝑏ሺ𝑝ሻ
𝜕𝑝
𝑏ሺ𝑝ሻ

𝑤 ൌ 𝑥
ሺ𝑝, 𝑤ሻ

• In matrix notation,

െ
𝛻𝑣 𝑝, 𝑤

𝛻௪𝑣 𝑝, 𝑤
ൌ െ

𝛻𝑎 𝑝
𝑏 𝑝

െ
𝛻𝑏 𝑝
𝑏 𝑝

𝑤 ൌ 𝑥ሺ𝑝, 𝑤ሻ

for all goods.
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Aggregate Demand: Gorman Form

• We can compactly express 𝑥ሺ𝑝, 𝑤ሻ as follows

െ
𝛻𝑣 𝑝, 𝑤

𝛻௪𝑣 𝑝, 𝑤
ൌ 𝛼 𝑝  𝛽 𝑝 𝑤 ൌ 𝑥ሺ𝑝, 𝑤ሻ

where െఇ 
 

≡ 𝛼 𝑝 and െఇ 
 

≡ 𝛽 𝑝 .
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Aggregate Demand: Gorman Form

• Hence, aggregate demand can be obtained by 
summing individual demands

𝛼 𝑝  𝛽 𝑝 𝑤 ൌ 𝑥ሺ𝑝, 𝑤ሻ
across all 𝐼 consumers, which yields


ୀ1

ூ

𝑥ሺ𝑝, 𝑤ሻ ൌ
ୀ1

ூ

𝛼 𝑝  𝛽 𝑝 
ୀ1

ூ

𝑤

ൌ
ୀ1

ூ

𝛼 𝑝  𝛽 𝑝 𝑤 ൌ 𝑥ሺ𝑝,
ୀ1

ூ

𝑤ሻ

where  σୀ1
ூ 𝑤 ൌ 𝑤.
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Firm to produce use some technologies.

They use inputs  that are factors of production that are combine in a production function (production 
process). And then after the input are combine in the production process they give and output.

To produce a car we will use capital (machinery) and Labor and then there will be a production process 
that give an output that is car. 

Production process can be approximated by a production function 















	 	 	 	 	 	 














































































FIRMS
G CUNCLC GIES

INPUTS Production Output
Process

Factors
OFproduction

capital production CARLABOUR FUNCTICN

PredictionFunction

—> process from input to 
output

Maximum amount of 
output possible from input 
bundle



Advanced Microeconomic 
Theory

Chapter 4: Production function and 
Profit Maximization Problem (PMP)




























































Outline

• Production sets and production functions

• Profit maximization and cost minimization

• Cost functions

• Aggregate supply

• Efficiency (1st and 2nd FTWE)
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Production Functions
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Technology

• A technology is a process by which inputs are 
converted to an output.

• E.g. labor, a computer, a projector, electricity, 
and software are being combined to produce 
this lecture.

• Usually several technologies will produce the 
same product -- a blackboard and chalk can be 
used instead of a computer and a projector.

• Which technology is “best”?
• How do we compare technologies?
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Given quantity of output



Inputs

• xi denotes the amount used of input i; i.e. the 
level of input i.

• An input bundle is a vector of the input levels;     
(x1, x2, … , xn).

• E.g. (x1, x2, x3) = (6, 0, 9).
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When we have technologies we have 
inputs bundles. It is similar to 
consumption bundle but refers to the 
firm to produce certain output.



Output

• y denotes the output level.

• The technology’s production function states 
the maximum amount of output possible from 
an input bundle.

! = # $%, $', … . . $*
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PRODUCTION Function

This is a scalar since we are considering only one good as output. 

You will have many technologies and 
production will give the most efficient 
way of producing y given x1, x2 ... xn 



Technology set

• A production plan is an input bundle and an 
output level; (x1, … , xn, y).

• A production plan is feasible if

! ≤ # $%, $', … . . $*

• The collection of all feasible production plans 

is the technology set.

Advanced Microeconomic Theory 7


























































Feasible if this tech logic 
produce at least y.

So collection of this feasible 
production plan is called 
technology set.



Technology set - I
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x’ x
Input Level

y’

y”

• One input one output (simpler case)

y’ = f(x’) is the maximal 
output level obtainable 
from x’ input units.

y” = f(x’) is an output level 
that is feasible from x’ 
input units.
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Technology set - II
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Input Level

x’ x

Technically
inefficient
plans

Technically
efficient plans 
(frontier)

The technology
set

y
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Multiple inputs, one output
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Multiple inputs, one output

Isoquant: the set of all input bundles 
that yield at most the same output 
level y.



























































Many inputs and one output 
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Multiple inputs, one output


























































EKAMPLE

y
Evel orecursor

7

x L

Xn
This sections give the same 
level of production output. 

This production plan gives this 
level of production.
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Multiple inputs, one output

Isoquant: How is it obtained?
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Multiple inputs, one output

Isoquant: level map (like indifference 
curve for utility) – combination of 
inputs that give same output level


























































Soro or

Sozsururiou

Combination of factors that 
give the same level of 
output. We can notice that 
as the IC for the consumer 
were representing 
combination of good that 
gave the same level of utility.



Isoquant represent the 
combination of inputs that 
give the same level of 
output( or production)
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Multiple inputs, one output
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Multiple inputs, one output
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Multiple inputs, one output
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Multiple inputs, one output
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• We consider the following production function in 
which output depends on physical capital (,), 
such as machinery, and labour (-)

! = #(,, -)

with ,, - ≥ 0, 23 4

25
> 0 and decreasing, i.e. 

273 4

2525
< 0, where $ is the generic input.

The first derivative is called the marginal
productivity of input $ (= ,, -).

Advanced Microeconomic Theory 19

A simple production function






























































Example WITH
2 Mars

aenericinput

0 n Z
t I i

Slope of Isoquant is called the Marginal rate of technical substitution

N. Of workers or hours of works, 
It depends on the model

Inputs cannot be negative: 
positive capital and labour

Half worker is consider like a part-time worker. 
So we are not considering discrete case but 
continuous 

Derivative: If i 
increase small 
amount of capital 
how much 
production will 
increase? 















Same increase of the two firms but delta y’ < delta y. ==> marginal productivity is decreasing.



In agriculture you have an amount of land: initially production will increase if i put 2 worker instead of 1 
but if i put more worker in the same instance of land then worker will get a decreasing production since 
there is a lot of persons. 



“A firm uses intermediate goods before reach the production in reality”







Now define the MRTS.



Marginal rate of technical substitution (MRTS) 
Is the slope of the isoquant —> isoquant is the combination of inputs giving the same output level.



To find the MRTS we compute the total differential of the production function.









This is a production function in two variables. The total differential now is:
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MRTS is given by the ratio of the Marginal productivity. The MRTS is how much you have to substitute 
the two good to maintain the same level of production. 



According to the example the MRTS is increasing or decreasing moving to the right?

Increasing l the MRTS is decreasing. 
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Production function

• Along an isoquant !	is constant, therefore totally 
differentiating the production function

:! = 					
;# !<
;,

:, +
;# !<
;-

:- = 0

solving

>?

> 
= −

"# $%
"&

"# $%
"'

,  where −
"# $%
"&

"# $%
"'

= ()*+?, !<

– ()*+?, !< is the Marginal Rate of Technical 
Substitution measures how much , must decrease 
(increase) if - increases (decreases) so as the maintain 
the same output [the book defines MRTS without the 
minus sign]
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Diminishing MRTS

• The slope of the firm’s isoquants is
()*+?, =

> 

>?
, where ()*+?, = − 3'

3&
	

(NB. K is in the vertical axes ointhe isoquant graph)

• Where #? =
23 4

2?
is the marginal productivity of labour and 

#? =
23(4)

2?
	 is the marginal productivity of capital

• Differentiating ()*+?, with respect to labor and taking 
into account that along an isoquant , = , - i.e. capital is a 
function , . of labour yields
2|-./0',&|

2?
=

3& 3''13'&∙
3&
3'

43' 3&'13&&∙
3&
3'

3& 7

(we apply the rule of a composite function)
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Diminishing MRTS

• Using the fact that 
> 

>?
= − 3'

3&
(slope an isoquant) 

along an isoquant and Young’s theorem #? = # ?
(if f double differentiable than cross derivatives 
are symmetric),

;|()*+?, |
;-

=
# #?? − #? ∙

#?
# 

− #? # ? − #  ∙
#?
# 

# '

=
# #?? − #? #? − #?# ? + #  ∙

#?
'

# 
# '
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Along and isoquant k is a function of l. There is a relationship between k and l. So computing 
derivative we have to keep in mind that k is function of l

















































Given a fix amount of workers if you increase capital the Marginal productivity of the worker will 
increase!
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Diminishing MRTS

• Multiplying numerator and denominator by # 

;()*+?, 
;-

=
# 
'5
1

#??6
4

+ #  5
4

#?
'5
1

− 2#?# 

1

#? 5
4	891

# :

(I have used #? =# ? by Young’s theorem, if f twice 
differentiable, i.e. second derivatives exist.)

• Thus, 

– If #? > 0 (i.e., ↑ , ⟹	↑ (=?), then 
2-./0',&

2?
< 0

– If #? < 0, then we have 

# 
'#?? + #  #?

' 	 >< 	 2#?# #? ⟹
;()*+?, 

;-
	 <> 	0
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If folk < 0 is like stundyting by your self give you a greater grade than also follow lectures.

If folk >0 following lectures and studying by your self gives you a greater grade










































































































Diminishing MRTS
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#? > 0 (↑ , ⟹	↑ (=?), or 
#? < 0 (↑ , ⟹	↓ (=?) but 
small ↓ in (=?

#? < 0 (↑ , ⟹	↓↓ (=?)

:,
:-

= −
#?
# 
≡ −

(=?
(= 


























































Isoarsur scar 4 Isavarr
Convex since WILL BE cwcs.VEscourvocative

We will use convex to be able to use the maximisation problem



Diminishing MRTS

• Example: Let us check if the production function # ,, - = ,- yields 
convex isoquants (i.e. decreasing MRTS). 

• Use the generic equation of an isoquant, i.e.

,- = @; i.e. , = A

?

• ()*+?, =
2 

2?
= − A<

?7
= −@<-4', to check is if convex I compute the 

second derivative of the MRTS, i.e.

•
2-./0',&

2?
= 27 

2?2?
= 'A<

?B
> 0

Thus isoquant is convex.
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Constant Returns to Scale

• If production function #(,, -) exhibits CRS, 
then increasing all inputs by a common factor 
C yields

# C,, C- = C# ,, -

• Hence, #(,, -) is homogenous of degree 1, 
thus implying that its first-order derivatives

# ,, - and  #? ,, -
are homogenous of degree zero.
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I can exactly replicate a 
technology. Double 
amount of capital and 
labour i also duplicate the 
production. 

So this is like homogeneous 
of degree 1 when production 
function exhibit constant 
return to scale



Constant Returns to Scale

• Therefore, 

(=? =
;#(,, -)
;-

=
;#(C,, C-)

;-
= #? ,, - = #? C,, C-

• Setting C = %

?
, we obtain

(=? = #? ,, - = #?
1
-
,,
-
-
= #?

,
-
, 1

• Hence, EFG only depends on the ratio H
G
, but not 

on the absolute levels of H and G that firm uses.
• A similar argument applies to (= .
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Constant Returns to Scale

• Thus, ()*+ = − -I'
-I&

only depends on the 
ratio of capital to 
labor.

• The slope of a firm’s 
isoquants coincides at 
any point along a ray 
from the origin.

• Firm’s production 
function is, hence, 
homothetic.
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q=4

q=3

q=2

Same MRTSl,k

Ray from the 
origin


























































Ti

lo zlo

Doubling the input also 
doubling the production

Fl fk do not depends on q (scale of 
production) so MRTS does not depend 
on q



Constant Returns to Scale

• # C,, C# $ C% &, #
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Increasing Returns to Scale

• % C&, C# ' C% &, #
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Increasing inputs by same 
proportion the amount of 
production increase more than 
proportion



Decreasing Returns to Scale

• % C&, C# ( C% &, #

Advanced Microeconomic Theory 31




























































Increasing input by same 
proportion the amount of 
production increase less 
than proportion





Buying inputs is costly so we have some cost to achieve a certain amount of production.

Increasing return to scale: doubling the size of your plan you will receive a larger production than 
splitting the plan in half and double them by the same proportion.

rcc K

Gok Sok tone cast Sares BUT Achiever
MarcoPRODUCT
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INCREASING SCALE you WILL DECreerse Some cost



Elasticity of Substitution
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Elasticity of Substitution

• Elasticity of substitution (J) measures the 
proportionate change in the &/# ratio relative 
to the proportionate change in the ()*+/, 
along an isoquant:

J =
%∆(,/-)
%|∆()*+|

=
:(,/-)
:|()*+|

∙
|()*+|
,/-

=
;ln	(,/-)

;ln	(|()*+|)

where J > 0 since ratio ,/- and	|()*+|
move in the same direction.
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Elasticity of Substitution

• Both	()*+ and ,/-
will change as we 
move from point P to 
point Q.

• J is the ratio of these 
changes.

• J measures the 
curvature of the 
isoquant.
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Elasticity of Substitution
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Elasticity of Substitution

• Elasticity of substitution (J) measures the 
proportionate change in the "/$ ratio relative 
to the proportionate change in the ()*+), 
along an isoquant:

J =
%∆((/*)
%|∆()*+|

=
1((/*)
1|()*+|

∙
|()*+|
(/*

=
3ln	((/*)

3ln	(|()*+|)

where J > 0 since ratio (/* and	|()*+|
move in the same direction.
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Elasticity of Substitution

• Both	()*+ and (/*
will change as we 
move from point P to 
point Q.

• J is the ratio of these 
changes.

• J measures the 
curvature of the 
isoquant.
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Elasticity of Substitution

• If we define the elasticity of substitution 
between two inputs to be proportionate 
change in the ratio of the two inputs to the 
proportionate change in ()*+, we need to 
hold:
– output constant (so we move along the same 

isoquant), and 
– the levels of other inputs constant (in case we 

have more than two inputs). For instance, we fix 
the amount of other inputs, such as land.
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Elasticity of Substitution

• High elasticity of 
substitution (R): 
– ()*+ does not 

change substantially 
relative to "/$.

– Isoquant is relatively 
flat.
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Elasticity of Substitution

• Low elasticity of 
substitution (R):
– ()*+ changes 

substantially relative 
to "/$.

– Isoquant is relatively 
sharply curved.
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Elasticity of Substitution: 
Linear Production Function

• Suppose that the production function is
@ , -	 ", * = S( + T*

• This production function exhibits constant 
returns to scale
>	 C(, C* = SC( + TC* = C S( + T*

= C>((, *)

• Solving for ( in @, we get ( = A	  ,B

U
− V

U
*. 

– All isoquants are straight lines
– ( and * are perfect substitutes
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Elasticity of Substitution: 
Linear Production Function

• ()*+ (slope of the 
isoquant) is constant 
as (/* changes.

J =
%∆((/*)
%∆()*+

W

= ∞

• Perfect substitutes
• This production 

function satisfies 
homotheticity. 
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Elasticity of Substitution:
Fixed Proportions Production Function
• Suppose that the production function is

@ , min S", T* 				S, T > 0
• Capital and labor must always be used in a fixed 

ratio (perfect complements)
– No substitution between " and $

– The firm will always operate along a ray where "/$ is 
constant (i.e., at the kink!).

• Because "/$ is constant (T/S), 

J ,
%∆("/$)
%∆()*+

[

, 0
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Elasticity of Substitution:
Fixed Proportions Production Function
• ()*+ , ∞ for $

before the kink of the 
isoquant.

• ()*+ , 0 for $ after 
the kink.

• The change in MRTS is 
infinite (perfect 
complements)

• This production 
function also satisfies 
homotheticity.
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Elasticity of Substitution:
Cobb-Douglas Production Function

• Suppose that the production function is
@ , - ", * = P(U*V				where		P, S, T > 0

(P is sometimes called the “efficiency” parameter)
• This production function can exhibit any returns to 

scale
> C(, C* = P(C()U(C*)V= PCU1V(U*V = CU1V>((, *)
– If S + T = 1 ⟹ constant returns to scale, 

- C", C* = C>((, *)
– If S + T > 1 ⟹ increasing returns to scale

- C", C* > C>((, *)
– If S + T = 1 ⟹ decreasing returns to scale

- C", C* < C>((, *)
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Elasticity of Substitution:
Cobb-Douglas Production Function

• The Cobb-Douglass production function is 
linear in logarithms

ln @ $ ln P + S ln ( + T ln *

– S is the elasticity of output with respect to (

`A, =
$ln	(@)
$ln	(+)

– T is the elasticity of output with respect to -

`A,0 =
$ln	(@)
$ln	(-)
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Elasticity of Substitution:
Cobb-Douglas Production Function

• The elasticity of substitution (J) for the Cobb-
Douglas production function:
– First, 

()*+ =
(=B
(= 

=

3@
3*
3@
3(

=
TP(U*V4R

SP(U4R*V
=
T
S
∙
(
*

– Hence, 

ln	(|()*+|) = ln
T
S

+ ln
(
*
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Elasticity of Substitution:
Cobb-Douglas Production Function

– Solving for ln
 

B
,

ln
(
*

= ln |()*+| − ln
T
S

– Therefore, the elasticity of substitution between (
and * is

J =
1 ln

(
*

1 ln |()*+|
= 1
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Transformations of a degree 1  
homogenous Function

• Assume S = > (, * is homogeneous of degree one, i.e. 
> C(, C* = C> (, * i.e CRS.

• Then define the new production function
a (, * = > (, * b

Then the Returns to Scale (RTS) of this new function
depend on c. Indeed,
a C(, C* = > C(, C* b = C> (, * b = Cb > (, * b

= Cba (, *
That is the new function is homogenous of degree c, 
which also determines the RTS. If c A 1 IRS; if c , 1 CRS; 
if c = 1 DRS.
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Elasticity of Substitution:
CES Production Function

• Suppose that the production function is
@ , - ", * = (d + *d b/d

where e ≤ 1, e ≠ 0, c > 0. Applying what we just said:
– c = 1 ⟹ constant returns to scale
– c > 1 ⟹ increasing returns to scale
– c < 1 ⟹ decreasing returns to scale
This happens because  > (, * = (d + *d R/d is homogeneous of 
degree 1, i.e. > C(, C* = C (d + *d R/d [prove it!]

• Alternative representation of the CES function

> (, * = (
g4R
g + *

g4R
g

g4R
g

where J is the elasticity of substitution.
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Elasticity of Substitution:
CES Production Function

• The elasticity of substitution (J) for the CES 
production function:
– First, 

|()*+| =
(=B
(= 

=

3@
3*
3@
3(

=

c
e (d + *d

b
d4R e*d4R

c
e (d + *d

b
d4R e(d4R

=
*
(

d4R

=
(
*

R4d
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Elasticity of Substitution:
CES Production Function

– Hence, 

ln	(|()*+|) = 1 − e ln
(
*

– Solving for ln  

B
,

ln
(
*

=
1

1 − e
ln |()*+|

– Therefore, the elasticity of substitution between (
and * is

J =
1 ln (

*
1 ln |()*+|

=
1

1 − e
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Elasticity of Substitution:
CES Production Function

• Elasticity of Substitution in German Industries 
(Source: Kemfert, 1998):
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Industry J

Food 0.66

Iron 0.50

Chemicals 0.37

Motor Vehicles 0.10



Elasticity of Substitution

• The elasticity of 
substitution J
between " and $ is 
decreasing in scale 
(i.e., as @ increases).
– @W and @C have very 

high J

– @h and @i have very 
low J
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Elasticity of Substitution

• The elasticity of 
substitution J
between " and $ is 
increasing in scale 
(i.e., as @ increases).
– @W and @C have very 

low J

– @F and @: have very 
high J
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Elasticity of scale

• The elasticity of scale is the elasticity of output 
@ to increasing the scale of production (j), i.e.

kA,l ≡

L- j", j*
> (, *
3j
j

=
3> j(, j*

3j
j

>((, *)
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Relation btw returns to scale and 
elasticity of scale

• We have the production function @ = > *, ( and assume 
that is homogeneous of degree m.

• We take the total differential
1@ = >B1* + > 1(	

• Divide both sides by @
1@
@
=
>B
@
1* +

> 
@
1(	

• Then multiply the first term of the RHS by 
B

B
and the second

term by 
 

 
1@
@
=
>B*
@
1*
*
+
> (
@
1(
(
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Relation btw returns to scale and 
elasticity of scale - II

• Since we are considering a change in scale, all inputs increase by the

same proportion, i.e. 
`B

B
= ` 

 
= `l

l
and substituting in the previous

equation
1@
@
= 		

>B*
@
+
> (
@

1j
j
=
(>B* + > ()

@
1j
j

• But by the Euler’s theorem, if f homogeneous of degree m, then
>B* + > ( = m@

• Thus
`A

A
= n	A	

A

`l

l
= m `l

l
, or 

kA,l ≡

M@
@
Mj
j

, m

• NB. Scale elasticity coincides with the production function degree of 
homogeneity.
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Profit maximisation 


Optimal demand factor in the production we got the optimal factor. 






































































































Profit Maximization
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Profit Maximization

• Assumptions:
– Firms are price takers: the production plans of an 

individual firm do not alter price levels 𝑝 =
𝑝1, 𝑝2, … , 𝑝 ≫ 0.

– The production set satisfies: non-emptiness, 
closedness, and free-disposal (if a production plan 
is in the production set a production plan with 
whose elements are lower than the original is also 
in the production set).
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Profit Maximization: Single Output

max
𝑧≥0

𝑝 ȉ 𝑦 − 𝑤𝑧
s. t. y=f(z)

• where 𝑦 is the output, 𝑧 a vector of inputs, 𝑝 is the output price 
and 𝑤 the vector of input prices, and 𝑦 = 𝑓 𝑧 is a constraint 
given by technology

• By Kunh-Tucker conditions, FOCS are 

𝑝 𝜕𝑓 𝑧∗

𝜕𝑧𝑘
 𝑤𝑘

with complementary slackness (i.e. if 𝑧𝑘>0, condition holds with 
equality)
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Profit Maximization: Single Output
• Note that for any two input, this implies for internal solutions

𝑝 = 𝑤𝑘
𝜕𝑓ሺ𝑦∗ሻ
𝜕𝑧𝑘

for every input 𝑘

Hence, for inputs 𝑧1 and 𝑧2
𝑤1
𝑤2

=
𝜕𝑓ሺ𝑧∗ሻ
𝜕𝑧1

𝜕𝑓ሺ𝑧∗ሻ
𝜕𝑧2

= 𝑀𝑃𝑧1
𝑀𝑃𝑧2

ሺ= |𝑀𝑅𝑇𝑆𝑧1,𝑧2ሺ𝑧
∗ሻ|ሻ

or 
𝑀𝑃𝑧1
𝑤1

=
𝑀𝑃𝑧2
𝑤2

Intuition: Marginal productivity per dollar spent on input  𝑧1 is equal to 
that spent on input 𝑧2.
1- the solution of the PMP gives the optimal unconditional factor 
demands (i.e. unconditional on output level) 
2- by replacing 𝑧1∗ and 𝑧2∗ in the production function we obtain the firm 
supply (i.e. amount of output produced).
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Profit Maximization: Single Output

• Second-order condition (SOC):
• The matrix of second-derivatives of the production 

function is negative semidefinite at the optimal point, 
i.e. Matrix of second derivatives

𝐷2𝑓 𝑧∗ =
𝜕2𝑓 𝑧∗

𝜕𝑥𝜕𝑥
• i.e. Must satisfy h 𝐷2𝑓 𝑧∗ h  0 for all vectors h.
• We generally use globally concave production 

functions (in many inputs) ʹ i.e. the Hessian matrix H 
is negative definite - and the SOC automatically holds. 
So FOCs are sufficient conditions.
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We don’t prove SOC 
usually

It is important to check concavity.



Profit Maximization: Single Output
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• Example: Cobb-Douglas production function
𝑦 = 𝑓 𝑧1, 𝑧2 = 𝐴𝑧1𝛼𝑧2

ఉ

• On your own: 
– Solve PMP (differentiating with respect to 𝑧1and 𝑧2.
– Find optimal input usage 𝑧1ሺ𝑤, 𝑞ሻ and 𝑧2ሺ𝑤, 𝑞ሻ.

• These are referred to as ͞conditional factor demand 
correspondences͟

– Show how demand for inputs depend on input prices, 
and how supply depends on output price.

– Plug them into the production function to obtain the 
the output level when the firm uses its profit-
maximizing input combination. This is firm supply 
function (if solution of PMP is unique)
































































Properties of Profit Function

• Assume that the production set 𝑌 is closed 
and satisfies the free disposal property.
1)  Homog(1) in prices

𝜋 𝜆𝑝 = 𝜆𝜋 𝑝
� Increasing the prices of all inputs and outputs by a 

common factor 𝜆 produces a proportional 
increase in the firm s͛ profits.

𝜋 𝑝 = 𝑝𝑞 − 𝑤1𝑧1 −⋯− 𝑤𝑧
Scaling all prices by a common factor, we obtain

𝜋 𝜆𝑝 = 𝜆𝑝𝑞 − 𝜆𝑤1𝑧1 −⋯− 𝜆𝑤𝑧
= 𝜆 𝑝𝑞 − 𝑤1𝑧1 − ⋯− 𝑤𝑧 = 𝜆𝜋 𝑝
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Remarks on Profit Function

• Remark 1: the profit function is a value 
function, measuring firm profits only for the 
profit-maximizing vector 𝑦∗.
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Properties of Supply Correspondence
(study after cost-minimization)

2) Hotelling’s Lemma: If 𝑦ሺ ҧ𝑝ሻ consists of a 
single point, then 𝜋ሺȉሻ is differentiable at ҧ𝑝. 
Moreover, 𝛻𝑝𝜋 ҧ𝑝 = 𝑦ሺ ҧ𝑝ሻ.
– This is an application of the duality theorem from 

consumer theory.
• If 𝑦ሺȉሻ is a function differentiable at ҧ𝑝, then 
𝐷𝑝𝑦ሺ ҧ𝑝ሻ = 𝐷𝑝2𝜋 ҧ𝑝 is a symmetric and positive 
semidefinite matrix, with 𝐷𝑝𝜋 ҧ𝑝 ҧ𝑝 = 0.
� This is a direct consequence of the law of supply 

;if the good͛s price increases sƵpplǇ increasesͿ.
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Properties of Supply Correspondence

– Since 𝐷𝑝𝜋 ҧ𝑝 ҧ𝑝 = 0, 𝐷𝑝 𝑦ሺ ҧ𝑝ሻ must satisfy:
�Own substitution effects (main diagonal 

elements in 𝐷𝑝𝑦ሺ ҧ𝑝ሻ) are non-negative, i.e.,
𝜕𝑦𝑘ሺ𝑝ሻ
𝜕𝑝𝑘

 0 for all 𝑘

� Cross substitution effects (off diagonal elements 
in 𝐷𝑝𝑦ሺ ҧ𝑝ሻ) are symmetric, i.e.,

𝜕𝑦𝑙ሺ𝑝ሻ
𝜕𝑝𝑘

= 𝜕𝑦𝑘ሺ𝑝ሻ
𝜕𝑝𝑙

for all 𝑙 and 𝑘
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Properties of Supply Correspondence

• 𝜕𝑦𝑘ሺ𝑝ሻ
𝜕𝑝𝑘

 0 , which 

implies that quantities 
and prices move in the 
same direction, 
ሺ𝑝 − 𝑝′ሻሺ𝑦 − 𝑦′ሻ  0
– The law of supply holds!
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Conditional demand factors, now we start cost minimization 













































































Advanced Microeconomic 
Theory

Chapter 4: Cost minimization 
problem (CMP), factor demand 

functions, cost functions
















































Cost Minimization
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Suppose we have not to choose what to produce 
(like government want at least production at 
minimum cost)



Cost Minimization

• We focus on the single output case, where 
– 𝑧 is the input vector
– 𝑓ሺ𝑧ሻ is the production function
– 𝑞 are the units of the (single) output
– 𝑤 ≫ 0 is the vector of input prices

• The cost minimization problem (CMP) is
min
௭≥0

𝑤 ȉ 𝑧
s. t. 𝑓ሺ𝑧ሻ  𝑞
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Cost Minimization

• The optimal vector of input (or factor) choices 
is 𝑧ሺ𝑤, 𝑞ሻ, and is known as the conditional 
factor demand correspondence.
– If single-valued, 𝑧 𝑤, 𝑞 is a function (not a 

correspondence)
– Why ͞conditional͟? Because it represents the 

firm s͛ demand for inputs͕ conditional on reaching 
output level 𝑞.

• The value function of this CMP 𝑐 𝑤, 𝑞 is the 
cost function.
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Cost Minimization
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Cost Minimization
• Graphically,

– For a given isoquant 𝑓 𝑧 ൌ 𝑞, choose the isocost line 
associated with the lowest cost 𝑤 ȉ 𝑧.

– The tangency point is 𝑧 𝑤, 𝑞 .
– The isocost line associated with that combination of 

inputs is
𝑧:𝑤 ȉ 𝑧 ൌ 𝑐 𝑤, 𝑞

where the cost function 𝑐 𝑤, 𝑞 represents the lowest 
cost of producing output level 𝑞 when input prices are 
𝑤.

– Other isocost lines are associated with either: 
• output levels higher than 𝑞 (with costs exceeding 𝑐 𝑤, 𝑞 ), 

or 
• output levels lower than 𝑞 (with costs below 𝑐 𝑤, 𝑞 ).

Advanced Microeconomic Theory 6
















































Cost Minimization

• The Lagrangian of the CMP is
ℒ 𝑧; 𝜆 ൌ 𝑤𝑧  𝜆 𝑞 െ 𝑓 𝑧

• Differentiating with respect to 𝑧

𝑤 െ 𝜆 డሺ௭∗ሻ
డ௭ೖ

 0

(ൌ 0 if interior solution, 𝑧∗)
or in matrix notation

𝑤 െ 𝜆𝛻𝑓ሺ𝑧∗ሻ  0
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We call cost minimization as Dual of profit 
maximisation problem since the FOC are the same 

We should check corner 
solution. Most case we will not 
consider it, so we will have 
equal condition

In which situation 
corner solution will 
be relevant? 
PERFECT 
SUBSTITUTES



Cost Minimization

• From the above FOCs,

𝑤
𝜕𝑓ሺ𝑧∗ሻ
𝜕𝑧

ൌ 𝜆 ฺ
𝑤

𝑤
ൌ

𝜕𝑓 𝑧∗
𝜕𝑧

𝜕𝑓 𝑧∗
𝜕𝑧

ሺൌ 𝑀𝑅𝑇𝑆ሺ𝑧∗ሻሻ

• Alternatively,
𝜕𝑓 𝑧∗
𝜕𝑧
𝑤

ൌ

𝜕𝑓 𝑧∗
𝜕𝑧
𝑤

at the cost-minimizing input combination, the marginal 
product per euro spent on input 𝑘 must be equal that 
of input 𝑙.
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z1

z2
Cost-minimizing, z(w,q)

^ `: ( , )z w z c w q� =
ẑ

Isoprofit line
^ `ˆ ˆ: , where ( , )z w z c c c w q� = !

Cost Minimization
• Sufficiency: If the 

production set is convex (i.e. 
quasi-concave production 
function), then the FOCs are 
also sufficient.

• A non-convex production 
set: 
– The input combinations 

satisfying the FOCs are NOT 
a cost-minimizing input 
combination 𝑧ሺ𝑤, 𝑞ሻ. 

– The cost-minimizing 
combination of inputs 
𝑧ሺ𝑤, 𝑞ሻ occurs at the corner.
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NB. PROFIT IS LIKE THE BUDGET CONSTRAINT IN THE CONSUMER THEORY

We will consider this cases
In this case to reach q0 is the 
corner solution. So we don’t have 
sufficient condition. 



Cost Minimization

• Lagrange multiplier: 𝜆 can be interpreted as the 
cost increase that the firm experiences when it 
needs to produce a higher 𝑞.
– Recall that, generally, the Lagrange multiplier 

represents the variation in the objective function that 
we obtain if we relax the constraint (e.g., wealth in 
UMP, utility level we must reach in the EMP).

• Therefore, 𝝀 is the marginal cost of production: 
the marginal increase in the firm s͛ costs 
(objective function) from producing additional 
output units (i.e. relaxing the 𝑞 constraint).

Advanced Microeconomic Theory 10
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changing q. So this can be also define as marginal cost of production

If you want to demonstrate this we could use the envelope



Properties of Cost Function
(I show some proofs)

• Assume that the production set 𝑌 is closed and satisfies the 
free disposal property.
1) 𝑐ሺ𝑤, 𝑞ሻ is Homog(1) in 𝑤
� That is, increasing all input prices by a common factor 𝜆 yields 

a proportional increase in the minimal costs of production:

𝑐 𝜆𝑤, 𝑞 ൌ 𝜆𝑐ሺ𝑤, 𝑞ሻ
Graphically, the optimal solution (conditional factor demand 
𝑧 𝜆𝑤, 𝑞 ) does not change when all prices change by the 
same proportion (same tangency condition) and the 
constraint does not change. So conditional demand is the 
same. Thus
𝑐 𝜆𝑤, 𝑞 ൌ 𝜆𝑤𝑧 𝜆𝑤, 𝑞 ൌ 𝜆𝑤𝑧 𝑤, 𝑞 ൌ 𝜆 𝑤𝑧 𝑤, 𝑞
ൌ 𝜆𝑐ሺ𝑤, 𝑞ሻ

Advanced Microeconomic Theory 11
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Properties of Cost Function

� An increase in all 
input prices (w1, w2) 
by the same 
proportion λ,
produces a parallel 
downward shift in the 
firm's isocost line.

Advanced Microeconomic Theory 12
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Properties of Cost Function

• Consider w͛ and w͛͛ such that 
𝑤

ᇱᇱ  𝑤
ᇱ and 𝑤

ᇱᇱ  𝑤
ᇱ for every 

𝑘 ് 𝑙. (i.e. price larger for one 
factor and the same for the 
others.

• Let 𝑥ᇱ and 𝑥ᇱ′ be the solutions of 
the CMP with 𝑤ᇱ and 𝑤ᇱ′ , 
respectively. Then by definition of 
cost function 𝑐 𝑤, 𝑞 :

𝑐 𝑤′′, 𝑞 ൌ 𝑤ᇱᇱ𝑧ᇱᇱ  𝑤ᇱ𝑧ᇱᇱ 
𝑤ᇱ𝑧ᇱ  𝑐 𝑤′, 𝑞

Advanced Microeconomic Theory 13

2) 𝑐ሺ𝑤, 𝑞ሻ is non-decreasing in 𝑤 (i.e. cost of each factor).Ms
Price

among

we f

w w ie e
oh Roz

If price of one factor increases, 
then the cost will increases or 
remain the same



Properties of Cost Function

3) 𝑐ሺ𝑤, 𝑞ሻ is non-decreasing in 𝑞.

Advanced Microeconomic Theory 14

z1

z2

f(z)=q1

1( , )z w q

f(z)=q0

0( , )z w q

1

1

( , )c w q
w

0

1

( , )c w q
w

0

2

( , )c w q
w

1

2

( , )c w q
w

• Producing higher output levels implies a 
weakly higher minimal cost of production

• Suppose not͘ Then there exist q͛ ф q͛͛ such 
that ;denote z͛ and z͛͛ the corresponding 
solution to the cost minimization problem)

• 𝑤𝑧ᇱ  𝑤𝑧ᇱᇱ. If the latter inequality is strict 
we have an immediate contradiction of z͛ 
solving the cost minimization problem.

• That is, it must be 𝑤𝑧ᇱ  𝑤𝑧ᇱᇱ (i.e. if q 
increases costs increases or remains the 
same)



Properties of Cost Function

4) 𝑐ሺ𝑤, 𝑞ሻ is concave in w

Advanced Microeconomic Theory 15

• Let ෝ𝑤 ൌ 𝑡𝑤  1 െ 𝑡 𝑤′ with 𝑡 ∈ 0,1 .
• Let ො𝑥 be the solution of the CMP with ෝ𝑤. Then
• 𝑐 ෝ𝑤, 𝑞 ൌ ෝ𝑤ො𝑥 ൌ 𝑡𝑤ො𝑥  1 െ 𝑡 𝑤ᇱ ො𝑥 

𝑡𝑐 𝑤, 𝑞  1 െ 𝑡 𝑐ሺ𝑤ᇱ, 𝑞ሻ
• By the definition of the cost functions, as 𝑤ො𝑥 
𝑐 𝑤, 𝑞 and 𝑤′ො𝑥  𝑐 𝑤′, 𝑞 . 



Properties of Cost Function
• 5) 𝑆ℎ𝑒𝑝ℎ𝑎𝑟𝑑ᇱ𝑠 𝑙𝑒𝑚𝑚𝑎
• If 𝑧 𝑤, 𝑞 is single valued with respect to 𝑤, then c 𝑤, 𝑞 is differentiable with 

respect to 𝑤 and
డ ௪,
డ௪

ൌ 𝑧ሺ𝑤, 𝑞ሻ
In practice you can get the conditional factor demand of 𝑧1 by differentiating the cost 
function with respect to 𝑤1.

Proof. By the constrained Envelope theorem (ET), i.e. ET considering the Lagrangian:
𝑐 𝑤, 𝑞 ൌ 𝑤𝑧 𝑤, 𝑞 െ 𝜆ሺ𝑤, 𝑞ሻሾ𝑓 𝑧 𝑤, 𝑞 െ 𝑞 .

Compute the derivative of this and use the FOC:
డ ௪,
డ௪

ൌ 𝑤 డ௭
డ௪

 𝑧 െ
డఒ
డ௪

𝑓 . െ 𝑞 െ 𝜆 డ
డ௭

డ௭
డ௪

that is 
𝜕𝑐 𝑤, 𝑞
𝜕𝑤

ൌ 𝑧  𝑤 െ 𝜆
𝜕𝑓
𝜕𝑧

𝜕𝑧
𝜕𝑤

െ
𝜕𝜆
𝜕𝑤

𝑓 . െ 𝑞

But second and third terms on the RHS are zero by the FOCs (for an interior optimum).

Advanced Microeconomic Theory 16

Application of

r

w St
uz h sa

SA
zzum



Properties of Conditional Factor 
Demand Correspondence

� That is, increasing input prices 
by the same factor 𝜆 does not 
alter the firm s͛ demand for 
inputs at all,
𝑧 𝜆𝑤, 𝑞 ൌ 𝑧 𝑤, 𝑞 .

Proof: homogeneity of the cost 
function and Shepard s͛ lemma

Advanced Microeconomic Theory 18

z1

z2

z(w,q)=(z1(w,q),z2(w,q))
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f(z)=q
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( , )c w q
w1

( , )c w q
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2

( , )c w q
wO

2

( , )c w q
w

1) 𝑧ሺ𝑤, 𝑞ሻ is Homog(0) in 𝑤.



Properties of Conditional Factor 
Demand Correspondence

2) If the set ሼ
ሽ
𝑧 

0: 𝑓ሺ𝑧ሻ  𝑞 is 
strictly convex, then 
the firm's demand 
correspondence 
𝑧ሺ𝑤, 𝑞ሻ is single 
valued.

Advanced Microeconomic Theory 19

z1

z2

Unique 
z(w,q)

Isoquant 
f(z)=q

^ `0: ( )z f z qt t

Isocost curve

z1

z2

Set of 
z(w,q)

Isoquant 
f(z)=q

Isocost curve

Production function is quasi concave, set 
is strictly convex so solution is unique and 
OPT demand is in the tangency point 



Properties of Conditional Factor 
Demand Correspondence

2) (continued) 
If the set ሼ

ሽ
𝑧 

0: 𝑓ሺ𝑧ሻ  𝑞 is 
weakly convex, then 
the demand 
correspondence 
𝑧ሺ𝑤, 𝑞ሻ is not a 
single-valued, but a 
convex set.
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Properties of Conditional Factor 
Demand Correspondence

3) If 𝑧ሺ𝑤, 𝑞ሻ is differentiable at ഥ𝑤, then 𝐷௪2𝑐 ഥ𝑤, 𝑞 ൌ
𝐷௪𝑧 ഥ𝑤, 𝑞 is a symmetric and negative semidefinite 
matrix, with 𝐷௪𝑧 ഥ𝑤, 𝑞 ȉ ഥ𝑤 ൌ 0.
� Proof͘  Symmetry derives from Shephard s͛ lemma and 

Young s͛ theorem͗ 

� While negative semi-definiteness by concavity in w of 
the cost function.

� 𝐷௪𝑧 ഥ𝑤, 𝑞 is a matrix representing how the firm s͛ 
demand for every input responds to changes in the 
price of such input, or in the price of the other inputs.

Advanced Microeconomic Theory 22

 



Properties of Conditional Factor 
Demand Correspondence

4) Negative semi-definiteness, in turn, entails that
� Own substitution effects are non-positive,

డ௭ೖሺ௪,ሻ
డ௪ೖ

 0 for every input 𝑘

i.e., if the price of input 𝑘 increases͕ the firm s͛ 
factor demand for this input decreases.

� Cross substitution effects are symmetric,
డ௭ೖሺ௪,ሻ

డ௪
ൌ డ௭ሺ௪,ሻ

డ௪ೖ
for all inputs 𝑘 and 𝑙
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Cost Minimization: SE and OE Effects

• Comparative statics of 𝑧ሺ𝑤, 𝑞ሻ: Let us analyze 
the effects of an input price change. Consider 
two inputs, e.g., labor and capital. When the 
price of labor, 𝑤, falls, two effects occur:
– Substitution effect: if output is held constant, 

there will be a tendency for the firm to substitute 
𝑙 for 𝑘.

– Output effect͗ a reduction in firm s͛ costs allows 
the firm to produce larger amounts of output (i.e., 
to reach a higher isoquant), which entails the use 
of more units of both 𝑙 for 𝑘.

Advanced Microeconomic Theory 24



Cost Minimization: SE and OE Effects

• Substitution effect:
– 𝑧0ሺ𝑤, 𝑞ሻ solves CMP at 

the initial prices.
– ↓ in wages  ฺ isocost 

line pivots outwards.
– To reach 𝑞, push the 

new isocost inwards in a 
parallel fashion.

– 𝑧1ሺ𝑤, 𝑞ሻ solves CMP at 
the new input prices 
(for output level 𝑞).

– At 𝑧1ሺ𝑤, 𝑞ሻ, firm uses 
more 𝑙 and less 𝑘.

Advanced Microeconomic Theory 25
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Cost Minimization: SE and OE Effects

• Substitution effect (SE):
– increase in labor 

demand from 𝐿 to 𝐿. 
– same output as before 

the input price change.
• Output effect (OE): 

– increase in labor 
demand from 𝐿 to 𝐿 .

– output level increases, 
total cost is the same 
as before the input 
price change.
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Cost Minimization: Own-Price Effect

• We have two concepts of demand for each 
input. E.g. for labor
– the conditional demand for labor, 𝑙ሺ𝑟, 𝑤, 𝑞ሻ
� 𝑙ሺ𝑟, 𝑤, 𝑞ሻ solves the CMP

– the unconditional demand for labor, 𝑙ሺ𝑝, 𝑟, 𝑤ሻ
� 𝑙ሺ𝑝, 𝑟, 𝑤ሻ solves the PMP
where  𝑤 ൌ 𝑤 (i.e. wage) and 𝑤 ൌ 𝑟 (i.e. interest rate)

• At the profit-maximizing level of output, i.e., 
𝑞ሺ𝑝, 𝑟, 𝑤ሻ, the two must coincide

𝑙 𝑝, 𝑟, 𝑤 ൌ 𝑙 𝑟, 𝑤, 𝑞 ൌ 𝑙ሺ𝑟, 𝑤, 𝑞ሺ𝑝, 𝑟, 𝑤ሻሻAdvanced Microeconomic Theory 27



Cost Minimization: Own-Price Effect

• Differentiating with respect to 𝑤 yields

𝜕𝑙 𝑝, 𝑟, 𝑤
𝜕𝑤

ൌ
𝜕𝑙 𝑟, 𝑤, 𝑞

𝜕𝑤
ௌ𝐸 ሺ−ሻ


𝜕𝑙ሺ𝑟, 𝑤, 𝑞ሻ

𝜕𝑞

ሺ+ሻ

ȉ
ฏ𝜕𝑞
𝜕𝑤

ሺ−ሻ

𝑂𝐸 ሺ−ሻ
்𝐸 ሺ−ሻ
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From negative semi-
definiteness of H of cost 
function
𝐷௪2𝑐 ഥ𝑤, 𝑞 ൌ 𝐷௪𝑧 ഥ𝑤, 𝑞 .
That is nonincreasing
conditional factor demand in
w.

From nondecreasing
conditional factor demand in 
q

From nonincreasing supply 
function in w. 



Formal proof that OE<0
We have to check the sign of 

డሺ,௪,ሻ
డ

డ
డ௪

= డሺ,௪,ሻ
డ

డങഏങ
డ௪

ൌ డሺ,௪,ሻ
డ

డങഏങ
డ௪

ൌ
𝜕𝑙ሺ𝑟, 𝑤, 𝑞ሻ

𝜕𝑞
𝜕2𝜋
𝜕𝑝𝜕𝑤

ൌ
𝜕𝑙 𝑟, 𝑤, 𝑞

𝜕𝑞
𝜕 െ𝑙
𝜕𝑝

ൌ

Then since 𝑙 𝑟, 𝑤, 𝑞 ൌ 𝑙ሺ𝑤, 𝑞ሺ𝑝, 𝑤ሻ at the optimum q, then
డ −
డ

ൌ డ

డ
డ
డ

and

ൌ െ డ ,௪,
డ

2 డ
డ
ൌ െ డ ,௪,

డ

2 డమగ
డడ

Where the first factor is negative and the second positive by
convexity of profit function in p (i.e. profit function semi-
definite positive). Hence OE<0.
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Cost Minimization: Own-Price Effect

• Since 𝑇𝐸  𝑆𝐸, the 
unconditional labor 
demand is flatter 
than the conditional 
labor demand. 

• Both 𝑆𝐸 and 𝑂𝐸 are 
negative.
– Giffen paradox from  

consumer theory 
cannot arise in 
production theory.
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Cost Minimization: Cross-Price Effect

• No definite statement can be made about cross-price (CP) effects.
– A fall in the wage will lead the firm to substitute away from capital.
– The output effect will cause more capital to be demanded as the firm 

expands production.

𝜕𝑘 𝑝, 𝑟, 𝑤
𝜕𝑤

 ்𝐸 + ୭r ሺ−ሻ

ൌ
𝜕𝑘 𝑟, 𝑤, 𝑞

𝜕𝑤
 ௌ𝐸 ሺ+ሻ


𝜕𝑘ሺ𝑟, 𝑤, 𝑞ሻ

𝜕𝑞

ሺ+ሻ

ȉ
ฏ𝜕𝑞
𝜕𝑤

ሺ−ሻ

 𝑂𝐸 ሺ−ሻ
SE (+) because along an isoquant (conditional demand, if w increases I demand less labour, and I have to 
demand more capital to keep q fixed), OE (-) you can do a proof similar to that at p. 29. You end up with:

డሺ,௪,ሻ
డ

డ
డ௪

ൌ -( డ
 ,௪,
డ

డ ,௪,
డ

డమగ
డడ

ሻ ൏ 0

where first two terms on the RHS in parentheses positive by 
conditional factor demands non decreasing in quantity and the third 
by convexity of the profit function in p.
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Cost Minimization: Cross-Price Effect

Example 1:
• The  cross-price OE 

completely offsets the 
െ cross-price SE, 

leading to a positive 
cross-price TE.

• Unconditional capital 
demand negatively 
sloped w.r.t to w (i.e. 
the price of labour)
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Cost Minimization: Cross-Price Effect

• Example 2:
• The  cross-price OE 

only partially offsets 
the െ cross-price SE, 
leading to a negative 
cross-price TE.

• Unconditional capital 
demand positively 
sloped w.r.t to w (i.e. 
the price of labour)
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Properties of Production Function and 
of C and Z

1)  If 𝑓ሺ𝑧ሻ is Homog(1) (i.e., if 𝑓ሺ𝑧ሻ exhibits 
constant returns to scale), then 𝑐ሺ𝑤, 𝑞ሻ and 
𝑧ሺ𝑤, 𝑞ሻ are Homog(1) in 𝑞. [I skip the proofs]
� Intuitively, if 𝑓ሺ𝑧ሻ exhibits CRS, then an 

increase in the output level we seek to reach 
induces an increase of the same proportion 
in the cost function and in the demand for 
inputs. That is, 

𝑐 𝑤, 𝜆𝑞 ൌ 𝜆𝑐ሺ𝑤, 𝑞ሻ
and

𝑧 𝑤, 𝜆𝑞 ൌ 𝜆𝑧ሺ𝑤, 𝑞ሻ
Advanced Microeconomic Theory 34



Properties of Production Function

� 𝜆 ൌ 2 implies that 
demand for inputs 
doubles
𝑧 𝑤, 2𝑞 ൌ 2𝑧ሺ𝑤, 𝑞ሻ

and that minimal costs 
also double
𝑐 𝑤, 2𝑞 ൌ 2𝑐 𝑤, 𝑞

Advanced Microeconomic Theory 35
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Properties of Production Function
2)  If 𝑓ሺ𝑧ሻ is concave, then 𝑐ሺ𝑤, 𝑞ሻ is convex function of 𝑞

(i.e., marginal costs are non-decreasing in 𝑞).
� More compactly, 

𝜕2𝑐ሺ𝑤, 𝑞ሻ
𝜕𝑞𝜕𝑞

 0

or, in other words, marginal costs డሺ௪,ሻ
డ

are 
weakly increasing in 𝑞.
Intuition: if marginal productivity is decreasing, 
then to further increase production (at higher 
levels of 𝑞) requires increasingly more amounts of 
factors, so marginal cost increases.
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Properties of Production Function

2) (continued)
� Firm uses more inputs 

when raising output 
from 𝑞2 to 𝑞ଷ than 
from 𝑞1 to 𝑞2.

� Hence,
𝑐ሺ𝑤, 𝑞ଷሻ െ 𝑐ሺ𝑤, 𝑞2ሻ 
𝑐ሺ𝑤, 𝑞2ሻ െ 𝑐ሺ𝑤, 𝑞1ሻ

� This reflects the 
convexity of the cost 
function 𝑐ሺ𝑤, 𝑞ሻ with 
respect to 𝑞.
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Advanced Microeconomic 
Theory

Chapter 4: Alternative solution of 
PMP, aggregate supply

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Alternative Representation of 
PMP
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FOC of the alternative version of the PMP implies P=MC(q). So the firm's supply 
curve is the locus in which price is equal to the marginal cost, i.e. in practice the 
marginal cost curve, but only for the portion in which P>AC (long run) or P>AVC 
(short run), where AVC are average variable costs (in the short run it makes sense 
to distinguish between variable and fixed costs because some factors are fixed, in 
the long run it doesn't, since all factors are variable). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Alternative Representation of PMP

• Using the cost function 𝑐ሺ𝑤, 𝑞ሻ, we write the 
PMP as follows

max
≥0

𝑝𝑞 െ 𝑐ሺ𝑤, 𝑞ሻ

(NB. Now the choice variable is 𝑞, i.e. the 
quantity of output and not the input quantities 
(i.e. 𝑧).
This is useful if we have information about the 
cost function, but we don͛t know the 
production function 𝒒 ൌ 𝒇 𝒛 .
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After solving the cost minimisation problem we can find the cost function that 
is the value of function problem. So with this value function we can set the 
PMP (profit maximisation problem) in a different way. The profit is the 
difference between revenue and total cost. 
 
It indicates the minimum case of quantity q. 
 
 
The profit is only a function of one variable q so exogenous. 
 
The quantity in such way to maximise profit. We know quantity cannot be 
negative. In this way is useful when we don’t know the production function 
(the function linking input to outputs).  
 
Now to solve this problem we compute the FOC: the derivative of the profit 
function with respect to q. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Alternative Representation of PMP

• Let us now solve this alternative PMP
max
≥0

𝑝𝑞 െ 𝑐ሺ𝑤, 𝑞ሻ

• FOCs for 𝑞∗ to be profit maximizing are

𝑝 െ
𝜕𝑐ሺ𝑤, 𝑞∗ሻ

𝜕𝑞
 0

and in interior solutions

𝑝 െ
𝜕𝑐 𝑤, 𝑞∗

𝜕𝑞
ൌ 0

• That is, at the interior optimum 𝑞∗, price equals 
marginal cost, డ ௪,∗

డ
.
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Now to solve this problem we compute the FOC: the derivative of the profit 
function with respect to q. The derivative of the total revenue it price (which is 
price). 
This derivative should be 0 so optimum price should be equal to the marginal 
cost. 
 
As maximum we should also consider the Second order condition (SOC). 
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Expansion path

Firm s͛ Expansion Path

• The curve shows how 
inputs increase as output 
increases.

• Expansion path is 
positively sloped if both 
𝑘 and 𝑙 are normal
inputs, i.e., 
డሺ௪,ሻ

డ
 0, డ

ሺ௪,ሻ
డ

 0
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• The expansion path is the locus of cost-minimizing 
tangencies. (Analogous to the wealth expansion path 
in consumer theory)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



In the following slide we introduce the concept of the firm expansion path: By 
solving the CMP varying quantity (that are constraint in this CMP problem) we 
can find the optimal combination of factor minimising cost to produce different 
levels of quantity corresponding to the constrain to the CMP. After we have 
found this tangency points (the FOC for CMP is the tangency between the 
isoquant and the isocost line). After findings this points we can link them and 
reobtain a curve that is the firm expansion path. If increasing (this lines have 
positive slope) then both inputs are normal. 
To increase the q produced the firm must an increase quantity of both factors. 
In this case factors are capital and labour. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Firm s͛ Expansion Path

• If the firm s͛ expansion path is a straight line:
– All inputs must increase at a constant proportion as 

firm increases its output.
– The firm s͛ production function exhibits constant 

returns to scale and it is, hence, homothetic.
– If the expansion path is straight and coincides with the 

45-degree line, then the firm increases all inputs by 
the same proportion as output increases.

• The expansion path does not have to be a straight 
line. 
– The use of some inputs may increase faster than 

others as output expands
• Depends on the shape of the isoquants.

Advanced Microeconomic Theory 6

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



However the firm expansion path doesn’t have to be a straight line. 
In case it is the inputs must increase at a constant proportions as firm 
increases its output.  
This means that also the curve (firm expansion path) is homothetic. 
If expansion path is 45° line this mean that not only inputs increase in 
constant proportion but also increase in exactly the same proportion. 
 
We will see that there are cases in which expansion path is not a straight line. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Firm s͛ Expansion Path

• The expansion path does 
not have to be upward 
sloping.
– If the use of an input falls 

as output expands, that 
input is an inferior input.

• 𝑘 is normal
𝜕𝑘ሺ𝑤, 𝑞ሻ

𝜕𝑞
 0

but 𝑙 is inferior (at higher 
levels of output)

𝜕𝑙ሺ𝑤, 𝑞ሻ
𝜕𝑞

൏ 0
Advanced Microeconomic Theory 7

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Let’s take this case in which we have: 
two factor K and L •
isocost line •
Different levels of q. •

 
We obtain a line that first increases and then decreases. As for capital, to 
increase the quantity you have to use more capital. But actual labour is 
normal input up to a certain level of quantity but then for go to q0 to q1 you 
have to decrease the quantity of labour (L). After reaching the level q1, L 
became an inferior input. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Cost and Supply: Single Output

• Let us assume a given vector of input prices ഥ𝑤 ≫
0 (i..e input prices are given). Then, 𝑐ሺഥ𝑤, 𝑞ሻ can 
be reduced to 𝐶ሺ𝑞ሻ. Then, average and marginal 
costs are

𝐴𝐶 𝑞 ൌ ሺሻ


and  𝑀𝐶 ൌ 𝐶′ 𝑞 ൌ డሺሻ
డ

• Hence, the FOCs of the PMP can be expressed as

𝑝  𝐶′ 𝑞 , and in interior solutions 𝑝 ൌ 𝐶′ 𝑞
i.e., all output combinations such that 𝒑 ൌ 𝑪′ 𝒒
are the (optimal) supply correspondence of the 
firm 𝒒 𝒑 .
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Introducing two aspects: Average cost and Marginal cost 
As i said if we consider the cost function then we consider input prices as 
given. In fact, we have over line on w.  
Cost are all function of quantity then we can apply definition of average cost 
which is total cost divided by quantity. 
Marginal cost is the derivative of total cost with respect to quantity.  
In the alternative setting of MP the FOC we can see prices <= marginal cost. 
For Interior solution (at optimal level of quantity) prices = marginal cost.  
 
The equation p = MC is the firm supply curve.  
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Cost and Supply: Single Output

• We showed that the cost function 𝑐ሺ𝑤, 𝑞ሻ is 
homogenous of degree 1 in input prices, 𝑤.
– Can we extend this property to the AC and MC? 

Yes!
– For the average cost function,

𝐴𝐶 𝑡𝑤, 𝑞 ൌ
𝐶ሺ𝑡𝑤, 𝑞ሻ

𝑞
ൌ
𝑡 ȉ 𝐶ሺ𝑤, 𝑞ሻ

𝑞
ൌ 𝑡 ȉ 𝐴𝐶 𝑤, 𝑞

Advanced Microeconomic Theory 10

 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
In some previous lecture we saw that cost function is homogeneous of degree 
1 in the input prices. 
So if you increases all prices by the proportional alpha also the total cost 
increases by the proportional alpha. 
Let’s check whether this property also extend to the average cost and 
Marginal cost. 
 
We have to apply the definitions. 
So average cost is total cost/q. We are multiplying all by t(constant), and 
increases all prices by t the proportional cost will increase by t.  
So this can be rewritten as t which multiply the average cost. 
 
So we prove the AC is homogeneous in input prices if C function is 
homogeneous of degree one in input prices. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Cost and Supply: Single Output

– For the marginal cost function,

𝑀𝐶 𝑡𝑤, 𝑞 ൌ
𝜕𝐶ሺ𝑡𝑤, 𝑞ሻ

𝜕𝑞
ൌ
𝜕ሾ𝑡𝐶 𝑤, 𝑞 ሿ

𝜕𝑞
ൌ
𝑡 ȉ 𝜕𝐶ሺ𝑤, 𝑞ሻ

𝜕𝑞
ൌ 𝑡 ȉ 𝑀𝐶 𝑤, 𝑞
;Isn͛t this result violating Euler s͛ theorem͍ No͊

� The above result states that 𝑐ሺ𝑤, 𝑞ሻ is homog(1) in 
inputs prices, and that 𝑀𝐶 𝑤, 𝑞 ൌ డሺ௪,ሻ

డ
is also 

homog(1) in input prices.
� Euler s͛ theorem would say that͗ If 𝑐ሺ𝑤, 𝑞ሻ is 

homog(1) in inputs prices, then its derivate with 
respect to input prices, డሺ௪,ሻ

డ௪
, must be homog(0). 
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We can do similar check for the marginal cost. We have to compute total 
derivative with respect to q if the cost function is homogeneous of degree one 
we can bring outside the cost function and then we have to compiute the 
derivative with respect to q which is t which multiply the derivative of the cost 
function with respect to q. Which is t that multiply the MC. 
 
So we have proved that if cost function is homogeneous of degree one also 
MC is homogeneous of degree 1.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



TC

Total cost

c

output

Graphical Analysis of Total Cost

• With constant returns 
to scale, total costs are 
proportional to 
output.

𝑇𝐶ሺ𝑞ሻ ൌ 𝑐 ȉ 𝑞
• Hence, 

𝐴𝐶ሺ𝑞ሻ ൌ
𝑇𝐶ሺ𝑞ሻ
𝑞

ൌ 𝑐

𝑀𝐶ሺ𝑞ሻ ൌ
𝜕𝑇𝐶ሺ𝑞ሻ
𝜕𝑞

ൌ 𝑐

ฺ 𝐴𝐶ሺ𝑞ሻ ൌ 𝑀𝐶ሺ𝑞ሻ
Advanced Microeconomic Theory 12

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
Constant return to scale technology with Total cost 
 
Total costs are proportional to outputs so in this case the total cost is a 
straight line starting form origin in. 
TC can be see as c multiply by quantity. 
If you want to double quantity you have to use twice the original input quantity 
so given input prices the total cost will doubled. 
Now we can compute the average cost bu dividing the total cost to q and we 
get c.  
MC is the derivative of TC with respect to q which is against c. 
TC proportional to output is the case of constant return to scale. 
The average cost and MC are the same and constant. 
So graphical representation is an orizonthal line in which TC is straight line 
starting from origin who slope is c that is a cost. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Cost and Supply: Single Output

• Suppose that TC starts out as concave and 
then becomes convex as output increases.
– TC no longer exhibits constant returns to scale.
– One possible explanation for this is that there is a 

third factor of production that is fixed as capital 
and labor usage expands (e.g., entrepreneurial 
skills).

– TC begins rising rapidly after diminishing returns 
set in.

Advanced Microeconomic Theory 13

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
there are also cases in which the cost function is a little bit different so it’s 
more complex. 
TC in which function starts as a concave function at to a point in which 
actually the function changes concavity so in this case it became convex. 
From a certain point( certain level of quantity) 
Imaging we have TC function and we want to draw MC and AC. The average 
cost is the slope of the TC function and if you compute the slope in the portion 
of the total cost function which is concave the slope will be decreasing so this 
means that MC will be decreasing up to the point in which function changes 
concavity. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



TC
TC(q)

B

q

A

C

0 50

$1,500

AC
MC

q0 50

A͛

A͛͛$10

$30

MC(q)

AC(q)

Cost and Supply: Single Output

• TC initially grows very 
rapidly, then becomes 
relatively flat, and for 
high production levels 
increases rapidly again.

• MC is the slope of the 
TC curve.
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From A to C the function became convex and this mean that slope of TC is 
increasing. To compute the slope, we have to take a point and compute the 
tangent of the point and it’s easy to see that the slope of first one is 
increasing. 
What about the AC? To compute the AC we have to take a point in TC and 
connect this to the origin and the AC in this this point will be the slope of this 
line connecting the point of TC to the origin. In this case you can check that 
up to a point the AC will be decreasing up to the point in which the AC is 
tangent to the TC. 
A peculiarity of MC and AC, the MC cuts the AC in the minimum of the AC 
7function. So, the point is the minim in the AC function. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Cost and Supply: Single Output

Advanced Microeconomic Theory 15

AC
MC

q

MC(Q)

AC(Q)

min AC

TC becomes 
flatter

TC becomes 
steeper
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This is actually the zoom of the previous picture. The fact that marginal cost 
crossed the AC in itsminimum this can be proved analytically. 
We want to prove that MC and AC start from the same point, to prove this we 
have to check the limit of the cost MC and AC when q tend to 0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Cost and Supply: Single Output
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• Remark 1: AC=MC at 𝑞 ൌ 0.
– Note that we cannot compute 

𝐴𝐶 0 ൌ
𝑇𝐶 0
0

ൌ
0
0

– We can still apply l͛Hopital s͛ rule

lim
→0

𝐴𝐶ሺ𝑞ሻ ൌ lim
→0

𝑇𝐶ሺ𝑞ሻ
𝑞

ൌ lim
→0

𝜕𝑇𝐶ሺ𝑞ሻ
𝜕𝑞
𝜕𝑞
𝜕𝑞

ൌ lim
→0

𝑀𝐶ሺ𝑞ሻ

– Hence, AC=MC at 𝑞 ൌ 0, i.e., AC(0)=MC(0).

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
What about the AC? Is the TC divided by q and we have to compute the AC in 
0 (when quantity is 0). The TC if q is 0 will be 0, and the denominator will be 0 
too. The limit is undefined, and we have to apply the De l’Hopital’s rule I which 
to compute the AC (which depend to q –> 0 ) we can compute the derivative 
of the numerator and den with respect to q. The der of numerator is the MC 
and the derivative of the denominator is 1. 
So we obtain by using de l’Hopital that the limit of the AC with q tends to 
0 equal to the limit of MC with q tends to 0. 
So this is what we wanted to prove. 
The two curves tend to the same point when q tend to 0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Cost and Supply: Single Output

• Remark 2: When MC<AC, the AC curve 
decreases, and when MC>AC, the AC curve 
increases.
– Intuition: using example of grades
– If the new exam score raises your average grade, it 

must be that such new grade is better than your 
average grade thus far.

– If, in contrast, the new exam score lowers your 
average grade, it must be that such new grade is 
than your average grade thus far. 

Advanced Microeconomic Theory 17

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
Another interest property of the AC that is when MC < AC then AC curve 
decreases and when MC>AC then the AC curve increases. 
If you take the example of grades: to increase the GPA must be that the last 
grade that you got is larger that previous GPA before that exam. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Cost and Supply: Single Output

• Remark 3: AC and MC curves cross (AC=MC) at 
exactly the minimum of the AC curve.
– Let us first find the minimum of the AC curve

𝜕𝐴𝐶ሺ𝑞ሻ
𝜕𝑞

ൌ
𝜕 𝑇𝐶ሺ𝑞ሻ

𝑞
𝜕𝑞

ൌ
𝑞 𝜕𝑇𝐶ሺ𝑞ሻ𝜕𝑞 െ 𝑇𝐶ሺ𝑞ሻ ȉ 1

𝑞2

ൌ
𝑞 ȉ 𝑀𝐶ሺ𝑞ሻ െ 𝑇𝐶ሺ𝑞ሻ

𝑞2
ൌ 0

– The output that minimizes AC must satisfy
1
𝑞
ሺ𝑀𝐶 𝑞 െ

𝑇𝐶 𝑞
𝑞

ሻ ൌ 0 ฺ 𝑀𝐶 𝑞 ൌ
𝑇𝐶 𝑞
𝑞

← 𝐴𝐶 𝑞

– Hence, 𝑀𝐶 ൌ 𝐴𝐶 at the minimum of 𝐴𝐶.
Advanced Microeconomic Theory 18
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Now we are proving what he anticipated before: the MC crosses the AC in the 
minimum of AC. 
To prove this we have to find the min of the AC. 
To do it we check the FOC that is: der of AC with respect to q. After 
computing this we apply the rule of derivative of the ratio. So der TC with 
respect to q is MC. At the end all of that must be equal to 0 (for the FOC). 
Then we collect 1/q and we get in the parentheses the MC – TC/q. Since q 
cannot be equal to 0 (in general) then for the product to be equal to 0 it must 
be the case in which the term in parentheses must be equal to 0. This 
happens when MC is equal to AC. 
So MC = AC. 
We have seen that the FOC for the Min of the AC implies that the MC must be 
equal to AC in its minimum. So MC must crosses AC in the minimum of the 
AC. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



q

-z q

Y

(a) (b) (c)

ˆ( )slope AC q=

ˆ'( )slope C q=

C(q)

q

p

C͛(q)

AC(q)

q̂

Heavy trace 
is supply 

locus q(p)
q̂

z

Cost and Supply: Single Output

• Decreasing returns to scale:
– an increase in the use of inputs produces a less-than-

proportional increase in output.
� production set is strictly convex
� TC function is convex
� MC and AC are increasing
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Now we check other cases and examples of Cost functions: this is an 
example of a cost function that is convex. In particular, this correspond to the 
case of a production that has decreasing return to scale. So the cost function 
corresponding to a production function that has decreasing RTC is convex. 
Then, given the TC we can also draw the MC and AC. MC is the slope of the 
convex cost function (TC) so the MC will be increasing since the cost function 
is convex. 
We can also compute the AC: it is the slope of the segment connecting each 
point in the cost unction to the original and in these points the MC is larger 
than the AC. This happened for all points of the convex cost function: this 
implies that AC will always lie below the MC function. 
If AC increasing the MC must be always larger than AC 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



q

-z q

Y

(a) (b) (c)

C(q)

q

p

AC(q) = C͛(q)

q(p)

No sales for p < MC(q)

Cost and Supply: Single Output

• Constant returns to scale:
– an increase in input usage produces a proportional 

increase in output.
� production set is weakly convex
� linear TC function
� constant AC and MC functions
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This is a case of CRT production function and in this case if you increase all 
input by the same proportion also output increase by the proportion which 
implies that the cost function is linear and is a straight line from the origin. In 
this case the AC and MC are constant and correspond to the slope of the TC. 
So AC = MC and they are constant.  
Also, is important to notice that if the price is below to the MC we know that 
the FOC is the price = MC. If prices below to the MC actually the firm supply 
is 0 quantity.   
If prices is below MC the firm do not produce  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



q

-z q

Y

(a) (b) (c)

C(q)

q

p

q(p)

C͛(q)
AC(q)

Cost and Supply: Single Output

• Increasing returns to scale: 
– an increase in input usage can lead to a more-than-

proportional increase in output.
� production set is non-convex
� TC curve first increases, then becomes almost flat, and then 

increases rapidly again as output is increased further.
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This is actually the case that we already see in which the TC has complex 
shape so before the cost function is concave and then became convex. So 
shape of the MC and AC is the ones that we already seen before.   
The only thing to remember is the following: as in the case that we have just 
seen the supply function is given by the quantity between MC and the price. 
The only relevant part of the MC curve (which represent the firm supply)  for 
the firm is the portion of the MC which is above (sopra) AC. So this means 
that for the prices above the MC the firm will not produce. This means that 
supply curve has spike corresponding to 0.   
When price is above the AC, then the relevant portion of the MC function 
(which represent the firm supply) is 1.  
Firm supply curve is the MC curve lieing above the AC curve.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Cost and Supply: Single Output

• Let us analyze the presence of non-convexities
in the production set 𝑌 arising from:
– Fixed set-up costs, 𝐾 (is not capital here, are fixed 

costs͙Ϳ͕ that are non-sunk

𝐶 𝑞 ൌ 𝐾  𝐶௩ 𝑞

where 𝐶௩ሺ𝑞ሻ denotes variable costs
• with strictly convex variable costs
• with linear variable costs

– Fixed set-up costs that are sunk
• Cost function is convex, and hence FOCs are sufficient
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We may also have cases in which the firm have a cost that are fixed: cost that 
does not depend on quantity produced. So this is an example of TC in which 
we have two term (K and Cv(q) ) in which one does not depend on quantity 
( i.e. K ) and the second is the variable cost (with v index) which depend on q.  
Also, fixed cost can be sunk or not sunk.   
Not sunk cost are cost you can recover even when you are not producing. 
Imaging you buy a licence to produce a given good in a case you produce a 0 
quantity which is the case in which you closed the activity, you can sell back 
your license and recover the value of the licence and in this case are not sunk 
fixed cost. Imaging the government deleted the mandatory needs for that 
license, in this case the cost can be sunk.   
Sunk cost (costi non recuperabili)  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Cost and Supply: Single Output
• CRS technology and fixed (non-sunk) costs:
• Example: 𝐶 𝑞 ൌ 𝐾  𝑐𝑞
• If 𝑞 ൌ 0, then 𝐶 𝑞 ൌ 0, i.e., firm can recover 𝐾 if it shuts 

down its operation.
– MC is constant:  𝑀𝐶 ൌ 𝐶′ 𝑞 ൌ 𝐶௩ᇱ 𝑞 ൌ 𝑐
– AC lies above MC:  𝐴𝐶 𝑞 ൌ ሺሻ


ൌ 


 ௩ 


ൌ 


 𝑐
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So, let’s start from the example of a C function including fixed non-sunk cost 
(K). This is an example in which the fixed cost is K and the variable cost is 
linear in quantity. So, in this case since the costs are not sunk if the firm 
produce 0 (q = 0 ) then the cost is 0. While, the MC is constant that is the 
derivative of TC with respect to q (that is c) but also the der of the variable 
cost that is the der of cq that is c. der of variable cost are both equal to c 
because variable cost is linear in q.  
To compute AC we have to divide the TC by q which is k/q + Cv/q which is 
equal to k/q + c.  
When k goes to infinity (when firm produce a large quantity) the first term to 0 
and when q became very large the AC will tend to the MC that is c.  
AC is decreasing in q and when q tends to infinity this term became very close 
to 0 so K / q became very close to 0 and AC tends to c (which is equal to MC).  
If the firm supply given by p and MC since AC is always above the MC the 
firm will never produce so the firm supply will have a spike in correspond to 0.  
The idea is that when the price is lower than the AC is not convenient for the 
firm to produce because for each unit that the firm produce will bring to have: 
loss = prices – AC.  
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Cost and Supply: Single Output
• DRS technology and fixed (non-sunk) costs:

– MC is positive and increasing in 𝑞, and hence the slope of the TC 
curve increases in 𝑞.

– in the decreasing portion of the AC curve, FC is spread over 
larger 𝑞.

– in the increasing portion of the AC curve, larger average VC 
offsets the lower average FC and, hence, total average cost 
increases.

Advanced Microeconomic Theory 24

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

A

O



 
This is another example in which again we have DRS with fixed non-sunk 
costs. So now the cost function is not linear but is convex which is the case of 
DRT technology and again we have non sunk cost.   
We can apply the same kind of reasoning and we know that if Cost function is 
convex the MC will be always increasing. However, the MC will cut the AC in 
its minimum ( that is the point in which - - - line crossed).  
Again, from supply the relevant bit of the firm supply are the increasing bit for 
prices larger that minimum of AC  and in this bit that is the spike that tends to 
0 when price is below the minimum of the AC curve.  
[Second graph] You can find the shape of a larger cost just comparing for 
each point the slope of the AC that is the slope of the segment connecting the 
point in the TC with the origin and the slope of the TC function in that point 
that is the MC. In this point the MC is lower than the AC. That is for instance 
all points to the left of this quantity.  
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Cost and Supply: Single Output
• DRS technology and sunk costs:
• For instance: 𝐶 𝑞 ൌ 𝐾  𝑐𝑞2

– TC curve originates at 𝐾, given that the firm must incur 
fixed sunk cost 𝐾 even if it chooses 𝑞 ൌ 0.

– supply locus considers the entire MC curve and not only 𝑞
for which MC>AC.
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Another example in which we have DRS and sunk cost.  
We have a convex cost function, but we have fixed cost that are sunk.  
The things change a little bit in this case since we have a different firm supply. 
The MC will be always increasing because TC is convex and will crosses in 
the minimum of AC. Now what happens is that if you compute the Average 
variable cost  
AvC = c q^2 / q = c q  
MC = 2 cq   
You see that the MC is always above the AvC [that is the - - - curve in the 3° 
graph]  
All bit of supply curve are all portions of the MC function.  
So, to sums up:  
- The firm supply curve is: P = MC —> only for portion in which the MC lies 
above to the AvC (i.e MC > AvC).  
If you go back to the previous example you can check that this condition 
always holds.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Short-Run Total Cost

• In the short run, the firm generally incurs 
higher costs than in the long run. In the short 
run some factors are fixed.
– The firm does not have the flexibility of choosing 

all inputs (there are fixed inputs).
– To vary its output in the short-run, the firm must 

use non-optimal input combinations
– The 𝑴𝑹𝑻𝑺 will not be equal to the ratio of input 

prices.
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When some inputs fixed this depend on the time horizon we are considering. 
So, if you consider short time horizon the firm are not able to change the 
quantity of some inputs and we define this time horizon as short run.  
While, the long run as the time horizon in which the firm can change the 
quantity of all factors and then this means that all factors are variable.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Short-Run vs Long-Run Total Cost

• In the short-run 
– capital is fixed at ഥ𝐾
– the firm cannot 

equate 𝑀𝑅𝑇𝑆 with 
the ratio of input 
prices.

• In the long-run
– Firm can choose 

input vector 𝐴, which 
is a cost-minimizing 
input combination.
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So a thing to keep in mind is that the long run TC, that Is the cost in which the 
firm has the freedom to choose the Optimal quantity of all factors is always 
equal or lower than the short run TC.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Short-Run vs Long-Run Total Cost

• 𝑞 ൌ 1 million units
– Firm chooses ሺ𝑘1, 𝑙1ሻ

both in the long run 
and in the short run 
when 𝑘 ൌ 𝑘1. 

• 𝑞 ൌ 2 million units
– Short-run (point B): 
� 𝑘 ൌ 𝑘1 does not allow 

the firm to minimize 
costs. 

– Long-run (point C):
� firm can choose cost-

minimizing input 
combination.
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Consider the following situation: the firm has to solve the CMP so we have 
different level of quantities, the optimal condition in the case of inferior 
solution is the tangency point between the isoquant and isocost. So A and C 
will be the optimal solution in the long run and the lie in the expansion path.   
Imaging that now the short run cannot change the Optimal quantity of capital, 
but at the same time the firm want to increase the production from Q = 1 to Q 
= 2. In this case the firm cannot choose the Optimal combination C as to 
choose the Optimal short run combination that is in the point B. The 
combination in point B lies on  an isocost that is above the isocost where C is 
located.  
So this means that when the firm can choose the Optimal quantity of all 
factors, cost will be generally lower in respect in which the firm is constraint in 
some factors(this happen in the short run that can be 1 year for example).  
Labour is a variable cost in the short run (you can hire new workers) but if you 
have to set up a new building this will takes sometimes.  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Short-Run vs Long-Run Total Cost

• The difference 
between long-run, 
𝑇𝐶ሺ𝑞ሻ, and short-run, 
𝑆𝑇𝐶ሺ𝑞ሻ, total costs 
when capital is fixed at 
𝑘 ൌ 𝑘1.

• (the two curves are 
tangent when 𝑘1 is the 
optimal demand for 
capital to produce Q=1 
million)
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This can be also represented in a graphic in which we have short run total 
cost (STC) and long run total cost (TC).  
When one of the factors is constraint (like K is constrain to the quantity).  
STC lies above the long-run TC and they touch in one point (point A) and 
there is the point in which the optimal input quantity to produce one million is 
k1. It happens that the amount of k in which you are constraint is the Optimal 
amount that is required to produce one million also in the long run. In point A 
long-run TC and STC are the same.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Short-Run vs Long-Run Total Cost

• The long-run total 
cost curve 𝑇𝐶ሺ𝑞ሻ can 
be derived by varying 
the level of 𝑘.

• Short-run total cost 
curves 𝑆𝑇𝐶ሺ𝑞ሻ lies 
above long-run total 
cost 𝑇𝐶ሺ𝑞ሻ. 
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The fact that STC is always above the 
long run and they touch in one point. 



Short-Run vs Long-Run Total Cost

• Summary:
– In the long run, the firm can modify the values of 

all inputs.
– In the short run, in contrast, the firm can only 

modify some inputs (e.g., labor, but not capital), 
i.e. the variable inputs.
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Short-Run vs Long-Run Total Cost

• Example: Short- and long-run curves
– In the long run, 

𝐶 𝑞 ൌ ഥ𝑤1𝑧1  ഥ𝑤2𝑧2
where both input 1 and 2 are variable.

– In the short run, input 2 is fixed at ҧ𝑧2, and thus
𝐶 𝑞| ҧ𝑧2 ൌ ഥ𝑤1𝑧1  ഥ𝑤2 ҧ𝑧2

• This implies that the only input that the firm can modify 
is input 1.

• The firm chooses 𝑧1 such that production reaches 
output level 𝑞, i.e., 𝑓ሺ𝑧1, ҧ𝑧2ሻ ൌ 𝑞.
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The long run cost function is the lower envelope of the STC.  
If we want to define the STC we can start from the long run in which inputs 
are variable while w1 and w2 are the cost of the two inputs that are given (w 
barrate).  
In the short run we are constrain in a given quantity of the two factors (so one 
is fixed) like z2. We define a cost function conditional on Z2 = _Z2 (_ è 
barrato) so w2 _z2 became a fixed cost since doesn’t not vary on the quantity.  
Only choice variable is z1 for this problem  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Short-Run vs Long-Run Total Cost

• Example (continued):
– When the demand for input 2 is at its long-run 

value, i.e., 𝑧2ሺ𝑤, 𝑞ሻ, then

𝐶 𝑞 ൌ 𝐶ሺ𝑞|𝑧2ሺ𝑤, 𝑞ሻሻ for every 𝑞
and also

𝐶′ 𝑞 ൌ 𝐶′ሺ𝑞|𝑧2ሺ𝑤, 𝑞ሻሻ for every 𝑞 (*)
i.e., values and slopes of long- and short-run cost 
functions coincide. 

– Long- and short-run curves are tangent  (*) at 
𝑧2ሺ𝑤, 𝑞ሻ. Advanced Microeconomic Theory 33
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If the value of z2 to which our constraint is the long run optimal value to 
produce the quantity q then we will have this equality which mean that the 
long rung cost function and short cost function are equal.  
We can compute derivative with respect to q and the two things must holds. 
So, slope of the long-run CT is equal to the slope of the short-run CT. Long 
and short run cost curve are tangent at the quantity z2 when z2 is the optimal 
long run input demand for producing the quantity q.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Short-Run vs Long-Run Total Cost

• Example (continued): 
– Since

𝐶ሺ𝑞ሻ  𝐶ሺ𝑞|𝑧2ሻ for any given 𝑧2,

then the long-run cost curve 𝐶 𝑞 is the lower 
envelope of the short-run cost curves, 𝐶ሺ𝑞|𝑧2ሻ.
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By gathering these two conditions that short cost run is 
higher than the long run expect for being equal to the 
latter in one point. We define the long run cost as the 
lower envelope of the short run curve.



Aggregation in Production
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The aggregation in production and 1° and 2° fundamental theorem of welfare 
economics.  
As to aggregating production he will explain in a different way to the book.  
Imagine we have J firm in the economy. From 1 to J.  
 
 
 
 
 
 
For each of this firm we have seen that PMP imply maximise profit with 
respect to the quantity produced by the firm. Profit change are equal to Prices 
multiply by qj minus the cost function that depend on the quantity qj. -- c(qj).  
 
 
FOC the derivative of the profit with respect to qj = p – der C /qj = 0 so P = 
MC 
 
 
 
  
 
Social plan: can be the government that want to maximise total profits that is 
the overall profit in the economy. This mean the profit function became the 
summation all firm profits and can be written as p q1 – c(q1) + pq2 – c(q2) … 
pqj – c(qj) 
 
 
 
  
If we solve the problem of social planner, is easily to check if we have j FOC 
of the following form:  
P – der C(q1)/ der q1 = 0 … p – der C(qj) / der qj = 0 
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We will see the very same FOC for the individual firm profit maximisation 
problem. Is like you can decompose the social planner problem in a single 
maximization problem of the individual firm.  
 
 
 
 
Since this condition are the same, this mean that the optimal quantity that 
max profit will be the same when the individual firm decides and when the 
social planner decides.   
  
This is an interesting result: it implies that if firm decides qj to maximise their 
profits. So if we let firm to the decides to max their profits will also imply 
maximisation of total profit in the economy.  
This is so called decentralisation result 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Firm decides independently to max the profit we will obtain the same result of 
social planner that decided what firm produce to maximise not individual firm 
profit but total profits. 
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To obtain the aggregate supply Y we will have to sum the individual firm 
supply that depends on the input and output prices  
 
 
 
 
 
Important notice is that aggregate supply depends on prices.  
We have seen that if p increases the firm supply increases and this will also 
imply that if p increase also the aggregate supply increase. Obvious because 
if each of this firm supply increases then also the summation of the all 
individual supply will increases.   
So Law of supply holds also for aggregate supply: If prices increases the 
supply increase.  
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Aggregation in Production

• Let us analyze under which conditions the 
͞law of supply͟ holds at the aggregate level 
(i.e. if p increases firm supply increases)

• An aggregate production function maps 
aggregate inputs into aggregate outputs
– In other words, it describes the maximum level of 

output that can be obtained if the inputs are 
efficiently used in the production process.
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Aggregation in Production

• Consider 𝐽 firms, with production sets 𝑌1, 𝑌2, … , 𝑌.
• Each 𝑌 is non-empty, closed, and satisfies the free 

disposal property.
• Assume also that every supply correspondence 𝑦ሺ𝑝ሻ is 

single valued, and differentiable in prices, 𝑝 ≫ 0.
• Define the aggregate supply correspondence as the 

sum of the individual supply correspondences

𝑦 𝑝 ൌ
=1


𝑦 𝑝 ൌ 𝑦 ∈ ℝ: 𝑦 ൌ

=1


𝑦 𝑝

where 𝑦 ∈ 𝑦ሺ𝑝ሻ for 𝑗 ൌ 1,2, … , 𝐽.
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Aggregation in Production

• The law of supply is satisfied at the aggregate 
level.

• Two ways to check it:
1) Using the derivative of every firm s͛ supply 

correspondence with respect to prices, 𝐷𝑦 𝑝 .
– 𝐷𝑦 𝑝 is a symmetric positive semidefinite 

matrix, for every firm 𝑗. 
– Since this property is preserved under 

addition, then 𝐷𝑦 𝑝 must also define a 
symmetric positive semidefinite matrix.

Advanced Microeconomic Theory 38

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Aggregation in Production

2) Using a revealed preference argument.
– For every firm 𝑗,

𝑝 െ 𝑝′ ȉ 𝑦 𝑝 െ 𝑦 𝑝′  0

– Adding over 𝑗,
𝑝 െ 𝑝′ ȉ 𝑦 𝑝 െ 𝑦 𝑝′  0

– This implies that market prices and aggregate 
supply move in the same direction 
� the law of supply holds at the aggregate level!
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Aggregation in Production

• Is there a ͞representative producer͍͟
– Let 𝑌 be the aggregate production set,

𝑌 ൌ 𝑌1  𝑌2. . . 𝑌 ൌ 𝑦 ∈ ℝ: 𝑦 ൌ
=1


𝑦

for some 𝑦 ∈ 𝑌 and 𝑗 ൌ 1,2, … , 𝐽.
– Note that 𝑦 ൌ σ=1

 𝑦 , where every 𝑦 is just a 
feasible production plan of firm 𝑗, but not necessarily 
firm 𝑗 s͛ supply correspondence 𝑦ሺ𝑝ሻ.

– Let 𝜋∗ሺ𝑝ሻ be the profit function for the aggregate 
production set 𝑌.

– Let 𝑦∗ሺ𝑝ሻ be the supply correspondence for the 
aggregate production set 𝑌.
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Aggregation in Production

• Is there a ͞representative producer͍͟
– Then, there exists a representative producer: 

• Producing an aggregate supply 𝑦∗ሺ𝑝ሻ that exactly coincides 
with the sum σ=1

 𝑦 𝑝 ; and 
• Obtaining aggregate profits 𝜋∗ሺ𝑝ሻ that exactly coincide with 

the sum σ=1
 𝜋 ሺ𝑝ሻ. 

– Intuition: The aggregate profit obtained by each firm 
maximizing its profits separately (taking prices as 
given) is the same as that which would be obtained if 
all firms were to coordinate their actions (i.e., 𝑦 s͛Ϳ in 
a joint PMP (decentralization result)
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Aggregation in Production

• Is there a ͞representative producer͍͟
– It is a ͞decentraliǌation͟ result͗ to find the solution 

of the joint PMP for given prices 𝑝, it is enough to 
͞let each individual firm maximiǌe its own profits͟ 
and add the solutions of their individual PMPs.

– Key: price taking assumption
• This result does not hold if firms have market power. 
• Example: oligopoly markets where firms compete in 

quantities (a la Cournot).

Advanced Microeconomic Theory 42

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



First FTWE

• First Fundamental Theorem of  Welfare 
Economics:

If a production plan 𝑦 ∈ 𝑌 is profit 
maximising for a price vector 𝑝 ≫ 0, then
𝑦 must be efficient.

A production plan 𝑦 is efficient when there is no 
other feasible production plan 𝑦͛ producing
more output with the same amount of inputs 
(or producing the same output with less inputs)
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The other important things are: First fundamental theorem of welfare 
economics (1° FTWE) and second fundamental theorem of welfare 
economics (2° FTWE).  
The FTWE: if a production plan y that belongs to the production set is profit 
maximising for a price vector p, then y must be efficient.  
We have to define first what is a efficient production plan:   
we have seen that the production plan in efficient if there is not other feasible 
production plan y’ which allows the firm to produce more output with the same 
amount of inputs.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



First FTWE

• Proof (by contradiction). Suppose 𝑦 ∈ 𝑌 is profic
maximizing, i.e. 𝑝𝑦  𝑝𝑦′ for any other 𝑦ᇱ ∈ 𝑌, 
different from 𝑦, but that it is not efficient. Then
there must be a production plan 𝑦ᇱ ∈ 𝑌 such that
𝑦ᇱ  𝑦 (i.e. it allows to produce more). However, 
multiplying both sides by 𝑝, we get 𝑝𝑦ᇱ  𝑝𝑦.
Then 𝑦 cannot be profit maximising. We reached
a contradiction. So 𝑦 must be efficient.

• Hint: Remember 𝑝𝑦 ൌ 𝑝𝑞 െ w1z1 െ w2z2 െ ⋯
• Where q is the output
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This can be proved by contradiction.   
Suppose we have production plan y that is profit maximise ( product between 
p and y must be greater or equal to (any othe production plan y’) p*y’. p * y 
are profits: p is the vector including the prices of the goods but also the 
negative inputs prices. Not only p*q but also include w-1, w-2 up to the price 
of the last input. If you take the product between this two vector we will obtain 
the profit. We assume that this vector is not efficient. If not efficient there must 
be another production plan y’ such this production plan allows to produce 
more of the same of y.  
We can multiply by vector p in both side and we got py’ >= py. So we obtain a 
contradiction with respect to the initial condition that stated that py >= py’.  
Since we reached the contradiction this must be the case of production y is 
efficient.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Second FTWE

• Second Fundamental Theorem of  Welfare 
Economics:

If a production set 𝑌 is convex, then every 
efficient production plan plan 𝑦 ∈ 𝑌 is a 
profit-maximising production plan, for 
some non-zero price vector 𝑝  0.

(Proof in the book, not necessary)

Advanced Microeconomic Theory 45

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Another theorem FTWE we introduce the 2° FTWE: if the production set y is 
convex then every efficient production plan y is a profit-maximising production 
plan for some non zero price vector(p >=0 ). In this case price vector can also 
contains some zero, but the important thing is that not all prices can be equal 
to 0.   
NO PROOF for this 

😊

    



Advanced Microeconomic 
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Chapter 6: Partial Equilibrium

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
To note:  
1) Firm supply in the short run: Marginal cost curve above the Average 
Variable Costs (AVC) curve (the reason is that as long as P>AVC, by 
producing you will lower the firm losses even if P<ATC, indeed profits=(P-
ATC)q, but ATC=AVC+AFC, and AFC*q=FC, where AFC are average fixed 
costs, so profits=(P-AVC)q-FC and if P>AVC then (P-AVC)q>0. Thus by 
producing q>0 you will cut a bit losses that are maximum when q=0 since 
profits=-FC)  
2) Firm supply in the long run: In the long run, we have no FC, so AVC=ATC 
and we can only consider ATC. While in the short run there might be positive 
profits, in the long run firm entry will shift aggregate supply to the right up to 
the point in which the equilibrium price becomes equal to the minimum of the 
ATC, so P*=Min(ATC). The long-run firm supply is infinitely elastic (i.e. 
horizontal) at the price level P=Min(ATC). Note that in Perfect Competition 
there are no barriers to firm entry.  
3) Demand for the individual firm is infinitely elastic, i.e. horizontal at the 
market equilibrium price. Intuition, the firm can sell any amount at the market 
equilibrium price. 
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Partial Equilibrium Analysis

• In a competitive equilibrium (CE), all agents must 
select an optimal allocation given their resources: 
– Firms choose profit-maximizing production plans 

given their technology;
– Consumers choose utility-maximizing bundles given 

their budget constraint. 

• A competitive equilibrium allocation will emerge 
at a price that makes consumers’ purchasing 
plans coincide with the firms’ production 
decision.
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First of all we have to define what partial equilibrium is: 
In a competitive equilibrium (CE) since we are considering perfect competition 
all agent must select an optimum allocation given their results. 
We have seen firms solving PMP so selection profit maximise the production 
plan with constrain given by available techlogies while consumer choose utilty 
maximising bundle of goods given their budget constrain. 
In this situation CE is an allocation of goods amount consumers and 
producers making consumer purchasing plains coinciding with firms 
production decision. 
So this mean that the amount produce buy firms must be exactly equal to the 
amount consumer intend to buy. 
 
Start with Firms problem   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis

• Firm: 
– Given the price vector 𝑝∗, firm 𝑗’s equilibrium 

output level 𝑞𝑗∗ must solve
max
𝑞𝑗≥0

𝑝∗𝑞𝑗 − 𝑐𝑗ሺ𝑞𝑗ሻ

which yields the FOC:
𝑝∗ ≤ 𝑐𝑗ᇱሺ𝑞𝑗∗ሻ, with equality if 𝑞𝑗∗ > 0

– That is, every firm 𝑗 produces until the point in 
which its marginal cost, 𝑐𝑗ᇱሺ𝑞𝑗∗ሻ, coincides with the 
current market price.
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Start with Firms problem Given price vector p*, which is the competitive 
equilibrium. Firms have to maximise their profit so we write profit function as 
usual: is given by total revenue - total cost. 
Since we are considering the individual firm, all quantity are indexed by j and 
also the Cost indexed by j since firms may have different cost functions. 
Quantity cannot be negative. 
At the optimum the price must be smaller or equal that the marginal cost. 
This inequality holds with equal sign if the solution is an interior solution (so 
quantity is positive). 
At the opt firms produce at the point price is equal to the marginal cost.  
Price we are considering is the price of the equilibrium. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis

• Consumers:
– Consider a quasilinear utility function

𝑢𝑖 𝑚𝑖, 𝑥𝑖 = 𝑚𝑖 + 𝜙𝑖ሺ𝑥𝑖ሻ

where 𝑚𝑖 denotes the numeraire (i.e. all income 
spent in other goods, except 𝑥𝑖), and 𝜙𝑖

ᇱ 𝑥𝑖 > 0, 
𝜙𝑖
ᇱᇱ 𝑥𝑖 < 0 for all 𝑥𝑖 > 0 (𝜙𝑖 increasing and 

concave)

– Normalizing, 𝜙𝑖 0 = 0. Recall that with 
quasilinear utility functions, the wealth effects for 
all non-numeraire commodities are zero. 

Advanced Microeconomic Theory 5

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
Now we consider a consumer optimisation maximisation problem and we take 
as example the quasi linear function. 
Utility of individual i depends on the mi (amount of income spent on all the other 
goods expect for good x) and also utility depends on good x. 
 
Function is quasi linear because is linear with one of the two goods but in this case 
is linear in the m good that are also define as the numeraire because are define in 
term of income and not unit of goods that are consumed by the individual excluding 
the good xi. 
We also assume for convenience that the function FI is increasing (1° der positive) 
and concave (2° der is negative) for all values of Xi. Also we assume that when xi = 
0 the utilty that comes from Xi is equal to 0.  
 
Numeraire: in mathematical economics it is a tradable economic entity in 
terms of whose price the relative prices of all other tradables are expressed 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis
– Consumer 𝑖’s UMP is

max
𝑚𝑖∈ℝ+, 𝑥𝑖∈ℝ+

𝑚𝑖 + 𝜙𝑖ሺ𝑥𝑖ሻ

s. t. 𝑚𝑖 + 𝑝∗𝑥𝑖
୭ta୪ ex୮end.

≤ 𝑤𝑖 + σ𝑗=1
𝐽 𝜃𝑖𝑗ሺ𝑝∗𝑞𝑗∗ − 𝑐𝑗ሺ𝑞𝑗∗ሻ

r୭its

ሻ

୭ta୪ res୭୳rces ሺend୭୵ment+୮r୭itsሻ

– 𝜃𝑖𝑗 share of firm j owned by consumer i. σ𝑖
ூ 𝜃𝑖𝑗 = 1.

– The budget constraint must hold with equality (by  Walras’ lawͿ. 
Hence,

𝑚𝑖 = −𝑝∗𝑥𝑖 + 𝑤𝑖 +
𝑗=1

𝐽
𝜃𝑖𝑗 𝑝∗𝑞𝑗∗ − 𝑐𝑗ሺ𝑞𝑗∗ሻ

NB. I skipped the labor supply model, but we are assuming that the 
individual devotes all her time endowment (normalized to one) to 
working in the market (so as labor income is 𝑤𝑖 ∗ 1).
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Given this utility function we can set up the consumer utility maximisation 
problem so the consumer has to choice the optimal value of the inputs mi and 
xi and maximising the value of utility subjected to the budget constrain. 
So by considering the Partial equilibrium analysis the Budget constraint is 
considered in another way: On the left hand side we have the total 
expenditure that is equal to mi: that is income spent for all the other good 
expect xi + total expenditure that the consumer will be able to by the goods xi 
(price of xi * quantity). 
On the right hand side we have income defined by wi + profits. We know this 
are profit since we have the difference between total revenue and Total costs 
for firm j. While thetaij can be interpret as the share of firm j posses by the 
consumer i. We assume that workers get income from too many resources 
from labour but also from firms. So we assume that they own some fraction of 
the firms (is like holding some stock of the firms).  
If we sum all share across individual: share of firm j possesses by all I 
consumer they have to sum to 1. 
By walras law we know that at the optimal the budget constrain will hold with 
equality and we can rewrite budged constrain with equal sign and if we do that  
we can isolate mi in the left hand side.  
Mi = total revenue + income of the consumer 
So after having done this we can replace mi in the utility function. 
Mi in the utility function we get problem in only one variable that is xi.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis

– Substituting the budget constraint into the objective 
function,

max
𝑥𝑖∈ℝ+

𝜙𝑖 𝑥𝑖 − 𝑝∗𝑥𝑖 +

𝑤𝑖 + σ𝑗=1
𝐽 𝜃𝑖𝑗 𝑝∗𝑞𝑗∗ − 𝑐𝑗ሺ𝑞𝑗∗ሻ

– FOCs wrt 𝑥𝑖 yields
𝜙𝑖
ᇱ 𝑥𝑖∗ ≤ 𝑝∗, with equality if 𝑥𝑖∗ > 0

– That is, consumer increases the amount she buys of 
good 𝑥 until the point in which the marginal utility 
she obtains exactly coincides with the market price 
she has to pay for it.
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So this is the new utilty function after replacing mi, so the Problem  of the 
consumer became to maximise this utilty function with respect to the xi. 
If we compute of FOC we have to compute derivative of this new utilty 
function with respect to xi so we obtain FI * XI <= p* and must hold with 
equality in type case of interior solution (X*i >0).  
 
In this case if we have an interior solution we have the price equal to the 
marginal utility. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis

– Hence, an allocation ሺ𝑥1∗, 𝑥2∗, … , 𝑥ூ∗, 𝑞1∗, 𝑞2∗, … , 𝑞𝐽∗ሻ
and a price vector 𝑝∗ ∈ ℝ constitute a CE if:

𝑝∗ ≤ 𝑐𝑗ᇱሺ𝑞𝑗∗ሻ, with equality if 𝑞𝑗∗ > 0
𝜙𝑖
ᇱ 𝑥𝑖∗ ≤ 𝑝∗, with equality if 𝑥𝑖∗ > 0

σ𝑖=1
ூ 𝑥𝑖∗ = σ𝑗=1

𝐽 𝑞𝑗∗ (market clearing)

– Note that the these conditions do not depend 
upon the consumer’s initial endowments 𝑤𝑖
(implication of quasi-linear utility).
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Given the solution of the firm maximisation problem and consumer utilty 
maximisation problem we find an allocation of goods which is a vector whose 
components are consumption of good x for the I consumer and quantity 
produce by the J firms and also an allocation not only contain quantity but 
also price vector for all goods. 
This allocation consists of competitive equilibrium if hold: 

the FOC for the consumer •
the FOC for the firms  •
and the Market clearing condition hold.  •

This condition states that the Total quantity demanded by the consumer must 
be equal to the total quantity produced by firms (in equilibrium) 
 
An implication of the utility function that we have choice (quasi linear) the 
consumer initial endowments wi doesn’t enter in this condition. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis

• The individual demand curve, where 𝜙𝑖
ᇱ 𝑥𝑖∗ ≤ 𝑝∗
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of zero unit

FOC for the 
consumer 



 
 
So the next step is to draw the individual demand curve: this is defined by the 
FOC for the consumer.  
If the price is larger Than the Mu given by the 0 unit of the goods this means 
that even for unit the Marginal utilty is Lower Than the price and this mean 
that the consumer is not consuming any unit of good xi. 
Below the level defined by the marginal level of zero unit, then the consumer 
will start to buy unit of good xi and in particular since margin utility is 
decreasing and price increases the guy will consumer a Lower quantity of the 
good. 
This individual demand is decreasing. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis
• Horizontally summing individual demand curves 

yields the aggregate demand curve.
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Interval



 
Given the demand of different consumer we can also compute and dream the 
total demand curve in the market: done with horizontally summed demand 
curve of the individual consumers. 
In this case we have different demand curve. 
Horizontally sum the demand curve: 
If the price is between the two FI values, you see that only the individual with 
high demand will demand good xi. So this mean that for prices in this interval 
the total demand will be only the demand of the high demand consumer.  
For lower prices, we have to horizontally sum the two: so the demand will be 
the sum of the demand of the first consumer + the demand of the second 
consumer. 
So total demand in the market for price p = x1(p) + x2 (p). 
So we are summing optimal demand of the consumers. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis

• The firm individual supply curve, where 𝑝∗ ≤ 𝑐𝑗ᇱሺ𝑞𝑗∗ሻ
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 Overlap vertical axes

Positive 
quantity



 
You can do something similar also for firms. In this case the FOC states that 
the price must be smaller or equal to the marginal costs. O you have to draw 
the individual this supply curve. 
If the price is below the MC of the zero units of the good, then the firm will not 
produce any unit of the good: this mean that individual supply curve overlap 
the vertical axes. For prices in this interval the firm will supply null quantity. 
 
If the price increases (more than zero) the firm will supply positive quantity 
and FOC is defined by inequality by the price and the MC.  
Since the MC is increasing this also implies that the supply curve is 
increasing. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis
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• Horizontally summing individual supply curves yields 
the aggregate supply curve.

𝑞 𝑝 = 𝑞1 𝑝 + 𝑞2 𝑝

 
 
 
 
 
 
 
 
 
 

 
 
 

 
 
 
 
 
 

 
 
 
 

Horizontal

Sum

Low supply 



 
We can also apply the same to supply of the things we did for demand.  
So we can obtain the firm supply simply by horizontally summing the supply of 
individuals firms. 
Also in this case we have two curves and we have high and low supply. 
Prices in the region, supply will be the low supply, for price above the region 
we have to horizontally sums the supply of the two firms. 
By horizontally summing individual demand curves we can obtain aggregate 
market demand curve and we can do the same for the individual supply curve 
and by horizontally summing we can obtain the total market supply. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis

• Superimposing aggregate 
demand and aggregate 
supply curves, we obtain 
the CE allocation of good 
𝑥. 

• To guarantee that a CE 
exists, the equilibrium 
price 𝑝∗ must satisfy

max
𝑖

𝜙𝑖
ᇱ 0  𝑝∗

 min
𝑗

𝑐𝑗ᇱ 0
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i.e. the aggregate supply starts below the 
aggregate demand

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Equilibrium

Marginal cost 
at zero unit



 
 
After having obtained the two aggregate market supply and demand curve we 
can draw it in a graph. Vertical axes we have price and in the horizontal we 
have the quantities of the good. 
We have supply curve positive sloped and consumer demand curve 
negatively sloped. 
The equilibrium is given by the crossing point of the two curves. 
As to the intercept of the aggregate supply curve this is given by the minimum 
marginal cost of the firm supplying that good: minimal marginal cost is 
computed at zero units.  
The same for the aggregate demand curve:  vertical intercept is given by the 
maximum of the marginal utility of the individual consumer when 
they are compute in 0. 
 
So this intercept are in practise the FI intercept of the consumer.  
 
 
The same for the aggregate supply in which is the minim marginal cost 
compute at zero unit. 
 
 
In order to have a competitive equilibrium it must be the case that the 
intercept of the supply curve is below the intercept of the demand curve. This 
condition is stating this: the max marginal utility consumer computed in 0 
must be greater or equal to the minimum of the marginal cost computed 
in 0 for the firm j. 
In this case the crossing point will be between vertical intercept of demand 
and vertical intercept of aggregate supply. 
 
If this condition is not met we have a something similar to the next graph 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis

• If we have 
max
𝑖

𝜙𝑖
ᇱ 0 < min

𝑗
𝑐𝑗ᇱ 0 ,

Then aggregate supply 
starts above aggregate 
demand
and there is no
positive production or 
consumption of good 
𝑥 representing a CE.
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supply curve starts above the demand curve so there is no crossing 
point between the two curve and this mean there is not competitive 
equilibrium or CE does not exist.



Partial Equilibrium Analysis

• Also, since 𝜙𝑖
ᇱ 𝑥𝑖 is downward sloping in 𝑥𝑖, and 

𝑐𝑗ᇱሺ𝑞𝑖ሻ is upward sloping in 𝑞𝑖, then aggregate 
demand and supply cross at a unique point.
– Hence, the CE allocation is unique.
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 Also is important to notice that since the supply curve is positively sloped 

and demand curve is negatively sloped : which is saying that FI’ is 
downward sloping in xi and c’ is upward sloping in qi, the aggregate 
demand and supply cross at a unique point:  
CE allocation is unique



Partial Equilibrium Analysis

• Example 6.1:
– Assume a perfectly competitive industry 

consisting of two types of firms: 100 firms of type 
A and 30 firms of type B.

– Short-run supply curve of type A firm is 
𝑠𝐴 𝑝 = 2𝑝

– Short-run supply curve of type B firm is 
𝑠 𝑝 = 10𝑝

– The Walrasian market demand curve is 
𝑥 𝑝 = 5000 − 500𝑝
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We make an example on how we can find the competitive equilibrium in case 
of Perfect competition (since we have competitive equilibrium we assume we 
are in perfect competition). 
Percent competition is a form of marketing in which some several condition 
needs to be meet like:  

firms are small enough that they cannot affect the price at they which they •
sell their good 
All firms produce an homogenous good, so goods are not different one from •
the other —> consumer is indifferent from which firms or supply to buy (He 
only care of the price!) 
All consumer and firms are perfectly informed: consumer are informed •
about all the prices applied by all firms —> in the market will emerge one 
price at which all the firms will sell their good. This depends on the fact that 
if a firm apply a larger price then all consumer will go to buy to the firms that 
apply Lower prices. 

 
In this example there are two type of firms: A and B. 
In the market we have 100 of A and 30 of B.  
Then we have short run supply A given by quantity. 
Supply of A depends on prices ecc. 
We also have aggregate demand which depend on price 
X(p) = 5000 - 500p 
We have intercept (5000) and the slope (- 500 p). 
From that we can obtain aggregate supply of the market 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Partial Equilibrium Analysis

• Example 6.1 (continued):
– Summing the individual supply curves of the 100 

type-A firms and the 30 type-B firms,
𝑆 𝑝 = 100 ȉ 2𝑝 + 30 ȉ 10𝑝 = 500𝑝

– The short-run equilibrium occurs at the price at 
which quantity demanded equals quantity 
supplied,

5000 − 500𝑝 = 500𝑝,  or  𝑝 = 5
– Each type-A firm supplies: 𝑠𝐴 𝑝 = 2 ȉ 5 = 10
– Each type-B firm supplies: 𝑠 𝑝 = 10 ȉ 5 = 50
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Aggregate supply of the market is given by the sum of the supply of firm A 
and B: 500p 
 
Having the total supply we have just to equate total demand and total supply. 
We obtain an equation in which we have only one variable which is the price. 
So we obtain the price and the optimal price is 5 (competitive price). Now we 
can replace this price in the supply of the two firms A and B and we get the 
optimal supply of individual of type A and B. 
 
For firm A = 2 * 5 = 10 
For firm B =10 * 5= 50 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

Advanced Microeconomic Theory 18

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics
• Goal: How the CE changes in the presence of taxes?
• Taxes: price received by firms and price paid by 

consumers differ
• Notation:

– Ƹ𝑝𝑖ሺ𝑝, 𝑡ሻ is the effective price paid by the consumer
– Ƹ𝑝𝑗ሺ𝑝, 𝑡ሻ is the effective price received by the firm

Consumer taxes:
– Per unit tax: Ƹ𝑝𝑖 𝑝, 𝑡 = 𝑝 + 𝑡. 

• Example: 𝑡 = $2, regardless of the price 𝑝
– Ad valorem tax: Ƹ𝑝𝑖 𝑝, 𝑡 = 𝑝 + 𝑝𝑡 = 𝑝 1 + 𝑡

• Example: 𝑡 = 0.1 (10%).
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Comparative statics helps to answer a question like: 
How CE changes in the presence of taxes? 
So when the government imposed some taxes on consumer or producer.  
before taking some example is useful to stress that in presence of taxes there 
is a difference between the price payed by consumer and receive by firms.  
We refers to price of consumer as pi and pj receive by the firm. 
In this case we said that the firm reiceves different price because what 
happen in reality is that firm receive prices and then they give the taxe 
revenue to the government. 
Two different case of consumer taxes: 

Per unit tax: each unit of good that consumer buy price increase buy the •
amount p 
Ad valorem tax: tax is a percentage payed in the amount of the price. In this •
case the price is p(1+t) where t is the tax rate. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

• Implicit Function Theorem (IFT):
– You have a condition (equation) under the form
𝐹 𝑥, 𝑝 = 0 (1)
This can a first-order condition for the consumer UMP, for 
instance, where 𝑥 is the demand for a good and 𝑝 its price. We 
ask: how the optimal demand changes if 𝑝 increases?
We can give an answer by totally differentiating (1), i.e.

డ𝐹
డ𝑥
𝑑𝑥 + డ𝐹

డ𝑃
𝑑𝑝 = 0 ; 𝑑𝑥

𝑑𝑝
= −

ങ𝐹
ങ𝑝
ങ𝐹
ങ𝑥

The same can be obtained by recognizing that in the optimum 𝑥
depends on 𝑝, 𝐹 𝑥ሺ𝑝ሻ, 𝑝 = 0 and computing the derivative 

wrt 𝑝, i.e. డ𝐹
డ𝑥
𝑥′ሺ𝑝ሻ+ డ𝐹

డ𝑝
= 0; 𝑥′ሺ𝑝ሻ = −

ങ𝐹
ങ𝑃
ങ𝐹
ങ𝑥
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The IFT: 
Image we have a condition in which an expression is equal to 0 and these 
expression depend on x and p. There arguments can be both variable or one 
variable and one parameter.  
We are asking the following question: (imaging FOC consumer) how optimal 
demand change on price changes? 
Optimal demand increase or decrease when p increases? 
So to answer this question we can totally deferenciate the expression in the 
left hand side 
Der F with respect to x + partial der F with respect to P. We can isolate on the 
lef hand side dx/dp. 
What we get is saying that der of x with respect to p(how demand change with 
respect to price?) 
  
This can also obtained in another way in which der of F with respect to x 
which multiply der of x’ with respect to p + der F with respect to p and this 
must be equal to 0. 
From this expression we can isolate x’(p) and get the same result. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

• Implicit Function Theorem: an example
• Example, 𝑢 𝑥 , budget constraint 𝑚 = 𝑝𝑥, where 
𝑚 is income.

• FOC: 𝑢ᇱ 𝑥 = 𝑝 or 𝐹ሺ𝑥, 𝑝ሻ ≡ 𝑢ᇱ 𝑥 − 𝑝 = 0
• How 𝑥 changes when 𝑝 increases?
• By applying the IFT:

• 𝑑𝑥
𝑑𝑝

= −
ങ𝐹
ങ𝑝
ങ𝐹
ങ𝑥

= − −1
𝑢ᇲᇲ

= 1
𝑢ᇲᇲ

< 0 if 𝑢ᇱᇱ < 0 (i.e. utility 

is strictly concave)
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Example by applying the IFT. We have the consumer utilty maximisation 
problem and we get generic utilty function that depends on x and  constrain is 
equal to the total income that is equal to total expenditure x * price of x.  
By FOC we know the optimal the margina utitly must be equal to price.  
We can write this FOC as the IFT, so this is done by simply moving p on the 
left, and we get marginal utility - p = 0.  
Now if we are looking for what happen to the opt demand of x with respect to 
p increase. We can just apply IFT. 
Der x with respect to p is equal to - d F/ dp / dF/dx 
Computing this derivative we will get 1/u’’ where u’’ is second derivative of u.  
If u’’ < 0 (strictly concave) then if p increase the opt demand decrease. Dx /Dp 
<0. 
This is an example of using IFT.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

• Per unit (consumer) tax (Example 6.2):
– The expression of the aggregate demand is now 
𝑥ሺ𝑝 + 𝑡ሻ, because the effective price that the 
consumer pays is actually 𝑝 + 𝑡.

– In equilibrium, the market price after imposing the 
tax, 𝑝∗ሺ𝑡ሻ, must hence satisfy

𝑥 𝑝∗ 𝑡 + 𝑡 = 𝑞ሺ𝑝∗ሺ𝑡ሻሻ
– if the per unit tax is marginally increased, and 

functions are differentiable at 𝑝 = 𝑝∗ 𝑡 ,
𝑥′ 𝑝∗ 𝑡 + 𝑡 ȉ ሺ𝑝∗ᇱ 𝑡 + 1ሻ = 𝑞′ሺ𝑝∗ሺ𝑡ሻሻ ȉ 𝑝∗ᇱ 𝑡
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Another example: we are wondering how competitive price changes when 
government introduce a per unit consumer taxes: so each consumer has to 
pay an amount p for each amount of unit x he buys.  
How the opt demand change when taxes is introduces? We can answer this 
question whit market clearing condition. 
 
Market clearing condition (MCC) states that after introducing the taxes, the 
consumer demand must be equal to the firm supply.  
It’s important to notice that the price payed by the consumer is not p* but the 
sum of p* + t where t is the tax. 
 
Also, with this notation we know that opt price p* will also be a function of tax 
rate t. 
After MCC we can get the derivative of it with respect to t.  
By collecting p’ we can rewrite it in the following form [next slide] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

– Rearranging, we obtain
𝑝∗ᇱ 𝑡 ȉ 𝑥ᇱ 𝑝∗ 𝑡 + 𝑡 − 𝑞ᇱ 𝑝∗ 𝑡

= −𝑥ᇱ 𝑝∗ 𝑡 + 𝑡
– Hence, 

𝑝∗ᇱ 𝑡 = − 𝑥ᇲ 𝑝∗ 𝑡 +𝑡
𝑥ᇲ 𝑝∗ 𝑡 +𝑡 −𝑞ᇲ 𝑝∗ 𝑡

– Since 𝑥ሺ𝑝ሻ is decreasing in prices, 𝑥ᇱ 𝑝∗ 𝑡 + 𝑡 < 0, 
and 𝑞ሺ𝑝ሻ is increasing in prices, 𝑞ᇱ 𝑝∗ 𝑡 > 0, 

𝑝∗ᇱ 𝑡 = − 𝑥ᇲ 𝑝∗ 𝑡 +𝑡
𝑥ᇲ 𝑝∗ 𝑡 +𝑡

−
−𝑞ᇲ 𝑝∗ 𝑡

+

= − ሺ−ሻ
ሺ−ሻ

= − (*)
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Rearreging: we can now get p’ 
This derivative is telling us how the optimal price changes when t increases. 
 
Check the same of this expression: 
Demand is decreasing in prices and num has a negative sign. 
Supply is increasing in price so q’ is larger to 0 and taken with - sign is less 
than zero and what we get is a negative number. 
So if per unit tax is introduce, the equilibrium price will decrease.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics
– Hence, 𝑝∗ᇱ 𝑡 < 0 (the equilibrium price decreases with the 

tax).
– Moreover, 𝑝∗ᇱ 𝑡 ∈ ሺ−1,0ሿ as the denominator of (*) is larger 

in absolute value than the numerator.
– Therefore, 𝑝∗ 𝑡 decreases in 𝑡.

� That is, the price received by producers falls in the tax, but less than 
proportionally.

– Additionally, since 𝑝∗ 𝑡 + 𝑡 is the price paid by consumers, 
then 𝑝∗ᇱ 𝑡 + 1 is the marginal increase in the price paid by 
consumers when the tax marginally increases.
� Since 0 > 𝑝∗ᇱ 𝑡 > −1, then 𝑝∗ᇱ 𝑡 + 1 < 1, and the price paid by 

consumers raises less than proportionally (i.e. the tax is not totally 
borne by consumers)
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If the tax rate increase the equilibrium price decrease. 
From the previous expression we can also get the magnitude. Since we know 
that for sure the denominator is all negative and also numerator. The 
denominator will be larger in absolute value than the nominator. So the 
derivative is also < 1. So it’s included in the interval (-1,0]. 
This implies that the price recieved by producer falls in the tax but less than 
proportionally because p is less than one. 
 
What about the payed by consumer is the price received by producer + the 
tax so the evaluation will be the derivative of this expression so p’ + 1 but we 
know that p’ < 1 so this implies that the price payed by the consumer is less 
than 1.  
We are summing 1 to 1 and taking a negative quantity so will be less than 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

• No tax:
– CE occurs at 𝑝∗ 0

and 𝑥∗ 0
• Tax:

– 𝑥∗ decreases from 
𝑥∗ 𝑡 = 0 to 𝑥∗ 𝑡

– Consumers now pay 
𝑝∗ 𝑡 + 𝑡

– Producers now 
receive 𝑝∗ 𝑡 for the 
𝑥∗ 𝑡 units they sell.
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Now we show graphically the comparitive statics. 
We have two consumer demand: 

aggregate consumer demand (decreasing) corresponding the case with the •
tax 
aggregate consumer demand (decreasing) corresponding the case with per •
unit tax 
Aggregate supply (increasing) •

 
When a tax is introduced in the market, the aggregate demand shift 
downward on the left —> there will be a reduction in the opt demand but also 
in the price receive by firms.  
At the same time there will be an increase of the price for the consumer. 
Indeed, in the new equilibrium firm receive price p* that is the function of  t 
while consumer payed p*+ t rate. 
There is a difference between price payed by consumer and receive by firms. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

• Per unit Tax (Extreme Cases):
a) The supply is very responsive to price changes (i.e. 

very elastic, close to be horizontal), i.e., 𝑞ᇱ 𝑝∗ 𝑡 is 
large. 

𝑝∗ᇱ 𝑡 = − 𝑥ᇲ 𝑝∗ 𝑡 +𝑡
𝑥ᇲ 𝑝∗ 𝑡 +𝑡 −𝑞ᇲ 𝑝∗ 𝑡

→ 0

– Therefore, 𝑝∗ᇱ 𝑡 → 0, and the price received by 
producers does not fall.

– However, consumers still have to pay 𝑝∗ 𝑡 + 𝑡.
� A marginal increase in taxes therefore provides an 

increase in the consumer’s price of 
𝑝∗ᇱ 𝑡 + 1 = 0 + 1 = 1

� The tax is solely borne by consumers.
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Depending on the elasticity on the firm supply there may be some extreme 
cases: 

firm supply is very elastic •
when elasticity tends to infinity the firm supply is horizontal. 
Let’s start from the previous condition which is the derivative of p*’ with 
respect to t. 
Now we have to check this quantity on the right when the supply is very 
elastic so q’ tends to infinity. If q’ —> infinity the denominator will be very large 
and p’ will tend to 0.  
So price received by firm when supply is very elastic doesn’t change.  
 
What about the price payed by consumer? 
In this case the derivative p’ + 1 = 0 +1, so consumer will pay 1. So if the 
supply if very elastic the all tax is borne (sostenuta) by consumers. 
So: Price will increase the same amount of the tax 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

– The price received by 
producers almost does 
not fall.

– But, the price paid by 
consumers increases by 
exactly the amount of 
the tax.
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Supply is horizontal so infinity elastic  
 
So if the demand curve shift downward the opt quantity in equilibrium 
decrease but price receive by firm doesn’t change. So all tax borne by 
consumer. So price payed by consumer will be previous price p* + t (total 
amount of the tax). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics
b) The supply is not responsive to price changes, i.e., 

𝑞ᇱ 𝑝∗ 𝑡 is close to zero (i.e. vertical supply). 

𝑝∗ᇱ 𝑡 = − 𝑥ᇲ 𝑝∗ 𝑡 +𝑡
𝑥ᇲ 𝑝∗ 𝑡 +𝑡 −𝑞ᇲ 𝑝∗ 𝑡

= −1

– Therefore, 𝑝∗ᇱ 𝑡 = −1, and the price received by 
producers falls by $1 for every extra dollar in taxes.
� Producers bear all the tax burden

– In contrast, consumers pay 𝑝∗ 𝑡 + 𝑡
� A marginal increase in taxes produces an increase 

in the consumer’s price of 
𝑝∗ᇱ 𝑡 + 1 = −1 + 1 = 0

� Consumers do not bear tax burden at all.
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Firm supply very inelastic: elasticity tend to 0 •

We will have vertical supply and in this case what we get that q’ tends to 0 
and the ratio will tend to 1 and we the minus signi is -1. 
When firm supply is vertical: the derivative of p’ with respect to tax will be -1. 
This is telling us that price recevive by producer falls by same amount of the 
tax.  So Producers bear all the tax burden. (Carico della tassa). 
 
What about consumer? He pays the price propose by the firm + the tax rate 
so p’ +1 = -1 +1 = 0. 
So change in the price payed by consumer will be 0.  
So consumer does not bear the tax at all.  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

• Inelastic supply curve
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Price receive by 
the firms will 
decrease by this 
amount 



 
Firm supply is very inelastic (almost vertical). This imply that downward shift 
of the demand will only case a change in price but not in quantity. In particular 
the all tax rate is payed by firm. Consumer will pay the same price as the case 
before the introduction of the tax, while the price receive by the firm will 
decrease by this amount and is the different between the old and new prices. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

• Example 6.3:
– Consider a competitive market in which the 

government will be imposing a tax 𝑡 per unit.
– Aggregate demand curve is 𝑥 𝑝 = 𝐴𝑝𝜀, where 
𝐴 > 0 and 𝜀 < 0, and aggregate supply curve is 
𝑞 𝑝 = 𝑎𝑝𝛾, where 𝑎 > 0 and 𝛾 > 0.

– What are 𝜀 and 𝛾? (The elasticities of Demand and 
Supply)

– Let us evaluate how the equilibrium price is 
affected by a marginal increase in the tax.

Advanced Microeconomic Theory 30

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

or
Demand

Supply



Comparative Statics

• Example 6.3 (continued):
– The change in the price received by producers at 𝑡 =
0 is (using the previous expression):

𝑝∗ᇱ 0 = −
𝑥ᇱ 𝑝∗

𝑥ᇱ 𝑝∗ − 𝑞ᇱ 𝑝∗
= −

𝐴𝜀𝑝∗𝜀−1

𝐴𝜀𝑝∗𝜀−1 − 𝑎𝛾𝑝∗𝛾−1

= −
𝐴𝜀𝑝∗𝜀

𝐴𝜀𝑝∗𝜀 − 𝑎𝛾𝑝∗𝛾
= −

𝜀𝑥ሺ𝑝∗ሻ
𝜀𝑥ሺ𝑝∗ሻ − 𝛾𝑞ሺ𝑝∗ሻ

= −
𝜀

𝜀 − 𝛾
Where we use the fact that  in equilibrium 
𝑥ሺ𝑝∗ሻ = 𝑞ሺ𝑝∗ሻ (market clearing condition)

– The change in the price paid by consumers at 𝑡 = 0 is
𝑝∗ᇱ 0 + 1 = −

𝜀
𝜀 − 𝛾

+ 1 = −
𝛾

𝜀 − 𝛾
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We want to compute the change in the price after the introduction of the tax 
rate. We know from the last part of the lecture that is equal by x’ / x’ - q’. 
            

   Derivative of demand - derivative of       
supply  

 
We can multiply both numerator and denomitator by p this means that -1 in 
the exponent goes away. 
 
 
 
A * p epsilon is x and a*y is q. 
 
Since equilibrium must the demand must be equal to supply and we can 
cancel all this term. Left esp / eps - y 
 
This is the changing price production by introduction of the tax (or marginal 
change of the tax) 
 
The change In the price paid by consumer  is p(t) +t.  
If we compute the derivative we get p’ +1.  
If we replace with the condition before  
p’ +1 = - eps /eps -y +1 and if you do the compute the expression we get 
p’(0) = - y/ eps -y 
 
So we get that the change in the price by the consumer. 
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Comparative Statics

• Example 6.3 (continued):
– When 𝛾 = 0 (i.e., supply is perfectly inelastic), the price 

paid by consumers (change= − 𝛾
𝜀−𝛾

ሻ in unchanged, and the 
price received by producers (change=− 𝜀

𝜀−𝛾
ሻdecreases be 

the amount of the tax. 
� That is, producers bear the full effect of the tax.

– When 𝜀 = 0 (i.e., demand is perfectly inelastic), the price 
received by producers (change= − 𝜀

𝜀−𝛾
) is unchanged and

the price paid by consumers (change=− 𝛾
𝜀−𝛾

) increases 
by the amount of the tax. 

� That is, consumers bear the full burden of the tax.
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Now what happen as consequence of the introduction of the tax when gamma 
(y) = 0. Which mean supply is perfect inelastic. 
Price of the consumer is unchanged since supply is perfectly inelastic. 
If we replace 0 to gamma we test -1, so producer will bear all the effect of the 
tax. 
 
If eps = 0 price receive by producer is unchanged and the consumer will bear 
full burden of the tax since equal to 1. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

• Example 6.3 (continued):
– When 𝜀 → −∞ (i.e., demand is perfectly elastic), the 

price paid by consumers is unchanged (change=
− 𝛾

𝜀−𝛾
), and the price received by producers 

(change=− 𝜀
𝜀−𝛾

ሻ decreases by the amount of the tax. 

– When 𝛾 → +∞(i.e., supply is perfectly elastic), the 
price received by producers ሺchange = − 𝜀

𝜀−𝛾
ሻ is 

unchanged and
the price paid by consumers (change= − 𝛾

𝜀−𝛾
) 

increases by the amount of the tax.

Advanced Microeconomic Theory 33

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

7

1



 
Two other cases: perfectly elastic demand and supply! 

perfectly elastic demand: •
eps —> - infinity and the change in the price by consumer tend to 0. So price 
paid by consumer is unchanged. 
Price received by producer is -1. 

perfect elastic supply: •
y —> + infinity and the change price of producer is unchanged and price paid 
by consumer increase by the amount of the tax.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Welfare Analysis
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Welfare Analysis
• Let us now measure the changes in the aggregate 

social welfare due to a change in the competitive 
equilibrium allocation.

• Consider the aggregate surplus (=area between supply 
and demand)

𝑆 = σ𝑖=1
ூ 𝜙𝑖ሺ𝑥𝑖ሻ − σ𝑗=1

𝐽 𝑐𝑗ሺ𝑞𝑗ሻ
• Take a differential change in the quantity of good 𝑘

that individuals consume and that firms produce such 
that σ𝑖=1

ூ 𝑑𝑥𝑖 = σ𝑗=1
𝐽 𝑑𝑞𝑗.

• The change in the aggregate surplus is 
𝑑𝑆 = σ𝑖=1

ூ 𝜙𝑖
ᇱሺ𝑥𝑖ሻ𝑑𝑥𝑖 − σ𝑗=1

𝐽 𝑐𝑗ᇱሺ𝑞𝑗ሻ𝑑𝑞𝑗
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How do we measure welfare? 
We can use EV or CV. 
Usually is customise in PF to use aggregate surplus: can be measure by the 
sum of all the consumer of the total utility given by consuming the good xi - 
the summation over all firm of the marginal cost of producing the quantity qj. 
This is called aggregate surplus since the aggregate surplus because is the 
difference between the total utility given by the consumption - total cost that 
firm bear to produce that quantity that is consumed in the market. 
 
We want to check what happen if there is a change in the quantity produced 
and consumed. The change in this quantity affect aggregate surplus. 
 
To be in equilibrium we must be the case that total variation in the consumer 
demand must be equal to the total variation in the supply.  
Then, what happen when this quantities change? 
Then we can rewrite when quantity are going to change. 
 

 
 
 

 
 
 
We take the total differential of this expression (S) to get dS. 
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Welfare Analysis

• Since 
𝜙𝑖
ᇱ 𝑥𝑖 = 𝑃ሺ𝑥ሻ for all consumers; and
• That is, every individual consumes until MU=p.

𝑐𝑗ᇱሺ𝑞𝑗ሻ = 𝐶ᇱሺ𝑞ሻ for all firms
• That is, every firm’s MC coincides with aggregate MC

then the change in surplus can be rewritten as

𝑑𝑆 = σ𝑖=1
ூ 𝑃ሺ𝑥ሻ𝑑𝑥𝑖 − σ𝑗=1

𝐽 𝐶ᇱ 𝑞 𝑑𝑞𝑗

= 𝑃ሺ𝑥ሻσ𝑖=1
ூ 𝑑𝑥𝑖 − 𝐶ᇱሺ𝑞ሻσ𝑗=1

𝐽 𝑑𝑞𝑗
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Marginal utility

change in aggregate demand change in aggregate supply



 
 
Now if we are in equilibrium we know from the FOC that Mu of all consumer 
must be equal to the price 
Also marginal cost of the firm must be equal to the total aggregate marginal 
cost. 
 
So we can replace this expression in the variation of the surplus. 
Then, since x and q doesn’t on an index we can bring them outside the 
summation.  
So: P(x) * variation of all quantity consumed - C’ * variation in all quantities 
produced by firm. 
In practise one is change in aggregate demand and the other is the change in 
aggregate supply  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Welfare Analysis

• But since σ𝑖=1
ூ 𝑑𝑥𝑖 = σ𝑗=1

𝐽 𝑑𝑞𝑗 = 𝑑𝑥 (change in 
aggregate demand or supply), and 𝑥 = 𝑞 by 
market feasibility, then

𝑑𝑆 = 𝑃 𝑥 − 𝐶ᇱ 𝑞 𝑑𝑥

• Intuition:
– The change in surplus of a marginal increase in 

consumption (and production) reflects the 
difference beƚǁeen ƚhe consƵmers͛ addiƚional 
ƵƚiliƚǇ and firms͛ addiƚional cosƚ of prodƵcƚion͘ 
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The change in aggregate demand (since we are in equilibrium) must be equal 
to the change in the aggregate supply.  
So dx = dq  
 
Variation in total surplus: (Price - Marginal cost ) * variation in quantity. 
 
The main intuition is that the change in surplus of a marginal increase in 
consumption reflect the difference between consumer additional utitly and 
firms’ additional cost of production. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Welfare Analysis
• Differential change in surplus
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Change in surplus can also be draw in a graph: 
We have aggregate demand and supply. 
Aggregate demand —> curve of marginal utility 
Curve of supply —> curve of marginal cost 
 
We assuming Mc increasing while Mu decreasing. The the intercept in this 
point was the max in the Mu, and this is the minimum in the Mcost  
 
We know that for price above max demand is 0 
For price below min c’ supply is 0. 
 
What happen if quantity increases from x0 to x1. 
We find the aggregate surplus in this area included between the Mu curve and 
Mc curve. 
From x0 to x1 the change in aggregate surplus will be the highlight area. 
 
 
 
Main difference between graph and expression before is that we were using 
discrete changes so xi and we used summation symbol. 
We can also consider the continuos changes. 
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Welfare Analysis

• We can also integrate the above expression, 
eliminating the differentials, in order to obtain 
the total surplus for an aggregate consumption 
level of 𝑥:

𝑆 𝑥 = 𝑆0 + 0
𝑥 𝑃 𝑠 − 𝐶ᇱ 𝑠 𝑑𝑠

where 𝑆0 = 𝑆ሺ0ሻ is the constant of integration, 
and represents the aggregate surplus when 
aggregate consumption is zero, 𝑥 = 0. 
– 𝑆0 = 0 if the intercept of the marginal cost function 

satisfies 𝑐𝑗ᇱ 0 = 0 and the intercept of the marginal 
utility function satisfies 𝑢ᇱ 0 = 0.
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We can also consider the continuos changes in quantities like from 1 to 2 to 3 
ecc. 
If change continuously we can use integrals instead of summation. 
We can rewrite the surplus in the following way. 
 
 
 
 
 
 
Surplus when  
quantity is equal to 0 
 
 
 
 
We also have the constant of integration that is S0. That  is the aggregate 
surplus when quantity is equal to 0 and S0 is given by difference in Mc when 
q = 0 and Mu when q = 0. 
 
 
If this difference is equal to 0 then also the constant integration will be equal 
to 0. This is the same if the Mc of 0 = 0 and Mu = 0 also S0 = 0. 
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Welfare Analysis
• Surplus at aggregate consumption 𝑥
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Welfare Analysis

• For which consumption level is aggregate surplus 
𝑆 𝑥 maximized?
– Differentiating 𝑆 𝑥 with respect to  𝑥, FOC for a 

maximum:
𝑆ᇱ 𝑥 = 𝑃 𝑥∗ − 𝐶ᇱ 𝑥∗ ≤ 0

or,   𝑃 𝑥∗ ≤ 𝐶ᇱ 𝑥∗
– The second order (sufficient) condition is

𝑆ᇱᇱ 𝑥 = 𝑃ᇱ 𝑥∗
−

− 𝐶ᇱᇱ 𝑥∗
+

< 0

i.e. , 𝑆 𝑥∗ is concave.
• Then, when 𝒙∗ > 𝟎, aggregate surplus 𝑺 𝒙 is maximized at 
𝑷 𝒙∗ = 𝑪ᇱ 𝒙∗ .
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for which consumption level (quantity)  aggregate surplus maximise? 
Imagine we have social planner that has to decide the quantity in such way 
aggregate surplus is maximise. 
We have to compute the FOC with respect to x. S0 doesn’t depend on X and 
the only one is the integral. 
So we remain with the thing inside the integral  
 

 
 
 
 
 
 
 

 
SOC—> aggregate surplus must be concave function so the derivatives must 
be < 0. 
 
When X* > 0 (interior solution and holds with equality), what implies? Implies 
that price in equilibrium must be equal to the marginal cost in equilibrium.  
 
Aggregate surplus is maximise in the point in which the price is equal to the 
marginal cost —> FOC of the competitive equilibrium. 
 
CE is the allocation of good in which maximise the aggregate surplus  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Welfare Analysis

• Therefore, the CE allocation maximizes 
aggregate surplus.
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Welfare Analysis

• Example 6.4: 
– Consider an aggregate demand 𝑥 𝑝 = 𝑎 − 𝑏𝑝

and aggregate supply 𝑦 𝑝 = 𝐽 ȉ 𝑝
2
, where 𝐽 is the 

number of firms in the industry.
– The CE price solves

𝑎 − 𝑏𝑝 = 𝐽 ȉ 𝑝
2

or  𝑝 = 2𝑎
2𝑏+𝐽

– Intuitively, as demand increases (number of firms) 
increases (decreases) the equilibrium price 
increases (decreases, respectively).
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Welfare Analysis
• Example 6.4 (continued):

– Therefore, equilibrium output is

𝑥∗ = 𝑎 − 𝑏
2𝑎

2𝑏 + 𝐽
=

𝑎𝐽
2𝑏 + 𝐽

– Surplus is

𝑆 𝑥∗ = න
0

𝑥∗

𝑝 𝑥 − 𝐶ᇱ 𝑥 𝑑𝑥

where 𝑝 𝑥 = 𝑎−𝑥
𝑏

and 𝐶ᇱ 𝑥 = 2𝑥
𝐽

(as P=MU and P=MC, in the 
demand and supply, respectively).

– Thus, 

𝑆 𝑥∗ = න
0

𝑥∗ 𝑎 − 𝑥
𝑏

−
2𝑥
𝐽

𝑑𝑥 =
𝑎2𝐽

4𝑏2 + 2𝑏𝐽
=

𝑎2

2𝑏 1 + 2𝑏
𝐽

which is increasing in the number of firms 𝐽.
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Important thing is to 
reach this point 



 
Represent graphically the change in the aggregate total surplus in the case of 
introduction of a tax. 
A per unit consumer tax is introduced in the market and the effect will be shift 
downward of the demand. This will be the demand when x(t = 0) and the 
downward will be x ( t = t2). 
We will see that the equilibrium price falls but also quantity of demand walls 
and what i will obtain is a difference in price payed by consumer which is p(t2) 
+ t2. 
 
Which is the Chang of total surplus? Is the change in the Mu and the Mc 
curve and what is lost is the quasi-triangle. What happened is that you can 
split the area in two triangles 
Above triangle is change in consume surplus 
Below triangle is the change in the produce surplus. 
Consumer surplus is define as the area above the price and below the 
demand while the producer surplus is the area below the price and above 
supply. 
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Welfare Analysis of a consumer tax

Deadweight Loss =
Loss in aggregate surplus 
produced by the tax

Area btw demand and equilibrium price p*= Consumer 
Surplus (CS) / Area btw supply and p* = Producer Surplus 
(PS = profits)

p*

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
Exercise 1 - production 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

SET 3

9 2 5 zits

A CONDIT Nac Factor DEMAND sminimize cost Function

un Wn Zn t uz Zz St zitzits zqZi 2c Zo

s as s
2a 2a g z a

2a

s StaUn G wzEc f CC zz
G tu o

72 Zz

ZZZ Zz w gsyr
Now REPLACE In Zn

Ung
s wa

wz
I rz z2 G Wr
lez k

2 5
ge q y

9 5 9 4122

Now REPLACE 2n ZE IN Cost Functree

C Wa Uz q w 2E t lez 7 an 9 Wj ur q Yj

4 w wi wi g wa wit wit g w w qEu w

he
2 g w wz



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

A SUPPLY AND Profit Function

q
w P ti w p

Wa Wa 9 29 4 walk

Prok IT HAKIMI 2 Atra Prez EM OF THE

FIRM

I p g z 9 fun.az
Z

S DIFFERENCE BETWEEN Tciac 112VENUE ANS

Tcraz cost

FCC WITH Respoc TO AVANT TY 211 o

sq

Z
Z 11 2

gg P 4 g wn.az
Z

oqPEsqZzwn.cez
Z Pg

gzscw.az

REPLACE IN PROFIT FIRM SUPPLY Function

TO FIND Profit Function



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

I p g 29 Unrwa
3

P I.ca.us else a.a.is ca.u.i

p
t

unrwa

K wz

2 P E

2 3 553 unrwa d z
Unrwa

Ps3
a us

a p
g 23 5 Wn wz

PS3 n E Ps3
5 cnn.az shsfw.ir 3

PRE'T Function

To Do Wr Wz ans censure OPTIMAL

ounnitTY



 
Exercise 2  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

SET 2

W h Iz g Zurich

a FIND PROFIT Function

IT Pla eeooences

Max p g C ma P g C a p g Iz 92Farces
920

2T p grannies o g P

89 Tea
REPACE IN PROFIT

I P G't 129
2

zw.az

P Pm III Fwiw

Iran Z w
E mf E

1 P
Z IZWnU2



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

EEE Reese 2 SKETCH
internist threw of cars

IT W G p P2 P2 assume a r p

4W Uz
Exogenous

a F vs cost FUNCT a

W r 9 w e Zet Zn r how Do we
Fns ZkPrice Yositionna

For bbc.ws burrow
For ABOVE

APPLY KOTEUNG
UNCWSIT CNA FACTOR DEMAND Lemons

ftp.w.es 2rT Prw.r pz
Jw zw2

F Pru r OFCP.mn z
P

j r h R2
Uncz BETWEEN

p ans gnu Csn OBTAIN support ran g F P

G p w n SIT Pew R ZP ZP PfwtrlUw urp z use

7 INVEIZE SUPPLY
bashes P p Zuma

Utr



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Nar REP n CE P w Ee e Zhe
z

Zang
ftp.w.r I wth r q2zwZ

nut wth

2
z Zang

ftp.u.ro P
wth w gu're

are wth

NU WE can write THE COST Function

cfw.r.gl u n g's Wn g
Utr z GZ t z

U z

wth Utr



 
Exercise 3 - set 3 
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Summary equilibrium in perfect competition  
 
 
We saw choice of consumer and choice of firm. 
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We have seen that we can aggregate he individual supply and demand 
function to find the market demand and supply.  
 
 
 
 
 
 
 
 
 
 
 

The aggregate supply can be found by horizontally summing the individual 
firm supply, while aggregate demand can be obtain summing horizontally the 
individual consumer demand. 
 
Now he will show how is possible from equilibrium to find the individual 
quantity produced by individual firm.  
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We are in the short term and some factor are fixed (usually the capital K is 
fixed). 
 
We have market on the left and individual firm on the right. 
On the vertical axes we price and on the horizontal we have total quantity in 
market and on right we have quantity produce by firm j (qj) 
 
On the right we have Average total cost, average variable cost and marginal 
cost. MC cuts ATC and AVC in the minimum and we want to see the amount 
produce by firm if market equilibrium is defined by aggregate production Q* 
and equilibrium price p*. 
Consider this case. The optimal price is p* in the market and we have to see 
how much firm j is producing.  
For individual firm equilibrium will be defined by crossing point between 
equilibrium price and marginal cost firm. 
Is important that AVC e ATC are above the p*. 
How much this firm is going to produce? Is immediately possible to see in the 
red square that if the price < AVC the firm will income the loss (negative 
profits) and negative profit will be the shaded red area. How can we say that 
this are the negative profit incorred by the firm? We can see that the area in 
the box is (p* - ATC) qj * 
 
In the equilibrium the firm does not produce anything.  
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So profit are negative! And we can rewrite it in this way: 
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Imagine the situation like this  
 
 
 
 
 
 
 
 
 
 
 
 

The price is above both AVC and ATC and now the amount of profit made by 
the firm is in the red area. 
 
In the short run the firm makes positive profit. 
In the long run? 
If profits are positive is convenient to a firm to enter the market. What is the 
effect of new firms entering the market? Produce shift toward the right of the 
supply function. 
This imply a shift down of the equilibrium price and will end when equilibrium 
price will be equal to the minimum of the ATC. 
 
Firm enter as long a the price is large than ATC —> because profits are 
positive 
 
P > ATC —>   
 
 
P = ATC  —> long run total cost  
There are fixed cost (AVC = ATC) 
 
 
 

This i called the so called long run equilibrium  
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In the long run price is equal to the minimum of ATC 
 
 
 
Efficient because: 

there are no profit •
Consumer payers the lower possible price •

  
 
 
 
 
 
 
 
 
 
Firm supply is infinitevely elastic and horizonatal of level of minimum of ATC.  
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Advanced Microeconomic 
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Chapter 7: Monopoly

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Outline

• Barriers to Entry

• Profit Maximization under Monopoly

• Welfare Loss of Monopoly

• Multiplant Monopolist
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Barriers to Entry
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Perfect competition: high number of firms, firms are price takers (cannot 
decide the price to charge the consumer) 
 
In Monopoly there is only one producer:  

can be barriers to entry:  •
Legal barrier, if you invent a new product (new technology) you can ◦
protect your self by registering a patent and this gives you the right to 
produce it. (Common in farmaceuca industry) 

 
Structural barrier: some firms may have advantage in lower cost or ◦
demand. This may depend on a superior techlogy that get a patent or 
loyal group of costumer. 

 
Strategic: monopolist fight newcomers driving them out of market (price ◦
war)  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Barriers to Entry

• Entry barriers: elements that make the entry 
of potential competitors either impossible or 
very costly. 

• Three main categories:
1) Legal: the incumbent firm in an industry has the 

legal right to charge monopoly prices during the 
life of the patent 

– Example: newly discovered drugs 

Advanced Microeconomic Theory 4

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Barriers to Entry

2) Structural: the incumbent firm has a cost or 
demand advantage relative to potential entrants.

– superior technology

– a loyal group of customers 

! positive network externalities (Facebook, eBay)

3) Strategic: the incumbent monopolist has a 
reputation of fighting off newcomers, ultimately 
driving them off the market.

– price wars

Advanced Microeconomic Theory 5

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Profit Maximization under 
Monopoly
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Profit Maximization 

• Consider a demand function !(#), which is 
continuous and strictly decreasing in #, i.e., 
!′ # < 0. 

• We assume that there is price #̅ < ∞ such 
that ! # = 0 for all # > #̅.

• Also, consider a general cost function ,(-), 
which is increasing and convex in -.

Advanced Microeconomic Theory 7

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

Problem of monopolist 
Profit maximisation problem for monopolist. 
 
Since in the market there is only one producer, this mean that the demand for 
the single firm is the same as the market demand (since in the market there is 
only one firm). Demand for monopolist is negatively sloped.  
So derivative of the demand with respect to price is negative. 
 
Assume we assume that for a price p’ < infinite such that x(p) = 0. All prices p 
> p’ have demand equal to 0. 
 
We also consider a cost function increasing in the quantity and is convex.  
C’(q) >0 and c’’(q) >0. 
Now we draw demand for monopolist. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Profit Maximization 

• #̅ is a “choke price”

• No consumers buy 
positive amounts of the 
good for # > #̅.

Advanced Microeconomic Theory 8
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Demand for monopolist

Price below 
chock price have 
demand 0



Profit Maximization 

• Monopolist’s decision problem is
max
1
		 #! # − ,(!(#))

• Alternatively, using ! # = -, and taking the 
inverse demand function # - = !45(#), we 
can rewrite the monopolist’s problem as

max
678

		 # - -	 − ,(-)

Advanced Microeconomic Theory 9
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Now we set the Maximisation problem. 
 
Since monopolist has market problem can decide the price! 
Monopolist maximisation problem both in prices and quantities. 
The decision of the monopolist is to maximising profit. 
Profit = Total revenue - total cost 
 
We see immediately that choice variable is price. So set price in a way you 
can maximise profit. 
Demand is a function of prices (quantity demanded and prices given by 
aggregate demand) 
we can set up the problem in a similar way switching quantity to price as a 
choice variable. 
The the problem is to maximise with respect to quantity. 
 
We compute the derivative of profit with respect to quantities as usual. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Profit Maximization 

• Differentiating with respect to -, 
# -9 + #; -9 -9 − ,; -9 ≤ 0

• Rearranging, 
#(-9) + #; -9 -9

=>?
 1 6 6

 6

≤ !′($%)
'!

with equality if $% > 0.

• Recall that total revenue is "# $ = . $ $

Advanced Microeconomic Theory 10
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Profit Maximization 

• In addition, we assume that . 0 ≥ !0(0).
– That is, the inverse demand curve originates 

above the marginal cost curve.

– Hence, the consumer with the highest willingness 
to pay for the good is willing to pay more than the 
variable costs of producing the first unit.

• Then, we must be at an interior solution 
$% > 0, implying 

.($%) + .0 $% $%

'2

= !′($%)
'!

Advanced Microeconomic Theory 11
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We assume to allow for the existence of and equilibrium that price  must be 
>= marginal cost when quantity is 0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Profit Maximization 

• Note that 
. $% + .0 $% $%

3

= !′($%)

• Then, . $% > !′($%), i.e., 

monopoly price > %&

• Moreover, we know that in competitive 
equilibrium . $∗ = !′($∗).

• Then, .% > .∗ and $% < $∗.

Advanced Microeconomic Theory 12
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Profit Maximization 
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Profit Maximization 

• Marginal revenue in monopoly 
%# = . $% + .0 $% $%

MR describes two effects:
– A direct (positive) effect: an additional unit can be 

sold at # -9 , thus increasing revenue by # -9 .

– An indirect (negative) effect: selling an additional 
unit can only be done by reducing the market 
price of all units (the new and all previous units), 
ultimately reducing revenue by #; -9 -9.
! Inframarginal units – initial units before the marginal 

increase in output.
Advanced Microeconomic Theory 14
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Marginal revenue is given by price and the second term p’ (that is less than 
0). 
Marginal revenue is the derivative of total revenue with respect to quantitity 
produced. 
This expression is saying that when we increase production we have two 
effects: 

a direct (positive) effect: if produce more and can selle this new unit we gain •
the price of that units. Means TR increase by total price. 
A indirect(negative) effect: to produce more we have to move along the •
demand curve, so if we move along the demand curve if we want to 
increase quantity price must falls. 

 
 
 
 
 
 
 
 
 
We have indirect effect when increase production because we have to charge 
a small price not only in the last unit we sell but also all previous unit called 
inframarginal unit: all unit was selling before increasing quantity and 
reducing prices. 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

I'T
j s

So



Profit Maximization 

• Is the above FOC also sufficient?
– Let’s take the FOC  # -9 + #; -9 -9 − ,; -9 , 

and differentiate it wrt -,
#; - + #; - + #;; - -

 =>
 6

− !′′($)
 '!
 9

≤ 0

– That is, 
 '2

 9
≤

 '!

 9
.

– Since MR curve is decreasing and MC curve is 
weakly increasing, the second-order condition is 
satisfied for all $.

Advanced Microeconomic Theory 15
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Second order condition.  
We already seen the FOC in which marginal revenue - marginal cost must be 
<= 0 to zero. Then, we see the SOC.  
We have to derive again to check the SOC, with respect to quantity.  
So for the SOC to be satisfy we need the derivative <= 0. Given the 
assumption that Mrevenue is decreasing (means first term  p’(q) + p’(q) + 
p’’(q)q < 0) and also we assume cost function is convex (c’’(q) positive). 
Negative term summed we got negative term. 
This means that the FOC is also sufficient for a maximum. 
In case of Interior solution the marginal revenue = marginal cost is the point in 
which profit maximise.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Profit Maximization 
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When we referred to the monopolist equilibrium is the point in which 
marginal cost cross marginals revenue.

MR curve crosses MC 
curve from above

Price in demand 
curve

Quantity in 
demand curve 



Profit Maximization 

• What would happen if MC curve was 
decreasing in $ (e.g., concave technology 
given the presence of increasing returns to 
scale)?
– Then, the slopes of MR and MC curves are both 

decreasing.

– At the optimum, MR curve must be steeper MC 
curve.

Advanced Microeconomic Theory 17

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
In case marginal cost decreasing in q implies the case of concave technology 
which has increasing return to scale. In this case will be decreasing and q and 
we will have the following situation [next graph] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Profit Maximization 
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b

Marginal cost decreasing. We have demand function and marginal revenue 
 

Equilibrium will be the point in which marginal 
cost is equal to the marginal revenue. We see 
that the previous feature (we said in the slide 
before )is always valid marginal revenue 
crosses marginal cost from above.



Profit Maximization: Lerner Index

• Can we re-write the FOC in a more intuitive 
way? Yes.

– Just take %# = . $ + .0 $ $ = . +
(<

(9
$ and 

multiply by  
<

<
,

%# = .
.
.
+
).
)$

$
.*

?/,-

. = . +
1
/ 
.

– In equilibrium, %#($) = %&($). Hence, we can 
replace MR with MC in the above expression.
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Another interesting way of setting profit maximisation condition. 
The equality between marginal revenue and marginal cost is elasticity. 
First thing to do is writing again the Marginal revenue multiply factors by p/p’. 
  
The term der p/ der q * q/p is the 1/elasticity of demand. 
Elasticity of demand is der q/ der p + p/q 
 
We can replace the expression p + 1/eps * p in the expression MR(q) = MC(q) 
 
The marginal reveue p( 1 + 1/eps ) = MC  
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Profit Maximization: Lerner Index

• Rearranging yields
. −%&($)

.
= −

1

/ 
• This is the Lerner index of market power

– The price mark-up over marginal cost that a 
monopolist can charge is a function of the elasticity of 
demand.

• Note:

– If / → ∞, then 
14=!(6)

1
→ 0	 ⟹ 	# = %&(-)

– If / → 0, then 
14=!(6)

1
→ ∞	 ⟹ substantial mark-up
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This way of rewriting equality between MC and MR is called Lerner 
index of market power. 
This allows us to see that if you look at the left end side the numerator you 
can see that this is the difference between p and MC and we can consider this 
as index of market power.  
The reason is that if you have market power in a monopoly you can charge an 
higher price. 
Mark up is how much you charge in addition to marginal cost to consumer 
(p - MC(q)).  
Ratio between mark up and price depend negatively on elasticity of demand. 
The term on the right is positive because elasticity is negative (demand 
negative slope so -1/eps is positive. 
 
If the elasticity increases the market power decreases. 
This is intuitive: if elasticity of demand is high, consumer are more verses 
prices. So if you charge a lot price, you will lose a lot of demand. 
 
In this case the firm cannot afford to charge very high price because she will 
sell few units. 
 
In the learner index if elasticity of demand goes to infinity, then the markup 
goes to 0. This imply not market power for the firm and the optimal condition 
is the same as perfect competition. 
 
However in case elasticity tends to 0 the demand is not very sensitive to price, 
so monopolist can charge very high prices so this means the learner index will 
tend to infinity. 
  
We can write learner as:  
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P
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Profit Maximization: Lerner Index

• The Lerner index can also be written as

# =
=!(6)

52
3

4-

which is referred to as the Inverse Elasticity Pricing 
Rule (IEPR).

• Example (Perloff, 2012): 
– Prilosec OTC: / = −1.2. Then price should be # =

=!(6)

52
3

73.8

= 5.88%&

– Designed jeans: / = −2. Then price should be # =
=!(6)

52
3

78

= 2%&
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Profit Maximization: Lerner Index

• Example 1 (linear demand):
– Market inverse demand function is 

# - = ; − <-

where < > 0

– Monopolist’s cost function is , - = ,-

– We usually assume that ; > , ≥ 0

! To guarantee # 0 > !′(0)

! That is, . 0 = ; − <0 = ; and !0 $ = !, thus 
implying !0 0 = !

Advanced Microeconomic Theory 22
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Exercise  
optional price for the monopolist under a linear demand function so we have a 
demand that is linear: it’s a inverse demand because on the left end side we 
have prices and in the right quantities.  
So we have prices written as function of quantity. 
 
We assume cost function is c that is a linear as well on q. So cost function is 
equal to c(q) and then we assume that the intercept of demand function is 
higher than the intercept of the total cost function —> so total cost function 
with slope equals to c. 
 
Now we write the monopolist objective function: [next slide]  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Profit Maximization: Lerner Index

• Example 1 (continued):
– Monopolist’s objective function

= - = ; − <- - − ,-

– FOC:                 ; − 2<$ − ! = 0

– SOC:                 −2< < 0 (concave)
! Note that as long as < > 0, i.e., negatively sloped 

demand function, profits will be concave in output.

! Otherwise (i.e., Giffen good, with positively sloped 
demand function) profits will be convex in output.
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Now we write the monopolist objective function: is the profit function. 
 
Profit = p which depend on q - total cost. 
 
Then we can compute FOC and SOC.  
SOC < 0 and meet the assumption of b > 0. 
 
You can find q 
 
 
 
 
This is the optimal quantity of the monopolist  
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Profit Maximization: Lerner Index

• Example 1 (continued):
– Solving for the optimal -9 in the FOC, we find 

monopoly output

-9 =
; − ,

2<
– Inserting  $% =

>3?

@A
in the demand function, we 

obtain monopoly price

.% = ; − <
; − !
2<

=
; + !
2

– Hence, monopoly profits are)

=% = .%$% − !$% =
; − ! @

4<
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Then you can replace the optimal quantity of the monopolist in demand. 
 
  
 
So you insert this expression in the demand function to find the monopoly 
price. 
Demand function was be (a-b) * q, so we replace q with a - c / 2b. 
After computation we get the optimal equilibrium price that is equal to  
 
 
You can replace the optimal quantity and optimal prices in the profit function 
and you will obtain the form of the profit function. 
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Profit Maximization: Lerner Index

• Example 1 (continued):
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Graphical representation of the 
example in which Marginal cost 
is constant and then we have 
demand function and revenue 
function.  

Optimal price and quantity in the 
demand function 

Equilibrium: 
MC cross MR



Profit Maximization: Lerner Index

• Example 1 (continued):
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– Non-constant 
marginal cost

– The cost function is 
convex in output
,(-) = ,-@

– Marginal cost is
,′(-) = 2!$

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
As exercise solve the previous maximisation problem just considering 
another cost function in which the marginal cost is increasing so try to find 
the opt quantity and optimal price when the cost function cq^2



Profit Maximization: Lerner Index

• Example 2 (Constant elasticity demand):
– The demand function is

-(-) = C#4A

– We can show that  / - = −< for all -, i.e., 

/ - =
)-(#)

)#

#

-
= −< C#4A45

(6(1)
(1

#

C#4A

1
6

= −<
#4A

#

#

#4A
= −<
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You can try also solve this example using constant elasticity demand: find 
optimal quantity and optimal prices in equilibrium 



Profit Maximization: Lerner Index

• Example 2 (continued):
– We can now plug  / - = −< into the Lerner 

index, 

#9 =
,

1 +
1

/ -

=
,

1 −
1
<

– That is, price is a constant mark-up over marginal 
cost.
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Welfare Loss of Monopoly
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Welfare Loss of Monopoly

• Welfare comparison for perfect competition and 
monopoly.
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In monopoly we have reduction  in aggregate surplus compare to perfect 
competition and this reduction in aggregate surplus is called welfare loss of 
monopoly.  
 
The starting point is to compare equilibrium in perfect competition and 
monopoly. 
So we have the usual graph with price in vertical axes and quantity in the 
horizontal axes.  
We have marginal cost curve increasing and we have demand curve that is 
decreasing and also we have marginal revenue curve defined in the previous 
lecture —> we can define competitive equilibrium which is the crossing point 
between demand and marginal cost curve and also we can define the 
monopoly equilibrium.  
We know also that we can read the optimal quantity and competition in 
demand curve and we do the same in monopoly, while optimal demand in 
p^m 
So we define the welfare loss of monopoly as the reduction aggregate surplus 
and we know that surplus is the area between demand curve and marginal 
cost curve. 
The welfare loss going from q* to q^m and p to p^m is the area of this triangle. 
In particular, you can rewrite this area in different subarea in C and E 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Welfare Loss of Monopoly

• Consumer surplus
– Perfect competition: A+B+C
– Monopoly: A

• Producer surplus:
– Perfect competition: D+E
– Monopoly: D+B

• Deadweight loss of monopoly (DWL): C+E

DEF = G # H − !′(H) IH
9∗

9J

• DWL decreases as demand and/or supply become 
more elastic.
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In perfect competition the consumer surplus is A + B + C, while in monopoly 
we have q^m and p^m so the consumer surplus is just the area A. 
The difference between PC and Monopoly is B+C (which is the loss in 
consumer surplus just because we have monopoly. 
 
We can also do something like that for produce surplus: 
Is the area below equilibrium price and above marginal cost curve. 
So in perfect competition is the sum of D+E, while in monopoly is D+B.  
 
The total variation in aggregate surplus is equal to variation in consumer 
surplus + variation in producer surplus 
 
 
 
 
 
Also defined ad Deadwight loss of monopoly which is the are between 
demand and marginal cost OST curve that is included between optimal 
quantity in monopoly and optimal quantity in perfect competition ==> area in 
the triangle. 
It’s possible to see that is the integral between the demand curve and 
marginal cost curve with q* and q^m as extreme of integration. 
DWL decreases as demand and supply became more elastic ==> loss due to 
monopoly of wealth as the demand of supply became more elastic 
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Welfare Loss of Monopoly

• Infinitely elastic demand
#; - = 0

• The inverse demand curve 
becomes totally flat.

• Marginal revenue coincides 
with inverse demand:
%# - = # - + 0 ∙ -

= #(-)

• Profit-maximizing -
%# - = %& - ⟹
# - = %&(-)

• Hence, -9 = -∗ and 
DEF = 0.
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Example of infinitely elastic demand ==> demand horizontal and then we 
have marginal cost curve increasing. In this case you can check that if the 
price is constant the demand is flat so marginal revenue is equal to the price. 
It’s the same case of demand for individual firm in perfect competition. 
We know that in general marginal revenue is p(q) + p’ (q) *q but since 
infinitely  elastic, the derivative of p with respect to q means that p’(q) is 0 and 
marginal revenue is equal to the cost. 
 
The profit maximise condition is given by the equality between marginal 
revenue ad marginal cost but marginal revenue equals to price. To ew have 
same condition as in perfect completion.  
 
In this example the DWL is equal to 0 since the equilibrium in this case is the 
same as the equilibrium in perfect competition in which P = MC. So in 
infinitely elastic demand is equal to 0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Welfare Loss of Monopoly

• Example (Welfare losses and elasticity):
– Consider a monopolist with constant marginal and 

average costs, ,; - = ,, who faces a market 
demand with constant elasticity

- # = #L with M < −1

where M is the price elasticity of demand (M < −1)

– Perfect competition: #? = ,

– Monopoly: using the IEPR

#9 =
,

1 +
1
M
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Another case in which the monopolist has costant marginal cost: c’(q) = c.  
We take the case of market demand not infinitely elastic but as the following 
form q(p) = p^e where e is the elasticity of demand. 
Elasticity of demand must be negative and e < -1.  
In perfect competition we know price = MC however in monopoly firm is price 
maker and can fix price.  
Monopoly price is 
 
 
 
 
 
Since 1+ 1/e with e < -1 the denominator will be less than 1 so this mean that 
price in monopoly will be c over something less than one so is larger than c. 
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Welfare Loss of Monopoly

• Example (continued):
– The consumer surplus associated with any price (#8) can 

be computed as

&N = G - # I#
O

1P

= G #LI#
O

1P

=
#L25

M + 1
Q
1P

O

−
#8
L25

M + 1

– Under perfect competition, #? = ,,

&N = −
,L25

M + 1

– Under monopoly, #9 =
?

525/L
,

&N9 = −

,
1 + 1/M

L25

M + 1
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Now we compiute the consumer surplus associated with the demand  
q(p) = p a 
So this is the area below the demand curve and if we want to compute the 
consumer surplus. So area between the price p0 and price +infinity ( infinity 
since the demand in this case crosses the vertical axes. If we have an 
asymptotic case we consider infinite.  
 
 
 
 
 
 
 
 
If we take the integral of the function p^e.  
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Welfare Loss of Monopoly

• Example (continued):
– Taking the ratio of these two surpluses

&N9

&N
=

1

1 + 1/M

L25

– If M = −2, this ratio is ½
! CS under monopoly is half of that under perfectly 

competitive markets
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 Ratio between Consumer surplus between perfect competition and 
monopoly increases with elasticity of demand!



Welfare Loss of Monopoly

• Example (continued):

– The ratio  
!SJ

!S
=

5

525/L
L2$

decreases as demand becomes 

more elastic.
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Notice that e is negative so it becomes smaller in absolute value.  
So if |e| increases (in absolute value) the ratio goes down.

If consumer are 
very sensitive to 
prices, then 
monopoly cannot 
charge very high 
prices



Welfare Loss of Monopoly

• Example (continued):
– Monopoly profits are given by 

=9 = #9-9 − ,-9 =
,

1 + 1/M
− , -9

where -9(#) = #L =
?

525/L

L

.

– Re-arranging,

=9 =
−,/M

1 + 1/M

,

1 + 1/M

L

= −
,

1 + 1/M

L25

∙
1

M
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We can also compute the measure of welfare transferred in monopoly to 
consumer surplus to the produce surplus.  
Produce surplus is also called profit. 
 
First thing to do i to compute profits of the monopolist = differences between 
total revenue and total cost.  
We replace to p^m the opt price.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Welfare Loss of Monopoly

• Example (continued):
– To find the transfer from CS into monopoly profits that 

consumers experience when moving from a perfectly 
competition to a monopoly, divide monopoly profits 
(=9 = −

?

52
3

T

L25
∙
5

L
)	by the competitive CS 

(&N = −
?TU3

L25
)

VJ

!S
=

L25

L

5

525/L

L25

=
L

52L

L

– If M = −2, this ratio is ¼
! One fourth of the consumer surplus under perfectly 

competitive markets is transferred to monopoly profits
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Decreasing if |
e| value of 
elasticity of 
demand is 
increasing 

If you want compute the welfare transfer from consumer to producer we can 
compute the ratio of profit monopoly over consumer surplus.



 

 
 
 

 
 
 
 
 
 
 
 
 

There are not only welfare losses that we have seen, but other potential 
welfare cost:  

one is what is called patent race (legal barrier) —> excessive R&D •
expenditure  
Monopolist using a lot of advertising (social network) •
Lobbying costs ( cost that some firm may have to persuade to some •
politician to provide some specifics goal) 
Excessive amount of resource to be used by firm to prevent potential entry •
and reduce the potential amount of competitor.   



Comparative Statics
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Comparative Statics

• We want to understand how -9 varies as a 
function of monopolist’s marginal cost
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We are interested in understanding how equilibrium quantity in monopoly 
changes when monopoly marginal cost change. 
We have usual graph with quantity and prices. 
 
We have negatively slope demand curve and Marginal revenue curve. 
Marginal cost function we have a lower cost function c1 and higher c2. Is 
immediate to see that going from lower to higher, the optimal quantity of the 
monopoly falls while the price increases.  
Increase in marginal cost imply a shift to the left up of the marginal cost curve 
and produces an reduction in the optimal quantity of the monopoly and 
increases in the equilibrium price. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

• Formally, we know that at the optimum, -9(,), the 
monopolist maximizes its profits

)= -9 , , ,

)-9
= 0

• Differentiating wrt ,, and using the chain rule,
)@= -9 , , ,

)-@
I-9 ,

I,
+
)@= -9 , , ,

)-),
= 0

• Solving for 
 6J ?

 ?
, we have

I-9 ,

I,
= −

)@= -9 , , ,
)-),

)@= -9 , , ,
)-@
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We can see the same thing with comparative statics analysis. 
We start from the FOC of the profit maximisation problem of the monopolist 
FOC implies Derivative of profit with respect to the quantity must be equal to 0 
and we also know that profits depends on quantity produced. 
The optimal quantity is in term function of marginal cost and profit depend 
directly on the marginal cost. 
Indeed we know that profit are equal to Profit = p(q) * q - c(q). 
We assume marginal costs are constant and we are considering how profit 
change when the c marginal cost changes.  
Optimal quantity will be a function of the parameter c in the PMP. 
 
What we do is totally differentiate the FOC with respect to the quantity so we 
have the 2° derivative of profit with respect to q^m. 
Applying the rule of derivative for composite function we have to multiply by 
derivative of quantity with respect to marginal cost. 
Plus, we have the second derivative of profit function so we are doing is 
computing derivative of profit with respect to q.  
Then this must be equal to 0 since FOC was equal to 0. 
We isolate the term d q^m/ d c.      
 
Again this is another example of applying the implicit function theorem. 
 
 
In general we trying to get the sign of this number —> how the optimal 
quantity change when marginal cost changes.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics

• Example:
– Assume linear demand curve # - = ; − <-

– Then, the cross-derivative is

)@= -9 , , ,

)-),
=
)
) ; − <- - − ,-

)-

),

=
) ; − 2<$ − !

)!
= −1

and

I$% !
I!

= −

)@= $% ! , !
)$)!

)@= $% ! , !
)$@

= −
−1
−2<

< 0
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We can apply implicit function theorem in this example when inverse demand 
is linear. Inverse because on the left prices and on the right quantity! 

Before we compute the numerator:  •
the double derivative of profit function with respect to q and then to c. What 
we have to do is to compute der of profit function with respect to q and then 
derivative with respect to c. 

then we compute the denominator: compute the second derivative of profit •
function with respect to q. 

 
So substituting the term in the formal we get  
 
 
This is < 0 since by assumption b was > 0 . 
We have shown that when MC increase, the optimal quantity changes by 
- 1/ 2b. 
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Comparative Statics

• Example (continued):
– That is, an increase in marginal cost, ,, decreases 

monopoly output, -9.

– Similarly for any other demand. 

– Even if we don’t know the precise demand 
function, but know the sign of

)@= -9 , , ,

)-),
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In general you can also find other cases (the one before was with costant 
marginal cost) by applying other demand functions or other marginal cost 
function. 
To sign the change is enough to sign numerator and denominator of this 
expression: 
 
 
 
 
 
 
Sign of variation in optimal quantity.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Comparative Statics (DbY)

• Example (continued):
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– Marginal costs are 
increasing in -

– For convex cost curve 
, - = ,-@, monopoly 
output is

-9 , =
;

2(< + !)

– Here, 
I$% !

I!
= −

;

2 < + ! @ < 0
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This is another example in which marginal cost is not constant and is 
increasing in quantity. There is a shift upward of the marginal cost so Marginal 
cost increases. Incidentally increasing in marginal cost correspond to a cost 
function that is convex. In this case the derivative of total cost with respect to 
q is equal to 2c q which is increasing in q and slope is 2c. 
you can solve the problem (monopolist problem) when the function is this one 
and with algebra we can verify that optimal quantity is a/2 (b+c). 
After having found expression we can compute the derivative of cost function 
with respect to c and in this case the parameter c. It’s easy to show that 
derivative is negative.   
 
also in this case the optimal quantity is decreasing in the parameter c and 
what c determines is the magnitude of the marginal cost. As c increase, also 
the marginal cost increases.  
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Comparative Statics (DbY)

• Example (continued):
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– Constant marginal cost

– For the constant-elasticity 
demand curve - # = #L, 

we have #9 =
?

525/L and 

&'()* + L?
$2L

L

– Here,
I&' )
I) + M

)
M)
1 0 M

L

+ M
) &

' 1 0
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We have a constant marginal cost that is a straight line. If price increases the 
marginal cost increases and shift to the up. 
Equilibrium shift from A to B. 
Optimal prices increases and optimal quantity decreases  
We know that in monopoly the optimal price can be obtained using the inverse 
elasticity rule. So p^m = c / (1+1/e)  
Demand in this case is constant elasticity demand p^e and is immediate to 
find also the equilibrium quantity by replacing p^m. 
 
we have found the optimal quantity for monopoly using elasticity constant 
demand curve. What happen when marginal cost increases? Optimal quantity 
decreases and what we do is to compute the der of optimal quantity with 
respect to c.  
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Multiplant Monopolist
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Multiplant Monopolist

• Monopolist produces output -5, -@, … , -Z across 
[ plants it operates, with total costs "&\(-\) at 
each plant ] = {1,2, … ,[}.

• Profits-maximization problem

max
63,…,6`

; − <∑ -\
Z
\?5 ∑ -\

Z
\?5 − ∑ "&\(-\)

Z
\?5

• FOCs wrt production level at every plant b

; − 2<c -\

Z

\?5
− %&d -d = 0

⟺ %# f = %&d(-d)

for all b.
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Multiplant monopoly is a monopolist firm that has several plants so this mean 
that the firm has to decide how to allocate production among different plants. 
So we have in this case a monopolistic firm which produce N different  plants.  
We have quantity allocated which each of n plants. This plants has different 
TC function. Then we have an inverse demand which is linear.  
We have to set up the PMP for the monopolist: 

we have total revenue as usual that is equal to prices which is equal to  •
a-b Q and can be equal to the summation of production of all plants.  
Then prices multiply by Q. Then we have the cost part: which are the sum of 
the total cost corresponding to the production allocate to each plan.  
 
 
To find the max we have to compute the FOC with respect to the production 
of each plant ‘j’. 
Derivative of profit function then, we have to take in consideration index i and 
j. ‘i’ when we refer to all N plants and j is the quantity of the plants with respect 
to which we are computing the FOC. We will. Have N FOC —> one for each j 
 
Compute derivative of profit function with respect to qj.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Then we have to compute the total cost derivative with respect to qj which is 
equal to - MCj. Derivative = 0 and we can rewrite at the optimal choice 
MR(Q) = MC(qj) moving marginal cost on the right-hand side. 

MULTI12 1 TERMS

New EASIER caryPuTNG
a qi b hi Derivative

IN CASE Of two PLANTS

h g 92 b gnt9z
AS THE GENERAL CASE11

Na b 2 Cantor
a b z I 9i
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Multiplant Monopolist

• Multiplant monopolist operating two plants with 
marginal costs %&5 and %&@.
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This is the graph of equilibrium in multiplant monopoly. In this case we have 
the usual MR negatively sloped (decreasing), Mc of first and second plants. 
Total marginal cost is the sum between MC1 e MC2. The idea is to sum the 
quantity q1 and q2 offered at the given MC to find the total quantity that is 
offered at the MC. Ones you have obtain the total MC you are able to find the 
equilibrium: MC must be equal to the MR. 
After finding the equilibrium you will also have also the equilibrium price and 
importantly you can find optimal production allocated to each plant just 
reading at the equilibrium MC = MR. 
Looking at this two you can find the quantity allocated for 1° and 2° plant 
(linee azzurre) —> crossing point between MC functions and equilibrium total 
MC which is equal to the MR. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Multiplant Monopolist

• Total marginal cost is %&ghg>i = %&5 +%&@ (i.e., 
horizontal sum)

• fghg>i is determined by %# = %&ghg>i (i.e., point 
A)

• Mapping fghg>i in the demand curve, we obtain 
price #9 (both plants sell at the same price)

• At the MC level for which %# = %&ghg>i (i.e., 
point A), extend a line to the left crossing %&5
and %&@. 

• This will give us output levels -5 and -@	that 
plants 1 and 2 produce, respectively.
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Multiplant Monopolist

• Example 1 (symmetric plants):
– Consider a monopolist operating [ plants, where 

all plants have the same cost function "&\ -\ =
j + ,-\

@. Hence, all plants produce the same 
output level -5 = -@ = ⋯ = -Z = - and f =
[-	The linear demand function is given by 
# = ; − <f.

– FOCs:

; − 2< ∑ $Z
dV? = 2!$ or			; − 2<[$ = 2!$

$ =
;

2(<[ + !)
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Multiplant Monopolist

• Example 1 (continued):
– Total output produced by the monopolist is

f = [- =
[;

2(<[ + ,)
and market price is

# = ; − <f = ; − <
[;

2 <[ + ,
=
;(<[ + 2,)

2 <[ + ,

– Hence, the profits of every plant b are =d =
>8

n AZ2?
− j, 

with total profits of

=ghg>i =
[;@

4 <[ + ,
− [j
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Multiplant Monopolist

• Example 1 (continued):
– The optimal number of plants [∗ is determined by

I=ghg>i

I[
=
;@

4

,

(<[ + ,)@
− j = 0

and solving for [

[∗ =
1

<

;

2

,

j
− ,

– [∗ is decreasing in the fixed costs j, and also 

decreasing in ,, as long as ; < 4 ,j.
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Multiplant Monopolist

• Example 1 (continued):
– Note that when [ = 1, f = -9 and # = #9.

– Note that an increase in [ decreases -d(=-) and 
=d.
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Multiplant Monopolist (DbY)

• Example 2 (asymmetric plants):
– Consider a monopolist operating two plants with 

marginal costs %&5 -5 = 10 + 20-5 and %&@ -@ =
60 + 5-@, respectively. A linear demand function is 
give by # f = 120 − 3f.

– Note that %&ghg>i ≠ %&5(-5) + %&@(-@)
! This is a vertical (not a horizontal) sum. 

– Instead, first invert the marginal cost functions

%&5 -5 = 10 + 20-5 ⟺ -5 =
%&5

20
−
1

2

%&@ -@ = 60 + 5-@ ⟺ -@ =
%&@

5
− 12
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Asymmetric plants: different plants have different cost functions 
 
Symmetric plants: All plants have the same total cost function. 
 
In this example we have two plants and MC1 is 10+20q, MC2 is 120-3Q 
 
Find solution of the problem: find total marginal cost function: find MC1 and 
MC2. 
IMPORTANT: to find total marginal cost function since we have to sums 
MC horizontally we cannot just compute the sums. 
We have to explicitate the two expression with respect to quantity and then 
sum up the two quantities. 
So we have to put quantity on the left-end side. 
 
After having found the to MC with respect to quantity we can sum up the two 
quantity 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Multiplant Monopolist (DbY)

• Example 2 (continued):
– Second, 

fghg>i = -5 + -@ =
%&ghg>i

20
−
1

2
+
%&ghg>i

5
− 12

=
1

4
%&ghg>i − 12.5

– Hence, %&ghg>i = 50 + 4fghg>i

– Setting %# f = %&ghg>i, we obtain fghg>i = 7 and
# = 120 − 3 ∙ 7 = 99.

– Since%# fghg>i = 120 − 6 ∙ 7 = 78, then 
%# fghg>i = %&? $? ⟹ 78 = 10 + 20-5 ⟹ -5 = 3.4
%# fghg>i = %&@ $@ ⟹ 78 = 60 + 5$@ ⟹ $@ = 3.6
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After having found the to MC with respect to quantity we can sum up the two 
quantity. 
We sum q1 + q2 and we know that in equilibrium MC in the two plants must 
be the same: so we replace MC1 and MC2 with MCtotal. Then we can sum up 
the terms. 
 
Then explicitate this expression with the marginal cost so then we can equate 
MR to the MC total. We find MC total is 50 + 4 Qtot and then we can equate 
MC tot and MR. 
MR can be found just looking at the demand function p(Q) = 120-3Q and then 
computing the marginal revenue function. 
We will find Total quantity in monopoly (Qtot = 7) and equilibrium price by 
replacing in the demand (p = 99) and also you can find MR(Qtot) by replace 
quantity in the MR. 
Also to find the quantity produced by the two plant is to equate MR to the 
marginal cost of the first plant and you can find the quantity in the 1° plant and 
Idem for the 2° plant. 
 
Now an alternative solution for this exercise 
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Chapter 7: Monopoly price 
discrimination

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Outline

• Price Discrimination
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Price Discrimination
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Price Discrimination

• Can the monopolist capture an even larger surplus?

Advanced Microeconomic Theory 4

– Charge 𝑝  𝑝 to those 
who buy the product at 𝑝
and are willing to pay more

– Charge 𝑐 ൏ 𝑝 ൏ 𝑝 to 
those who do not buy the 
product at 𝑝, but whose 
willingness to pay for the 
good is still higher than the 
marginal cost of 
production, 𝑐. 

– With 𝑝 for all units, the 
monopolist does not 
capture the surplus of 
neither of these segments.
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Demand curve also 
represent the 
willingness to pay of the 
consumer



 
 
We have seen solution of monopoly profit maximisation problem and at the 
opt condition the monopolist produce at a point in which MR crosses MC. In 
this graph we have the demand curve negatively sloped. 
 
This optimal price and quantity price for the monopolist will be the shade area 
which is below equilibrium price and above MC curve. 
 
however this is not the maximum profit the monopolist might get, some 
consumer will be will to pay a price higher than p^m. In particular, this can be 
seen by looking at this portion of the demand.  
Demand curve also represent the willingness to pay of the consumer. 
In equilibrium price is equal to the marginal utility of consumption p = u’(q). 
Maximum price individual willing to pay is exactly the marginal utility. 
The monopolist could get higher profit just charging higher price (blue area). 
It also the case monopolist could get higher profit by charging prices that are 
above MC curve. 
The idea is that the monopolist could gain extra profit by charging different 
prices to different consumer. 
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Price Discrimination: First-degree

• First-degree (perfect) price discrimination:
– The monopolist charges to every customer his/her 

maximum willingness to pay for the object.

Advanced Microeconomic Theory 5

– Personalized price: 
The first buyer pays 
𝑝1 for the  𝑞1 units, 
the second buyer 
pays 𝑝2 for 𝑞2 െ 𝑞1
units, etc.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
In case monopolist is able to charge to each consumer is willingness to pay  
—> 1° degree (perfect) price discrimination  
The monopolist charges to every customer his maximum willingness to pay 
for the good.  
 
So this is a visual representation in which the monopolist charges a certain 
price based on the unit q1, q2 ecc.. 
 
Is called also block pricing: for each block of quantities the monopolist change 
different prices. We assume that each unit charge different price we get the 
situation in which each block is a point in the demand curve. 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: First-degree

– The monopolist 
continues doing so  until 
the last buyer is willing 
to pay the marginal cost 
of production.

– In the limit, the 
monopolist captures all 
the area below the 
demand curve and 
above the marginal cost 
(i.e., consumer surplus)

Advanced Microeconomic Theory 6
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if you take this extreme case with perfect price discrimination. Monopolist can 
really capture all consumer surplus. 
We have MR, demand negatively sloped and we assume MC are constants. 
In the traditional solution will be crossing point between MR and Mc fucntion.  
In the usual case we have p^m and q^m. But in the case of 1° the monopolist 
will produce up to the point in which the MC crosses the demand curve (p = 
MC). Now this is not the equilibrium price, each consumer or each quantity 
will be charge a single price. 
The profits for the monopolist are gain by the are below the demand and 
above the MC curve (blue)  
In perfect competition this would be also the consumer surplus(CS). 
The monopolist can capture all consumer surplus and this became the 
monopolist profits. 
 
 
In summary:  
Perfect competition CS becomes the monopolist profit and equilibrium 
production with 1° degree is the same as in perfect competition. Indeed, in 
Perfect competition the equilibrium is characterise between the equality 
between price and MC (p = MC). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: First-degree
• Suppose that the monopolist can offer a fixed fee, 𝑟∗, 

and an amount of the good, 𝑞∗, that maximizes profits.
• PMP:

max
,

𝑟 െ 𝑐𝑞

𝑠. 𝑡. 𝑢ሺ𝑞ሻ  𝑟
• Note that the monopolist raises the fee 𝑟 until 𝑢 𝑞 ൌ 𝑟. 

Hence we can reduce the set of choice variables
max


𝑢ሺ𝑞ሻ െ 𝑐𝑞

• FOC:    𝑢ᇱ 𝑞∗ െ 𝑐 ൌ 0 or  𝑢ᇱ 𝑞∗ ൌ 𝑐. 
– Intuition: monopolist increases output until the marginal 

utility that consumers obtain from additional units 
coincides with the marginal cost of production

Advanced Microeconomic Theory 7
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Let’s do this analitically.  
Imagine the monopolist can offered a fixed fee r* and a given amount of 
quantity q* that maximise the profits. 
The problem of the monopolist —> have to offer a combination of fee and 
quantity of the good.  
This is an example of mobile company that offer a given amount of Giga at a 
given price. 
PMP for the monopolist firm is to maximise with respect to the choice variable 
(the fee and quantity).  
We assume MC = c, so constant.   
The constrain the monopolist faces is that utility of consumer must be greater 
of equal to the fee he paid (r). 
Since profit is increasing in r and also constraint must hold, for the monopolist 
will be convenient to rise the fee to the point in which utilty of the consumer is 
equal to the fee.   
In this condition the consumer will still buy the good: after having observed the  
constraint hold with equality, we can replace the constrain in the objective 
function so we replace into r an we get a new function of q—> u(q) =r. 
So we can compute the FOC and we get that marginal utility u’ = c. 
The monopolist will increase output until Marginal utility will be equal to the 
marginal cost. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: First-degree

• Given the level of 
production 𝑞∗, the 
optimal fee is

𝑟∗ ൌ 𝑢 𝑞∗

• Intuition: the 
monopolist charges a 
fee 𝑟∗ that coincides 
with the utility that the 
consumer obtains 
from 𝑞∗

Advanced Microeconomic Theory 8
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Graphical representation of solution of the problem. We can pick the profit in 
case of the traditional solution 
Below the equilibrium price and above the Mc function. 
 
While in case of 1° price discrimination the fee will be equal to the utilty of 
getting q* ( which is define at u’(q*) = r) the max at the optimum of the 
constrain must be binding. So at the optimal the r*  that coincide with utility 
that consumer obtains from q*. 
r* represent the area below the demand curve and up to the point in which q = 
q*. 
Is area below demand function with quantity 0 to q*. 
By solving the integral we will have the integral of marginal utilty which is the 
utility function itself. 
 
 
Profits are the area between r* - c q* so difference between the area of the 
trapezoids - c q* area.  
Profits are consumer surplus in perfect competition.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: First-degree

• Example:
– A monopolist faces inverse demand curve 𝑝 𝑞 ൌ
20 െ 𝑞 and constant marginal costs 𝑐 ൌ $2. 

– No price discrimination: 
𝑀𝑅 ൌ 𝑀𝐶 ฺ 20 െ 2𝑞 ൌ 2 ฺ 𝑞 ൌ 9

𝑝 ൌ $11, 𝜋 ൌ $81
– Price discrimination:

𝑝 𝑄 ൌ 𝑀𝐶 ฺ 20 െ 𝑄 ൌ 2 ฺ 𝑄 ൌ 18
𝜋 ൌ $162

Advanced Microeconomic Theory 9
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Price Discrimination: First-degree

• Example (continued):

Advanced Microeconomic Theory 10
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Price Discrimination: First-degree

• Summary:
– Total output coincides with that in perfect 

competition
– Unlike in perfect competition, the consumer does 

not capture any surplus
– The producer captures all the surplus
– Due to information requirements, we do not see 

many examples of it in real applications
� Financial aid in undergraduate education ;͞tuition 

discrimination͟Ϳ
Advanced Microeconomic Theory 11
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Price Discrimination: First-degree

• Example (two-block pricing):

Advanced Microeconomic Theory 12

– A monopolist faces a 
inverse demand curve 
𝑝 𝑞 ൌ 𝑎 െ 𝑏𝑞 , with 
constant marginal costs  
𝑐 ൏ 𝑎. 

– Under two-block pricing, 
the monopolist sells the 
first 𝑞1 units at a price 
𝑝ሺ𝑞1ሻ ൌ 𝑝1 and the 
remaining 𝑞2 െ 𝑞1units 
at a price 𝑝ሺ𝑞2ሻ ൌ 𝑝2.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Pn Pz



 
Another example is the two block pricing: example of imperfect 1° degree 
price discrimination. 
Assume that monopolist is facing an inverse demand curve which is linear 
and we assume MC constant and below intercept demand curve ( this assure 
equilibrium and a crossing point). 
In general there will be n-block pricing. or the cost q unit firm apply price p1, 
for unit between q2 and q1 the firm apply p2. In this sense, the monopolist try 
to apply different prices to different consumers. Consumer is like divided in 
two groups. 
We can apply the same thing of before to this groups.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: First-degree

• Example (continued):
– Profits from the first  𝑞1 units 

𝜋1 ൌ 𝑝 𝑞1 ȉ 𝑞1 െ 𝑐𝑞1 ൌ ሺ𝑎 െ 𝑏𝑞1 െ 𝑐ሻ𝑞1
while from the remaining  𝑞2 െ 𝑞1 units 

𝜋2 ൌ 𝑝 𝑞2 ȉ 𝑞2 െ 𝑞1 െ 𝑐 ȉ ሺ𝑞2 െ𝑞1ሻ
ൌ ሺ𝑎 െ 𝑏𝑞2 െ 𝑐ሻሺ𝑞2െ𝑞1ሻ

– Hence total profits are
𝜋 ൌ 𝜋1  𝜋2
ൌ 𝑎 െ 𝑏𝑞1 െ 𝑐 𝑞1  ሺ𝑎 െ 𝑏𝑞2 െ 𝑐ሻሺ𝑞2െ𝑞1ሻ

Advanced Microeconomic Theory 13

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
Example 7.8 in the book  —> 2 block pricing  
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Price Discrimination: First-degree
• Example (continued):

– FOCs:
𝜕𝜋
𝜕𝑞1

ൌ 𝑎 െ 2𝑏𝑞1 െ 𝑐 െ 𝑎  𝑏𝑞2  𝑐 ൌ 0

𝜕𝜋
𝜕𝑞2

ൌ െ𝑏 𝑞2 െ 𝑞1  𝑎 െ 𝑏𝑞2 െ 𝑐 ൌ 0

– Solving for 𝑞1 and 𝑞2
𝑞1 ൌ

𝑎 െ 𝑐
3𝑏

𝑞2 ൌ
2ሺ𝑎 െ 𝑐ሻ

3𝑏
which entails prices of 

𝑝 𝑞1 ൌ 𝑎 െ 𝑏 ȉ
𝑎 െ 𝑐
3𝑏

ൌ
2𝑎  𝑐
3

𝑝 𝑞2 ൌ
𝑎  2𝑐
3

where 𝑝 𝑞1  𝑝 𝑞2 since 𝑎  𝑐.
Advanced Microeconomic Theory 14

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: First-degree

• Example (continued):
– The monopolist s͛ profits from each block are

𝜋1 ൌ 𝑝 𝑞1 െ 𝑐 ȉ 𝑞1

ൌ
2𝑎  𝑐
3

െ 𝑐 ȉ
𝑎 െ 𝑐
3𝑏

ൌ
2
𝑏

𝑎 െ 𝑐
3

2

𝜋2 ൌ 𝑝 𝑞2 െ 𝑐ሻሺ𝑞2 െ 𝑞1

ൌ
𝑎  2𝑐
3

െ 𝑐 ȉ
2 𝑎 െ 𝑐

3𝑏
െ
𝑎 െ 𝑐
3𝑏

ൌ
1
𝑏

𝑎 െ 𝑐
3

2

– Thus,  𝜋 ൌ 𝜋1  𝜋2 ൌ
𝑎− మ

3𝑏
, which is larger than 

those arising under uniform pricing , 𝜋௨ ൌ 𝑎− మ

4𝑏
.
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Price Discrimination: Third-degree 
• Third degree price discrimination:

– The monopolist charges different prices to two or more 
groups of customers (each group must be easily recognized 
by the seller).
• Example: youth vs. adult at the movies, airline tickets 

– Firm͛s PMP:      
max
௫భ,௫మ

𝑝1 𝑥1 𝑥1  𝑝2 𝑥2 𝑥2 െ 𝑐𝑥1 െ 𝑐𝑥2
– FOCs:

𝑝1 𝑥1  𝑝1ᇱ 𝑥1 𝑥1 െ 𝑐 ൌ 0 ฺ 𝑀𝑅1 ൌ 𝑀𝐶
𝑝2 𝑥2  𝑝2ᇱ 𝑥2 𝑥2 െ 𝑐 ൌ 0 ฺ 𝑀𝑅2 ൌ 𝑀𝐶

– FOCs coincides with those of a regular monopolist who 
serves two completely separated markets practicing 
uniform pricing . 

Advanced Microeconomic Theory 16
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In this case, unlike the case with 1° degree price discrimination (monopolist 
has perfect information of each consumer and silliness to pay) there are 
different group of customer that can be recognise by the seller. 
 
Now the PMP is to maximise profits with respect to quantity sold in first and 
second market which is define by different group of consumer.  
We assume marginal cost is costant. 
 
By computing the FOC we obtain that the MR - MC = 0, so is the same as 
optimal choice. So MR1 = MC 
FOC with respect to x2 we obtain a similar condition MR2 = MC. 
The solution of this problem can be found splitting the problem in two 
problem: 
 
 
 
 
 
We obtain the same result as finding the maximum of the total profit. this is 
also shown in the example [next slide] 
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1p

1MR

1 14x =

$10
$10MC =

1 $24p =

1x

2p

2 8x =
2MR

2 $12p =

2x

Market 1
Adults at the movies

Market 2
Seniors at the movies

1( )p x 2( )p x

Price Discrimination: Third-degree
– Example: 𝑝1 𝑥1 ൌ 38 െ 𝑥1 for adults and 𝑝2 𝑥2 ൌ 14 െ
1/4𝑥2 for seniors, with 𝑀𝐶 ൌ $10 for  both markets.

𝑀𝑅1 𝑥1 ൌ 𝑀𝐶 ฺ 38 െ 𝑥1 ൌ 10 ฺ 𝑥1 ൌ 14 𝑝1 ൌ $24
𝑀𝑅2 𝑥2 ൌ 𝑀𝐶 ฺ 14 െ 1/4𝑥2 ൌ 10 ฺ 𝑥2 ൌ 8 𝑝2 ൌ $12
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We have two markets characterised by two inverse demand function, price in 
1° market and 2° market.  
 
The equilibrium in the first market can be found equation MR with MC. 
Compute MR also for second market.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
We have found opt quantity and price for both market and we can see it in the 
graph. 
 
In both cases the optimal choice is the crossing point between MR and MC 
curve. So monopolist sell 14 with 24 price in first and 8 in the second with 12 
as price. 
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Price Discrimination: Third-degree

• Using the Inverse Elasticity Pricing Rule (IERP), we 
can obtain the prices

𝑝1 𝑥1 ൌ 
1−1/ఌభ

and  𝑝2 𝑥2 ൌ 
1−1/ఌమ

where 𝑐 is the common marginal cost
• Then, 𝑝1 𝑥1  𝑝2 𝑥2 if and only if


1−1/ఌభ

 
1−1/ఌమ

ฺ 1 െ 1
ఌమ
൏ 1 െ 1

ఌభ

ฺ
1
𝜀2


1
𝜀1

ฺ 𝜀2 ൏ 𝜀1
• Intuition: the monopolist charges lower price in 

the market with more elastic demand.
Advanced Microeconomic Theory 18

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
A 3° degree price discrimination since the monopolist acts as if were serving 
two separate markets and maximise profit for each of the two markets then 
we can apply the inverse elasticity pricing rule to the two separeted market so 
buy IERP. So price = marginal cost / 1 - 1/elasticity and the same for the 
second marker. Under which condition the price charge in the 1° market > 
price in the 2° market. This holds if and only if the nominator is larger than the 
second denominator. 
Monopolist charge higher price in the market in which elasticity of 
demand is lower. 
If we do the reciprocal  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Third-degree

• Example (Pullman-Seattle route):
– The price-elasticity of demand for business-class 

seats is -1.15, while that for economy seats is -1.52
– From the IEPR, 

𝑝 ൌ
𝑀𝐶

1 െ 1/1.15
ฺ 0.13𝑝 ൌ 𝑀𝐶

𝑝ா ൌ
𝑀𝐶

1 െ 1/1.52
ฺ 0.34𝑝ா ൌ 𝑀𝐶

– Hence, 0.13𝑝 ൌ 0.34𝑝ா or  𝑝 ൌ 2.63𝑝ா
� Airline maximizes its profits by charging business-class 

seats a price 2.63 times higher than that of economy-
class seats
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Price Discrimination: Second-degree

• Second-degree price discrimination:
– The monopolist cannot observe the type of each 

consumer (e.g., his willingness to pay).
– Hence the monopolist offers a menu of two-part 

tariffs, ሺ𝐹𝐿, 𝑞𝐿ሻ and ሺ𝐹𝐻, 𝑞𝐻ሻ, with the property 
that the consumer with type 𝑖 ൌ ሼ𝐿, 𝐻ሽ has the 
incentive to self-select the two-part tariff ሺ𝐹, 𝑞ሻ
meant for him.

Advanced Microeconomic Theory 20

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

2° degree price discrimination 
  
There are different types of consumer and the problem is that the monopolist 
cannot really recognised the type of the consumer: there is an asymmetric 
information. Consumers know their own type, but firm doesn’t know the type 
of each consumer.  
We will see that monopolist can extract some surplus by imposing a so called 
two part tariffs. 
This a tariff composed of two parts:  

fixed fee •
Quantity provided by the firm for the payment of that fees. •

We have two menus (or offer) is provided by low type customer (L-type) and 
another offer that is proposed to high type customer (H-type) 
We will see that the two part tariffs will be define in such way each customer 
self select into the tariffs that has been design for him. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Second-degree

• Assume the utility function of type 𝑖 consumer
𝑈 𝑞, 𝐹 ൌ 𝜃𝑢 𝑞 െ 𝐹

where 
– 𝑞 is the quantity of a good consumed
– 𝐹 is the fixed fee paid to the monopolist for 𝑞
– 𝜃 measures the valuation consumer assigns to the 

good, where 𝜃𝐻  𝜃𝐿, with corresponding 
probabilities 𝑝 and 1 െ 𝑝.

• The monopolist s͛ constant marginal cost 𝑐
satisfies 𝜃  𝑐 for all 𝑖 ൌ ሼ𝐿, 𝐻ሽ. 
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We assume utility of consumer depend on quantity consumed and fees payed 
to consume that quantity.  
Tetha is a parameters - FI which is the fees that enter negatively in the utilty 
function because is a cost. 
The highest is theta i, the highest the marginal utitly of consumption. 
Indeed, if you compute the derivative is  
 
 
 
 
Then, the good is provided by monopolist and constant marginal cost c.  
Thetai is higher than the marginal cost for both consumer type L and H. 
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For solving the profit maximisation problem with asymmetric information we 
may want to solve the problem with perfect information. 
 
With perfect information the profit will be equal to Fi - c qi  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Consumer Surplus is 0 since the benefit buying the good is exactly equal the 
fee he paid. If we know the optimal Fi is equal to thetai u(qi) we can replace 
the profit function and in this case we have to solve the maximisation problem 
with respect to qi. 
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Optimal condition: optimal quantity is the quantity in which the marginal 
benefits of consuming quantity qi for consumer equal the marginal costs to 
provide the quantity qi. It’s also an efficiency condition and in this symmetric 
information case is equivalent to third degree of perfect price discrimination 
because the monopolist manage to capture all the surplus of the consumer by 
charging FI = willingness to pay fo the consumer making consumer surplus  
equal to 0.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Second-degree

• The monopolist must guarantee that
1) both types of customers are willing to 

participate ;͞participation constraint͟Ϳ
� the two-part tariff meant for each type of customer 

provides him with a weakly positive utility level

2) customers do not have incentives to choose the 
two-part tariff meant for the other type of 
customer ;͞incentive compatibility͟Ϳ
� type 𝑖 customer prefers ሺ𝐹, 𝑞ሻ over ሺ𝐹, 𝑞ሻ where 
𝑗 ് 𝑖
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Now we go back to asymmetric information 
In the case of asymmetric information with respect to the two type of 
consumer is the value for the theta H is larger for theta low type. Although 
monopolist cannot recognise each type of consumer he knows in the market 
there is a fraction of consumer of high type equal to p and low type equal to 1-
p. The sum of the two fraction must be equal to 1 which is the total population 
normalised to 1. [SLIDE 21] 
We will see that the two part tariffs offered by monopolist must satisfy two 
types of constrain:  

participation constraint : Two part tariffs much give enough incentive to both •
consumer to buy the good from the monopolist. Each tariff must provide 
weakly positive utility level.  
Incentive compatibility: each consumer must self selecting in to the tariffs •
that have been design for him. He must have incentive to buy the tariffs that 
is meant for his type. Should have incentive to buy tariff of other type.    

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Second-degree

• The participation constraints (PC) are
𝜃𝐿𝑢ሺ𝑞𝐿ሻ െ 𝐹𝐿  0 𝑃𝐶𝐿
𝜃𝐻𝑢ሺ𝑞𝐻ሻ െ 𝐹𝐻  0 𝑃𝐶𝐻

• The incentive compatibility conditions are
𝜃𝐿𝑢ሺ𝑞𝐿ሻ െ 𝐹𝐿  𝜃𝐿𝑢ሺ𝑞𝐻ሻ െ 𝐹𝐻 𝐼𝐶𝐿
𝜃𝐻𝑢ሺ𝑞𝐻ሻ െ 𝐹𝐻  𝜃𝐻𝑢ሺ𝑞𝐿ሻ െ 𝐹𝐿 𝐼𝐶𝐻
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Summarising we have two participation constrain: one for L type and one for 
H type. The both constraint state that net utility from buy the good must be 
weakly positive. Both L and H will buy good from the monopolist. 
 
Second set of incentive are: incentive compatibility condition: this condition 
states that if L type buys his own tariff (design for him self) net utility must be 
weakly larger than the case the same guy of L type buy another type. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Second-degree

• Re-arranging the four inequalities, the 
monopolist s͛ profit maximization problem 
becomes:

max
𝐹ಽ,ಽ,𝐹ಹ,ಹ

𝑝 𝐹𝐻 െ 𝑐𝑞𝐻  1 െ 𝑝 ሾ𝐹𝐿 െ 𝑐𝑞𝐿ሿ

𝜃𝐿𝑢ሺ𝑞𝐿ሻ  𝐹𝐿
𝜃𝐻𝑢ሺ𝑞𝐻ሻ  𝐹𝐻

𝜃𝐿 𝑢ሺ𝑞𝐿ሻ െ 𝑢ሺ𝑞𝐻ሻ  𝐹𝐻  𝐹𝐿
𝜃𝐻 𝑢ሺ𝑞𝐻ሻ െ 𝑢ሺ𝑞𝐿ሻ  𝐹𝐿  𝐹𝐻
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To maximise profit: we have profit for H and profit for L weighted by the 
proportion in the population of the H type and L type. 
We have 4 constraints that we have just seen. 
The F and H enter linearly so never multiply between them self and this 
maximisation problem can be decompose in two steps. 
1) optimal Fl and Fh 
2) replace Fl and Fh in the profit function and determine and maximise with 
respect with ql and qh.   
We can decompose in two step. 
We can do this because constraint are linear in Fl and Fh and ql and qh. 
 
 
We solve the first step : find optimal amount of the fees. 
We know that profit for h and l type are both increasing in the fee (which is 
revenue for the monopolist). 
So the monopolist would like to charge a very high fee but at the same time 
he cannot do that since for instance if increases Fl this constraint is less likely 
to hold 
 
 
What the monopolist can do is to charge the highest possible fees in both 
market that is consistent with this four constraint. 
We can represent the left-hand side of all the constraints in a graph. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Second-degree

• Both 𝑃𝐶𝐻 and 𝐼𝐶𝐻 are expressed in terms of the 
fee 𝐹𝐻
– The monopolist increases 𝐹𝐻 until such fee coincides 

with the lowest of 𝜃𝐻𝑢ሺ𝑞𝐻ሻ and 𝜃𝐻ሾ
ሿ

𝑢ሺ𝑞𝐻ሻ െ
𝑢ሺ𝑞𝐿ሻ  𝐹𝐿 for all 𝑖 ൌ ሼ𝐿, 𝐻ሽ

– Otherwise, one (or both) constraints will be violated, 
leading the high-demand customer to not participate
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Price Discrimination: Second-degree
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Pc IC FLFh

IC PC

Participation constraint Incentive compatibility 



 
We do this graph here. 
You see that for each type we have participation constraint and incentive 
compability constraint.  
We may have two cases: 

 the left-hand side of the participation constraint is Lower than the left hand •
side of incentive compatibility condition. [FIRST in the graph ] 

If the optimal amount of the fees will be the left-hand side of the participation 
constrain so PC is binding. 

the left-hand side of incentive compatibility constrain is the lowest of the two •
and in this case the optimal fees will be the left hand side of the IC and the 
IC will be the one binding.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Second-degree

• High-demand customer:
– Let us show that 𝐼𝐶𝐻 is binding

– An indirect way to show that

𝐹𝐻 ൌ 𝜃𝐻 𝑢ሺ𝑞𝐻ሻ െ 𝑢ሺ𝑞𝐿ሻ  𝐹𝐿

is to demonstrate that 𝐹𝐻 ൏ 𝜃𝐻𝑢ሺ𝑞𝐻ሻ

– Proving this by contradiction, assume that 
𝐹𝐻 ൌ 𝜃𝐻𝑢ሺ𝑞𝐻ሻ
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Now we prove the decompose of the solution to find Fl* and Fh* that is the 
first part of the problem. First, we prove the IC is binding so this mean that for 
the H type we will in the second condition [slide of graph] and for L type we 
will be in the first condition [slide graph]. 
Let’s start from IC binding proof. 
To prove this is demonstration other condition like PC for h is not binding. So 
this will mean proving by contradiction: we assume that the partecipation 
constraint for H type is binding.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Second-degree
– Then, 𝐼𝐶𝐻 can be written as

𝐹𝐻 െ 𝜃𝐻𝑢 𝑞𝐿  𝐹𝐿  𝐹𝐻
ฺ 𝐹𝐿  𝜃𝐻𝑢ሺ𝑞𝐿ሻ

– Combining this result with the fact that 𝜃𝐻  𝜃𝐿,
𝐹𝐿  𝜃𝐻𝑢 𝑞𝐿  𝜃𝐿𝑢 𝑞𝐿

which implies 𝐹𝐿  𝜃𝐿𝑢 𝑞𝐿

– However, this violates 𝑃𝐶𝐿
� We then reached a contradiction
� Thus, 𝐹𝐻 ൏ 𝜃𝐻𝑢ሺ𝑞𝐻ሻ
� 𝐼𝐶𝐻 is binding but 𝑃𝐶𝐻 is not.
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Then we can replace for Fh into the IC 
constraint. So we replace   
 

So we replace tetha u.. binding in Fh. 
 
 
So we have prove that PCh is not binding. 
So what must be binding is the IC h. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Second-degree

• Low-demand customer:
– Let us show that 𝑃𝐶𝐿 binding 

– Similarly as for the high-demand customer, an 
indirect way to show that 

𝐹𝐿 ൌ 𝜃𝐿𝑢ሺ𝑞𝐿ሻ
is to demonstrate that 𝐹𝐿 ൏ 𝜃𝐿 𝑢ሺ𝑞𝐿ሻ െ 𝑢ሺ𝑞𝐻ሻ  𝐹𝐻

– Proving this by contradiction, assume that 
𝐹𝐿 ൌ 𝜃𝐿 𝑢 𝑞𝐿 െ 𝑢 𝑞𝐻  𝐹𝐻
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We do something similar with low demand customer. 
What is binding here is the PC whine IC is not binding. 
A way to procede is to prove that ICl is not binding. Also in this case we prove 
this by contraction and IC is binding so  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Second-degree

– Then, 𝐼𝐶𝐻 can be written as

𝜃𝐻 𝑢ሺ𝑞𝐻ሻ െ 𝑢ሺ𝑞𝐿ሻ  𝜃𝐿 𝑢ሺ𝑞𝐿ሻ െ 𝑢ሺ𝑞𝐻ሻ  𝐹𝐻 ൌ 𝐹𝐻
ฺ 𝜃𝐻 𝑢ሺ𝑞𝐻ሻ െ 𝑢ሺ𝑞𝐿ሻ ൌ 𝜃𝐿 𝑢ሺ𝑞𝐿ሻ െ 𝑢ሺ𝑞𝐻ሻ
ฺ 𝜃𝐻 ൌ 𝜃𝐿

which violates the initial assumption 𝜃𝐻  𝜃𝐿
� We reached a contradiction
� Thus, 𝐹𝐿 ൏ 𝜃𝐿 𝑢 𝑞𝐿 െ 𝑢 𝑞𝐻  𝐹𝐻
� 𝑃𝐶𝐿 is binding but 𝐼𝐶𝐿 is not
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Having Fl we can replace in IC h and at the end we obtain tetaH = tetaL which 
is know for assumption that tetaH > teta L so we reach contradiction. 
So we prove that ICl is not binding while PC l must binding  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Second-degree

• In summary:
– From 𝑃𝐶𝐿 binding we have 

𝜃𝐿𝑢 𝑞𝐿 ൌ 𝐹𝐿
– From 𝐼𝐶𝐻 binding we have 

𝜃𝐻 𝑢 𝑞𝐻 െ 𝑢 𝑞𝐿  𝐹𝐿 ൌ 𝐹𝐻
– In addition, 

• 𝑃𝐶𝐿 binding implies that 𝐼𝐶𝐿 holds, and 
• 𝐼𝐶𝐻 binding entails that 𝑃𝐶𝐻 is also satisfied, 
• That is, all four constraints hold.
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Price Discrimination: Second-degree

• The monopolist s͛ expected PMP can then be written as 
unconstrained problem, as follows,

max
ಽ,ಹ≥0

𝑝 𝐹𝐻 െ 𝑐𝑞𝐻  1 െ 𝑝 ሾ𝐹𝐿 െ 𝑐𝑞𝐿ሿ

ൌ 𝑝 𝜃𝐻 𝑢 𝑞𝐻 െ 𝑢 𝑞𝐿  𝐹𝐿
𝐹ಹ

െ 𝑐𝑞𝐻

 1 െ 𝑝 𝜃𝐿𝑢 𝑞𝐿
𝐹ಽ

െ 𝑐𝑞𝐿

ൌ 𝑝 𝜃𝐻 𝑢 𝑞𝐻 െ 𝑢 𝑞𝐿  𝜃𝐿𝑢 𝑞𝐿
𝐹ಽ

െ 𝑐𝑞𝐻

 1 െ 𝑝 𝜃𝐿𝑢 𝑞𝐿 െ 𝑐𝑞𝐿
ൌ 𝑝 𝜃𝐻𝑢 𝑞𝐻 െ 𝜃𝐻 െ 𝜃𝐿 𝑢 𝑞𝐿 െ 𝑐𝑞𝐻

ሺ1 െ 𝑝ሻ 𝜃𝐿𝑢 𝑞𝐿 െ 𝑐𝑞𝐿
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This mean that for H type, the marginal benefits consuming the quantity qh 
must be equal to the marginal cost for the monopolist to provide that quantity 
qh.  
So this is also an efficiency condition —> same of the symmetric equilibrium 

So we Save MAXIMISATION PROBLEM FOR Gc AND 9h

Max p Fm c qui t n p E Cgc
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In that the monopolist know the type of each customer. 
 
Now we compute: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
We have found optimal condition for H type and L  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

g
pl 01.494 c Qu Cgc c o

ca LECT Ci qc
U 194 Oc PQ c r p

19410419 c suck a ii Cdn aD c

HNow WE ADD AND 503 P f THEN
r p



Price Discrimination: Second-degree

• FOC with respect to 𝑞𝐻:
𝑝 𝜃𝐻𝑢ᇱሺ𝑞𝐻ሻ െ 𝑐 ൌ 0 ฺ 𝜃𝐻𝑢ᇱሺ𝑞𝐻ሻ ൌ 𝑐

– which coincides with that under complete information. 
– That is, there is not output distortion for high-demand buyer 
– Informally, we say that there is ͞no distortion at the top͘͟

• FOC with respect to 𝑞𝐿:
𝑝 െሺ𝜃𝐻 െ 𝜃𝐿ሻ𝑢ᇱሺ𝑞𝐿ሻ  1 െ 𝑝 𝜃𝐿𝑢ᇱሺ𝑞𝐿ሻ െ 𝑐 ൌ 0

which can be re-written as

𝑢ᇱሺ𝑞𝐿ሻ 𝜃𝐿 െ 𝑝𝜃𝐻 ൌ 1 െ 𝑝 𝑐
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Price Discrimination: Second-degree

• Dividing both sides by 1 െ 𝑝 , we obtain

𝑢ᇱሺ𝑞𝐿ሻ
ఏಽ−ఏಹ
1−

ൌ 𝑐

• The above expression can alternatively be written as

𝑢ᇱሺ𝑞𝐿ሻ 𝜃𝐿 െ


1−
𝜃𝐻 െ 𝜃𝐿 ൌ 𝑐
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Price Discrimination: Second-degree

• The output offered to low-
demand customers entails 
a distortion, i.e., 𝑞𝐿 ൏ 𝑞𝐿௦

• Per-unit price for high-type  
and low-type differs, i.e., 
𝐹𝐻 ് 𝐹𝐿
– Monopolist practices price 

discrimination among the 
two types of customers. 
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• 𝑢ᇱሺ𝑞𝐿ሻ ȉ 𝜃𝐿 depicts the socially optimal output 𝑞𝐿௦, i.e., that 
arising under complete information

• The output offered to high-demand customers is socially 
efficient due to the absence of output distortion for high-
type agents
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So we can represent this in a graph.  
We draw marginal cost for monopolist and optimality condition for L type and 
also we draw the condition that is the optimal condition we would have for the 
L type in case of symmetric information. In case of symmetric information we 
should have the equality between marginal utility and marginal cost —> will 
be equilibrium in symmetric case. 

Red Curve is marginal benefit of consuming in the case of symmetric info •
Green is the case of optimality condition in asymmetric info  •

 
 The optimality condition in case of asymmetric info is below optimality in case 
of symmetric. In the term below we have theta subtracted with something, so 
that’s the reason why.  
In equilibrium the optimal quantity for L type is less than social optimum that 
would be the optimal quantity in the case of symmetric information.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Price Discrimination: Second-degree

• Since constraint 𝑃𝐶𝐿 binds while 𝑃𝐶𝐻 does not, 
then only the high-demand customer retains a 
positive surplus, i.e., 𝜃𝐻𝑢ሺ𝑞𝐻ሻ െ 𝐹𝐻  0. 

• The firm s͛ lack of information provides the high-
demand customer with an ͞information rent͘͟  
– Intuitively, the information rent emerges from the 

seller s͛ attempt to reduce the incentives of the high-
type customer to select the contract meant for the 
low type.

– The seller also achieves self-selection by setting an 
attractive output for the low-type buyer, i.e., 𝑞𝐿 is 
lower than under complete information.
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We can summarise equilibrium:

We call this separating equilibrium 



  
2. The high type customer exploit this information and are able to retain some 
positive surplus: seller wants to avoid that H custom select the L tariffs 
offering a quite small quantity to L type.  
 



Price Discrimination: Second-degree

• Example:
– Consider a monopolist selling a textbook to two 

types of graduate students, low- and high-
demand, with utility function 

𝑈ሺ𝑞, 𝐹ሻ ൌ

మ

2
െ 𝜃𝑞 െ 𝐹

where 𝑖 ൌ ሼ𝐿, 𝐻ሽ and 𝜃𝐻  𝜃𝐿. 
– Hence, the UMP of student type 𝑖 is

max



మ

2
െ 𝜃𝑞 െ 𝐹 s. t. 𝑝𝑞  𝐹  𝑤

where 𝑤  0 denotes the student s͛ wealth͘
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Price Discrimination: Second-degree

• Example (continued):
– By Walras͛ law, the constraint binds

𝐹 ൌ 𝑤 െ 𝑝𝑞
– Then, the UMP can be expressed as

max


మ

2
െ 𝜃𝑞 െ ሺ𝑤 െ 𝑝𝑞ሻ

– FOCs wrt 𝑞 yields the direct demand function: 
𝑞 െ 𝜃 െ 𝑝 ൌ 0 or   𝑞 ൌ 𝜃 െ 𝑝
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Price Discrimination: Second-degree

• Example (continued):
– Assume that the proportion of high-demand (low-

demand) students is 𝛾 (1 െ 𝛾, respectively). 

– The monopolist s͛ constant marginal cost is 𝑐  0, 
which satisfies 𝜃  𝑐 for all 𝑖 ൌ ሼ𝐿, 𝐻ሽ. 

– Consider for simplicity that 𝜃𝐿 
ఏಹ+
2

.

– This implies that each type of student would buy 
the textbook, both when the firm practices 
uniform pricing and when it sets two-part tariffs
� Exercise. 
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Monopsony

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Outline

• Regulation of Natural Monopolies
• Monopsony
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Regulation of Natural 
Monopolies
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Regulation of Natural Monopolies

• Natural monopolies: Monopolies that exhibit 
decreasing cost structures, with the MC curve 
lying below the AC curve.

• Hence, having a single firm serving the entire 
market is cheaper than having multiple firms, as 
aggregate average costs for the entire industry 
would be lower.
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In some industries, average cost can be continuously decreasing with 
quantity: average cost curve is always decreasing, so marginal cost will lie 
below average cost curve. 
So larger firm will be able to produce at lower cost than small firm and in 
those industry there will be a tendency to concentration to grow larger and 
larger.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Regulation of Natural Monopolies
• Unregulated natural 

monopolist maximizes 
profits at the point where 
MR=MC, producing  𝑄ଵ
units and selling them at 
a price  𝑝ଵ.

• Regulated natural  
monopolist will charge 𝑝ଶ
(where demand crosses 
MC) and produce  𝑄ଶ
units.

• The production level  𝑄ଶ
implies a loss of 𝑝ଶ െ 𝑐ଶ
per unit.
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Graphical representation: we have natural monopolist with average cost curve 
decreasing, demand curve and marginal revenue curve. 
What would be equilibrium in monopoly? Crossing point between MR and MC. 
Monopolist will tend to produce Q1 at price p1.  
Different quantity from social optimum that you read in the crossing point 
between demand and marginal cost curve. 
Social optimum will be a production equal to Q2 and so the price p2. 
 
This level of production, the price is below the AC, this mean monopolist will 
make losses and would prefer to exit the market. This equilibrium is not 
sustainable in case of decreasing AC. 
What solution do we have?  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Regulation of Natural Monopolies

• Dilemma with natural monopolies:
– abandon the policy of setting prices equal to 

marginal cost, OR
– continue applying marginal cost pricing but 

subsidize the monopolist for his losses
• Solution to the dilemma:

– A multi-price system that allows for price 
discrimination

– Charging some users a high price while 
maintaining a low price to other users
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What solution do we have? 

We leave monopoly to charge a price which make MR = MC and let him •
making profit  
Produce social optimum but covering losses of the monopolist: this would •
be the case for instance of state on firms, which operate in industry and this 
industry will generally make continuously losses that must be covered by 
government 
Abandon uniform price and we can let the monopolist charge different •
prices to different consumers 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Regulation of Natural Monopolies

• Multi-price system:  
– a high price 𝑝ଵ
– a low price 𝑝ଶ

• Benefit: ሺ𝑝ଵ െ 𝑐ଵሻ per unit 
in the interval from 0 to 𝑞ଵ

• Loss: ሺ𝑐ଶ െ 𝑝ଶሻ per unit in 
the interval ሺ𝑞ଶ െ 𝑞ଵሻ

• The monopolist price 
discriminates iff

𝑝ଵ െ 𝑐ଵ 𝑞ଵ 
ሺ𝑐ଶ െ 𝑝ଶሻሺ𝑞ଶ െ 𝑞ଵሻ
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Example in which price are differentiated, in this case we may lead the 
monopolist to charge two different prices. 
We have two quantity Q1 and Q2, we may let the monopolist to charge the 
price p1 (above the MC) for the first Q1 quantity and then charge the price p2 
that is below the AC, while p1 is above AC. 
In particular, p2 is the social optimum price given by crossing point between 
the demand curve and MC. It’s immediate to say that profit will make this on 
first Q1 units (red) and this losses because the price below AC on the Q2- Q1 
units (blu). 
As long as the amount of profit is higher than the losses, so area of rectangle 
(profit) is > than area of box (losses), monopolist will continuos to produce. So 
condition allowing monopolist to charge different prices for first Q1 and the 
following Q2-Q1 is that profit must be larger than the losses.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Regulation of Natural Monopolies

• An alternative regulation:
– allow the monopolist to charge a price above 

maƌginal coƐƚ ƚhaƚ iƐ ƐƵfficienƚ ƚo eaƌn a ͞faiƌ͟ ƌaƚe 
of return on capital investments

• Two difficulties:
– ǁhaƚ iƐ a ͞faiƌ͟ ƌaƚe of ƌeƚƵƌn
– overcapitalization
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In the book you can find other possible solution but we skip that part 
🥰



Monopsony
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Monopsony

• Monopsony: A single buyer of goods and 
services.

• Monopsony (single buyer) is analogous to that of 
a monopoly (single seller).

• Examples: a coal mine, Walmart Superstore in a 
small town, etc.
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Monopsony 
 
Unlike monopoly in which we have single seller, here we have single buyers 
of good and services. 
In particular, in this lecture we will consider monopsony in the labour market. 
This could be for instance situation in which we have large firms in a small 
town.  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Monopsony

• Consider that the monopsony faces competition in the 
product market, where prices are given at 𝑝  0, but is 
a monopsony in the input market (e.g., labor services).

• Assume an increasing and concave production 
function, i.e., 𝑓′ 𝑥  0 and 𝑓′′ 𝑥  0.
– This yields a total revenue of 𝑝𝑓 𝑥 . 

• Consider a cost function 𝑤 𝑥 ȉ 𝑥, where 𝑤ሺ𝑥ሻ denotes 
the inverse supply function of labor 𝑥. 
– Assume that 𝑤′ 𝑥  0 for all 𝑥.
– This indicates that, as the firm hires more workers, labor 

becomes scarce, thus increasing the wages of additional 
workers. 
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We consider a firm that is facing perfect completion in the production market 
so price of the good sold by the firm is given and constant unlike monopoly. 
We assume production function as marginal productivity is positive and 
decreasing, so production function is increasing and concave. 
By p * f(x) is the value of the product sold in the market (TR of the firm). 
We can consider a single factor production that is x neighbour and cost 
function of the firm is given by unit price of the labour which is w(x) which 
multiply the unit of labour. 
For the single firm, the wage rate is not given so is a function of the amount of 
labour since price is a monopsony in the labour market, so this means that the 
firm faces an increasing labour supply: if firm wants to hire more worker it 
need to pay larger wages. Firm is a monopsonist in the market. 
It is like firm is facing aggregate labour supply and the labour market. 
Aggregate labour supply increasing because if you want more worker to 
supply labour you have to offer larger wages. 
If labour supply increasing, then derivate of labour supply is positive 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Monopsony

• The monopsony PMP is 
max
௫

𝑝𝑓 𝑥 െ 𝑤 𝑥 𝑥
• FOC wrt the amount of labor services 𝑥 yields

𝑝𝑓ᇱ 𝑥∗ െ 𝑤 𝑥∗ െ 𝑤ᇱ 𝑥∗ 𝑥∗ ൌ 0
ฺ 𝑝𝑓ᇱ 𝑥∗


ൌ 𝑤 𝑥∗  𝑤ᇱ 𝑥∗ 𝑥∗


– 𝐴͗ ͞maƌginal ƌeǀenƵe ƉƌodƵcƚ͟ of laboƌ͘
– 𝐵͗ ͞maƌginal eǆƉendiƚƵƌe͟ ;MEͿ on laboƌ͘  
� The additional worker entails a monetary outlay of 𝑤 𝑥∗ .
� Hiring more workers make labor become more scarce, 

ultimately forcing the monopsony to raise the prevailing wage 
on all inframarginal workers, as captured by 𝑤ᇱ 𝑥∗ 𝑥∗.
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PMP of the firm: difference between TR and TC. 
Firm want to maximise profit with respect with total amount of labour x. 
We have to compute the FOC. 
 
 
 
 
 
Marginal revenue product ‘A’ is how many quantity marginal worker is 
producing and A is the revenue of firm get selling those marginal productivity 
in the market. 
While on the right we have the marginal expenditure of labour B (ME), is given 
by the increase in the wage multiply by the previous amount of worker firms 
was hiring.  
If i want to increase x by 1 i will spent the wage of this guy but also the 
increase the wage of all worker that you are already highring —> depend to 
the fact that labour is increasing.  
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Monopsony

• Monopsonist hiring and salary decisions.

Advanced Microeconomic Theory 13

– The marginal revenue 
product of labor, 𝑝𝑓ᇱ 𝑥 , 
is decreasing in 𝑥 given 
that 𝑓′′ 𝑥  0.

– The labor supply, 𝑤 𝑥 , is 
increasing in 𝑥 since 
𝑤ᇱሺ𝑥ሻ  0.

– The marginal expenditure 
(ME) on labor lies above 
the supply function w 𝑥
since 𝑤ᇱ 𝑥  0.

– The monopsonist hires 𝑥∗
workers at a salary of 
𝑤 𝑥∗ .

𝑀𝐸: 𝑤 𝑥∗  𝑤ᇱ 𝑥∗ 𝑥∗
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We have quantity of labour on horizontal and wage rate on the vertical axes. 

MRP = p *f(x) which is decreasing by assumption since MR is decreasing •
Labour supply curve w(x) increasing by assumption (since w’(x) > 0) •
Marginal expenditure ME = w(x*) +w’(x*)x*  •

so wage and a factors since is larger than 0 so second term will be positive. 
ME lie above the labour supply curve and this imply the equilibrium in the 
presence of Perfect completion which is x^PC and w ^PC implies a lower 
demand and higher wage with respect to the monopolist equilibrium in which 
equilibrium will be given by the demand x* that is given by interception of ME 
with MRP  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Monopsony

• The deadweight loss from monopsony is

𝐷𝑊𝐿 ൌ ∗௫
௫ು 𝑝𝑓ᇱ 𝑥 െ 𝑤 𝑥 𝑑𝑥

• That is, the area below the marginal revenue product 
and above the labor supply curve, between 𝑥∗ and 
𝑥 workers.
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DWL for monopsony is the area below the MRP and above the labour supply 
function and we have to compute the area. In particular, we are integrating 
between Perfect competition equilibrium and monopsony equilibrium so in 
practise the area of the yellows triangle in the picture before. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Monopsony

• We can write the monopsony profit-maximizing 
condition, i.e.,  𝑝𝑓ᇱ 𝑥∗ ൌ 𝑤 𝑥∗  𝑤ᇱ 𝑥∗ 𝑥∗, in 
terms of labor supply elasticity, using the 
following steps: 

𝑝𝑓ᇱ 𝑥∗ ൌ 𝑤 𝑥∗  డ௪ ௫∗

డ௫∗
𝑥∗

ൌ 𝑤 𝑥∗ 1  డ௪ ௫∗

డ௫∗
௫∗

௪ ௫∗
• And rearranging,

𝑝𝑓ᇱ 𝑥∗ ൌ 𝑤 𝑥∗ 1  ଵ
ങೣ∗
ങೢ

ೢ ೣ∗
ೣ∗
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Monopsony

• Since  డ௫
∗

డ௪
௪ ௫∗

௫∗
represents the elasticity of labor 

supply 𝜀, then

𝑝𝑓ᇱ 𝑥∗ ൌ 𝑤 𝑥∗ 1  ଵ
ఌ

• Intuitively, as 𝜀 → ∞, the behavior of the 
monopsonist approaches that perfect 
competition (also in the labor market)
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Monopsony

• The equilibrium condition above is also sufficient 
as long as 

𝑝𝑓′′ 𝑥∗ െ 2𝑤′ 𝑥∗ െ 𝑤′′ 𝑥∗ 𝑥∗ ൏ 0

• Since 𝑓′′ 𝑥∗ ൏ 0, 𝑤′ 𝑥∗  0 (by assumption), 
we only need that either: 

a) the supply function is convex, i.e., 𝑤ᇱᇱሺ𝑥∗ሻ  0; 
or 

b) if it is concave, i.e., 𝑤′′ 𝑥∗ ൏ 0, its concavity is 
not very strong, that is

𝑝𝑓′′ 𝑥∗ െ 2𝑤′ 𝑥∗ ൏ 𝑤′′ 𝑥∗ 𝑥∗
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Monopsony

• Example:
– Consider a monopsonist with production function 
𝑓 𝑥 ൌ 𝑎𝑥, where 𝑎  0, and facing a given 
market price 𝑝  0 per unit of output. 

– Labor supply is 𝑤 𝑥 ൌ 𝑏𝑥, where 𝑏  0. 
– The marginal revenue product of hiring an 

additional worker is
𝑝𝑓ᇱ 𝑥 ൌ 𝑝𝑎

– The marginal expenditure on labor is
𝑤 𝑥  𝑤ᇱ 𝑥 𝑥 ൌ 𝑏𝑥  𝑏𝑥 ൌ 2𝑏𝑥
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Monopsony

• Example (continued):
– Setting them equal to each other, 𝑝𝑎 ൌ 2𝑏𝑥∗,

yields a profit-maximizing amount of labor:

𝑥∗ ൌ
𝑎𝑝
2𝑏

– 𝑥∗ increases in the price of output, 𝑝, and in the 
marginal productivity of labor, 𝑎; but decreases in 
the slope of labor supply, 𝑏. 

– Sufficiency holds since
𝑝𝑓′′ 𝑥∗ െ 2𝑤′ 𝑥∗ ൌ െ2𝑏 ൏ 0
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Advanced Microeconomic 
Theory

Chapter 9: Externalities and Public 
Goods

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Outline

• Externalities
• Pigouvian Taxation
• Public Goods
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Externalities
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Externalities

• Externality emerges when the well-being of a 
consumer or the production possibilities of a firm 
is directly affected by the actions of another 
agent in the economy.
– Example: the production possibilities of a fishery are 

affected by the pollutants that a refinery dumps into a 
lake.

– The effects from one agent to another are not 
captured by the price system.

• The effects transmitted through the price system 
are referred to as ͞pecuniary externalities͘͟
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Externality: emerge when the well-being (utility of consumer) or production 
possibilities of another agent in the economy are directed affected by action of 
another agents (like other consumer). 
 
An example could be a production of fishery affected by a pollutants that a 
refinery dumps into a lake. 
 
It’s not only utility depends on action of other agent, but this effect are not 
capture by price system. So no price for this activity and we can say market is 
incomplete. 
If price system is effected we refer to as pecuniary externalities  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Externalities

• Consider a polluting firm (agent 1) and an 
individual affected by such pollution (agent 2). 

• The firm s͛ profit function is 
𝜋ሺ𝑝, 𝑥ሻ

where 𝑝 is the price vector and 𝑥 is the amount 
of externality generated.

• Assume that 𝑝 is given (i.e., 𝑝 is parameter). 
Then, the profit function becomes

𝜋ሺ𝑥ሻ
where 𝜋′ ሺ𝑥ሻ  0 and 𝜋′′ ሺ𝑥ሻ ൏ 0.
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An example. We assume a firm that pollute (agent 1) and agent 2 is affected.  
Profit function depends on price p and pollutant activity x. So x is the amount 
of externality generate. 
Product market is competitive so price is given and firm is price taker and in 
this case we can represent the profit as function of the only one variable x. 
Profits are increasing by externalities but at the same time, is concave in the 
externalities.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Externalities

• The firm obtains a 
positive and significant 
benefit from the first 
unit of the externality-
generating activity.

• But the additional 
benefit from further 
units is decreasing.

Advanced Microeconomic Theory 6
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So derivative of profit is 
positive and PI’’ is 
negative so marginal 
profit (PI’) are decreasing 



Externalities

• The individual s͛ ;i͘e͕͘ agent Ϯ s͛Ϳ utility is given by
𝑢ሺ𝑞, 𝑥ሻ

where 𝑞 ∈ ℝ𝑁 is a vector of 𝑁-tradable goods and 𝑥 ∈
ℝ+ is the negative externality, with డ௨

డ௫
൏ 0 and డ௨

డೖ
 0

in every good 𝑘.

• Let 𝑞∗ 𝑝, 𝑤, 𝑥 denote the individual s͛ Walrasian 
demand. Then, 

𝑣 𝑥 ൌ 𝑢ሺ𝑞∗ 𝑝, 𝑤, 𝑥 , 𝑥ሻ
is the indirect utility function with 𝑣ᇱ 𝑥 ൏ 0 for all 
𝑥  0, where w is consumer wealth.
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Consider the second agent of the consumer as a utility function that is u(q,x) 
where q are R^n good and x is the amount of externalities. We assume 
externality is bad so the marginal utility is negative (since is pollution). While 
marginal utility of all other goods i positive. 
We can then define the Walrasian demand by solving UMP for the consumer 
and indirect utility will be value utility computed at the optimal amount of 
optimal demand for the goods that are sold in the market. While, we can 
consider x from the point of view of the consumer as parameter since the 
consumer cannot really affects the amount of the pollution and indirect utility 
is decreasing in the amount of externalities and w is consumer wealth. 
We know Walrasian demand depend on the price, wealth and externalities (in 
this case) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Externalities

• Example:
– Consider the firm s͛ profit function is given by 𝜋 ൌ
𝑝𝑦 െ 𝑐𝑦2, where 𝑦 ∈ 𝑹+

𝐿 is output and 𝑝  𝑐  0.

– If every unit of output generates a unit of 
pollution, i.e., 𝑥 ൌ 𝑦, the profit function becomes 
𝜋 𝑥 ൌ 𝑝𝑥 െ 𝑐𝑥2.

– FOC wrt 𝑥 yields 𝜋ᇱ 𝑥∗ ൌ 𝑝 െ 2𝑐𝑥∗ ൌ 0, 
producing 𝑝 ൌ 2𝑐𝑥∗ or 𝑥∗ ൌ 

2
.
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Externalities

• Example (continued):
– If every unit of output 𝑦 generates ଵ

ఈ
units of pollution, 

i.e., 𝑦 ൌ ଵ
ఈ
𝑥, where 𝛼  0, the profit function  

becomes 

𝜋 𝑥 ൌ 𝑝 ௫
ఈ
െ 𝑐 ௫

ఈ

2
.  

– Taking FOC with respect to 𝑥 yields 

𝜋ᇱ 𝑥∗ ൌ 
ఈ
െ 2𝑐 ௫

∗

ఈ
ଵ
ఈ
ൌ 0, 

with a competitive equilibrium level of pollution of
𝑥∗ ൌ 𝛼 

2
.
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We assume that for every unit of output y ( production of the firm) an amount 
of 1/a unit of pollution is produce. So production is y = 1/a x where alpha > 0. 
Production depends on the level of activity of the firm and the level of activity 
is produce in some pollution. 
Direct relationship between production and pollution. We can rewrite profit 
function as: function of production  
 
 
 
 
 
 
 
 
 
 
 
The compute the FOC.  
We get the optimal level of externalities but also compiute the optimal level of 
production:   
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Externalities

• Competitive equilibrium: All agents 
independently and simultaneously solve their 
PMP (for firms) or UMP (for consumers).

– The firm independently chooses the level of the 
externality-generating activity, 𝑥, that solves its 
PMP

max
௫

𝜋ሺ𝑥ሻ
– Taking FOC with respect to 𝑥 yields

𝜋′ 𝑥∗  0
with equality if 𝑥  0 (interior solution).
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Let’s check competitive equilibrium in which agent independently and 
simultaneously solve their PMP (if firm) or UMP (if consumer). 
The firm independently chooses the level of externality-generation activity, x, 
that solves it’s PMP. 
In interior solution, the marginal profit must be equal to 0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



h, Externality
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Externalities
– Firm increases the externality-generating activity until 

the point where the marginal benefit from an additional 
unit is exactly zero, i.e., 𝜋′ 𝑥∗ ൌ 0.
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The solution of firm profit maximisation problem is the crossing point between 
marginal profit curve (decreasing) and horizontal axes.  
For the firm optimal condition is: 
 
So marginal profit function must cross the horizontal axes. We have found the 
optimal production that is x*.  
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Externalities

– The UMP of the individual affected by pollution is
max


𝑢ሺ𝑞, 𝑥ሻ s. t. 𝑝𝑞  𝑤

where 𝑝 ∈ ℝ+
𝑁 is the given price vector.

– Notice that 𝑞 ∈ ℝ𝑁 does not include pollution as 
one of the 𝑁-tradable goods.

– Hence the individual cannot affect the level of the 
externality generating activity 𝑥.
� Uninteresting case
� This assumption is later relaxed
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We know go for optimal solution of each consumer. Each consumer has to 
decide the optimal quantity of price bought in the market. Conditional on the 
budget constrain so p * q must be equal to the total wealth. 
In this case the guy will solve the profit maximisation problem and we have 
already seen before what is the equilibrium of this maximisation problem.  
x is a parameter so there will be no demand for x in this function, there will be 
only the opt demand for the goods and goods sold in the market.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Externalities
• Pareto optimum:

– The social planner selects the level of 𝑥 that 
maximizes social welfare

max
௫≥0

𝜋 𝑥  𝑣ሺ𝑥ሻ

– Taking FOC with respect to 𝑥 yields
𝜋ᇱሺ𝑥0ሻ  െ𝑣′ሺ𝑥0ሻ with equality if 𝑥0  0

where 𝑥0 is the Pareto optimal amount of the 
externality.

– Intuitively, at a Pareto optimal (and interior) solution, 
the marginal benefit of the externality-generating 
activity, 𝜋ᇱ 𝑥0 , is equal to its marginal cost, െ𝑣′ሺ𝑥ሻ.
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Let’s compare the centralised equilibrium that is the equilibrium that arise 
when firm maximise their profit and consumer their utility with the social 
planner problem: maximise the aggregate surplus. 
Social planner want to find allocation of good that mamximise aggregate 
surplus : sum of produce surplus and the consumer surplus (indirect utilty). 
The social planner maximise the sums between the profits. 
Social planner will compute the optimal x that maximise the aggregate 
surplus. 
We compute derivative of profits with respect to x.   
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'( )xS

'( )v x�Marginal profit for 
the firm

Marginal costs for 
the individual

ox *x x, Externality

Pareto optimal (Equilibrium)

'(0)v�

Externalities
• Pareto optimal and equilibrium externality level 

(negative externality).
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• Too much 
externality 𝑥 is 
produced in the 
competitive 
equilibrium 
relative to the 
Pareto 
optimum, i.e., 
𝑥∗  𝑥0.

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
Centralised equilibrium with social optimum. 
In case of social we have -v’ which is increasing in x. This depend on the fact 
that the equilibrum is the crossing point between marginal utility for individual 
and marginal profit so the optimal socially amount for externality is x°. X° is 
less than x* so less than the externality in centralised equilibrium .   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Externalities

• Example:
– Consider a firm with marginal profits of

𝜋ᇱ 𝑥 ൌ 𝑎 െ 𝑏𝑥, where 𝑎, 𝑏  0
which is decreasing in 𝑥.

– Assume a consumer with marginal damage 
function of

𝑣ᇱ 𝑥 ൌ 𝑐  𝑑𝑥, where 𝑐, 𝑑  0
which is increasing in 𝑥.
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We can do an example: we assume marginal profit linear in x with a, b >0. We 
assume the derivative of indirect utility is also linear. You see Marginal profit is 
decreasing in x while the marginal disutilty of x is increasing in x. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Externalities

• Example (continued):
– The competitive equilibrium amount of externality 
𝑥∗ solves 𝜋ᇱ 𝑥∗ ൌ 0, i.e., 𝑎 െ 𝑏𝑥∗ ൌ 0. Hence,

𝑥∗ ൌ
𝑎
𝑏

– The socially optimal level of the externality 𝑥0
solves 𝜋ᇱ 𝑥0 ൌ െ𝑣ᇱ 𝑥0 , i.e., 𝑎 െ 𝑏𝑥0 ൌ 𝑐 
𝑑𝑥0. Thus, 

𝑥0 ൌ
𝑎 െ 𝑐
𝑏  𝑑

which is positive if 𝜋ᇱ 0  െ𝑣ᇱ 0 , i.e., 𝑎  𝑐.
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Before we do that we have a - bx° = c+ dx° since one is the profit and the 
other is the v. Then, what we find is  
 
 
 
 
 
 
 
 
 
This should be the social optimum 
 
Since  
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Externalities

• Negative externalities are not necessarily eliminated 
at the Pareto optimal solution. 

• This would only occur at the extreme case when 
െ 𝑣ᇱ 0  𝜋′ሺ0ሻ. 

• In this setting, curve 𝜋′ሺ𝑥ሻ and െ𝑣ᇱ 𝑥 do not cross, 
and the Pareto optimal solution only occurs at the 
corner where 𝑥0 ൌ 0. 
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Externalities

• If firm s͛ production activities produce a positive 
externality in the individual s͛ wellbeing͕ then

𝑣ᇱ 𝑥  0 and െ𝑣ᇱ 𝑥 ൏ 0

– That is, െ𝑣ᇱ 𝑥 ൏ 0 lies in the negative quadrant.
– 𝜋ᇱ 𝑥 remains unaffected.

• In this setting, there is an underproduction of the 
externality-generating activity relative to the Pareto 
optimum, i.e., 𝑥∗ ൏ 𝑥0.
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You can find a case with positive externalities in the market. So in this case 
the marginal disutility of consuming will be positive.  
In this case x produced utitly is good and not bad (like case of negative 
externalities).  
So if we take with the minus sign we got that -v’(x) < 0 
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x

Externalities

• Pareto optimal and equilibrium externality level 
(positive externality).

Advanced Microeconomic Theory 19

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
In this case we have marginal profit function and opposite of marginal utitily 
function and also in this case we assume it’s decreasing. In this case is 
decreasing since we have  
 
In this case, the social (or Pareto ) optimum is given by the two crossing 
curve. 
 
Social optimum is larger than centralise optimum and this is because we are 
in a positive externality case. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Solutions to the Externality 
Problem:

Pigouvian Tax
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Pigouvian Taxation

• This policy sets a tax 𝑡௫ per unit of the externality-
generating activity 𝑥. 

• What is the level of tax 𝑡௫ that restores efficiency?
• Let us start by re-writing the firm s͛ PMP

max
௫≥0

𝜋 𝑥 െ 𝑡௫ ȉ 𝑥

• FOC with respect to 𝑥:
𝜋ᇱ 𝑥 െ 𝑡௫  0 ฺ 𝜋ᇱ 𝑥  𝑡௫

or 𝜋ᇱ 𝑥 ൌ 𝑡௫ for interior solutions.
• Intuition: the firm increases 𝑥 until the point where the 

marginal benefit from an additional unit of 𝑥 coincides 
with the per-unit tax 𝑡௫. 
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We focused on the Pigouvian tax, in the books there are other solutions. 
 
Let’s assume that the government wants to find a solution for an efficiency 
cause by the presence of a negative externalities and think to propose a tax 
on that negative externality. 
What could be the amount of the tax to restablish efficiency in the market? 
We rewrite PMP of the firm and the problem was to maximise profits the 
amount with the amount negative externalities. 
Now there’s another cost t which is the tax of the government.  
 
The FOC  became the derivative of profit - tax <= 0 and this mean that the 
derivative of the profit is <= than the tax. 
This mean that a firm increase pollution up to the point in which the marginal 
profit of the firm of increasing pollution is exactly equal to the tax rate that the 
firm have to pay. 
 
We have to find the tax rate! 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Pigouvian Taxation

• We know that at the social optimum (i.e., 𝑥0)
𝜋ᇱ 𝑥0 ൌ െ𝑣′ሺ𝑥0ሻ

• Hence, the tax 𝑡௫ needs to be set at
𝑡௫ ൌ െ𝑣′ሺ𝑥0ሻ

• This forces the firm to internalize the negative 
externality that its production generates on 
consumer͛s wellbeing at 𝑥0.
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We’ have to find the tax rate! 
We know from social welfare maximisation problem: social optimum satisfy 
this statement:  
 
 
So it’s clear that tax = -v’(x°) to establish efficiency in the market. The level of 
tax rate that makes production equal to the social optimum level of production 
is equal to -v’ (x°). 
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Pigouvian Taxation
• The tax 𝑡௫ leads the firm to choose a level of 𝑥 equal to 
𝑥0
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We have marginal profit function that is decreasing and marginal disutility for 
externality increasing and decentralised equilibrium and social optimum. 

Social optimum

Decentralised 
equilibrium 



Pigouvian Taxation
• The tax produces a downward shift in 𝜋′ሺ𝑥ሻ.
• The new marginal benefit curve 𝜋ᇱ 𝑥 െ 𝑡௫ crosses the 

horizontal axis exactly at 𝑥0.
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Government can make production be equal to the social optimum. Simply by 
raising a tax equal to the marginal disutility of the negative externality and 
social optimum. 
By leveraging this tax, what happen to profit function? Goes down  exactly by 
the amount of the tax and the crossing point now and horizontal axes (level 
firm would choice) is the social optimum level. 
This kind of tax is called Pigouvian tax. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Pigouvian Taxation

• The optimality-restoring tax 𝑡௫ is equal to the 
marginal externality at the optimal level 𝑥0.

– That is, it is equal to the amount of money that the 
affected individual would be willing to pay in order to 
reduce 𝑥 slightly from its optimal level 𝑥0.

• The tax 𝒕𝒙 induces the firm to internalize the 
externality that it causes on the individual.
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tx can also be interpret as amount of money individual is willing to pay in order 
to reduce x that is pollution from his optimum level x°. 
Imposing Pigouvian tax make the firm internalise the negative externality. 
For firm is government add taxes he will interiorise it on the PMP. The optimal 
production of externality decided by the firm will go down. 
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Pigouvian Taxation
• If the negative externality is very substantial (and the 

socially optimum is at 𝑥0 ൌ 0), the optimal Pigouvian 
tax is 𝑡௫ ൌ െ𝑣′ሺ0ሻ.
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Another example in which optimal level of externality will be 0. Indeed, in this 
case the marginal disutility of negative externality is always higher than the 
marginal profit of the firm so even the first unit of externality produces an 
higher disutility of the consumer than profits that gives to the firms. In this 
case the socially optimal production will be 0, while decentralise equilibrium 
will be x*. In this case Marginal externality to 0 so the marginal profit curve will 
shift down and the optimal production will be 0. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Pigouvian Subsidy

• Previous discussions can also be extended to positive 
externalities.

• Since now 𝑣ᇱሺ𝑥0ሻ  0 (i.e., 𝑥 increases individual s͛ 
welfare), the optimality-correcting tax is 

𝑡௫ ൌ െ𝑣ᇱሺ𝑥0ሻ ൏ 0

• We thus set ͞negative taxes͟ on the externality͗ a 
per-unit subsidy (𝑠௫). 

• The firm receives a payment of 𝑡௫ for each unit of the 
positive externality it generates.
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Another thing is that same solution can also helps in presence of positive 
externalities (positive marginal utility to the individual).  
So in this case the government should gave to the firm a subsidy (sussidio) 
instead of a tax.  
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Subsidy

Pigouvian Subsidy
• The per-unit subsidy produces an upward shift in the marginal 

benefits of the firm.
• The firm has incentives to increase 𝑥 beyond the competitive 

equilibrium level 𝑥∗ until reaching the Pareto optimal level 𝑥0.
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This is an example of equilibrium in positive externality. We have usual profit 
function, and decentralise equilibrium. 
What firm would choose in the absence of Pigouvian taxes? The Pigouvian 
subsidy! 
-v’(x) is the  marginal utility now, since                           
because of positive externality. 
So -v’ curve will be below zero and social optimum will be crossing point 
between marginal profit function and marginal utility so x°. 
 
The government has to impose a subsidy that is equal to the opposite of 
marginal utility of consumer when consuming the social optimum x°. This 
mean that marginal profit function will go up by the same measure that is tx. 
This produces a negative tax, so negative tax is a subsidy. This amount will 
shift the Marginal profit function upward and then new crossing point will be 
exactly the social optimum. So government in case of positive externality can 
reach the social optimum by imposing Pigouvian subsidy  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

w 1 3 0 x a



Pigouvian Policy: Important Points

a) A tax on the negative externality is equivalent to a 
subsidy inducing agents to reduce the externality.

– Consider a subsidy 𝑠௫ ൌ െ𝑣ᇱሺ𝑥0ሻ  0 for every 
unit that the firm s͛ choice of 𝑥 is below the 
(decentralized) equilibrium level of 𝑥∗. 

– The firm s͛ PMP becomes͗
max
௫≥0

𝜋 𝑥  𝑠௫ሺ𝑥∗ െ 𝑥ሻ ൌ 𝜋 𝑥  ถ𝑠௫𝑥∗
s୳ୠs୧d୷

െ ต𝑠௫𝑥
୮ୣr ୳୬୧t tax

– FOC with respect to 𝑥 yields 
𝜋ᇱሺ𝑥0ሻ െ 𝑠௫  0 or 𝜋ᇱሺ𝑥0ሻ  𝑠௫
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A tax on a negative externality is equivalent to a subsidy in using agent agent 
to reduce externality. We can achieve the same result by taxing the firm or by 
giving some money incentive to reduce negative externality. 
Why this is the case? Let’s consider a subsidy. 
Since we have negatively externality v’(x°) is negative so with minus will be > 
0. Let’s assume that what government does is to give a subsidy a set to each 
unit of the externality that is below the level x* (what firm would choose in the 
decentralise equilibrium).  
For each unit of externality the firm receive a subsidy equal to sx.  
So the problem of the firm become to maximise with respect to the 
externalities the profits + the revenue from this subsidy.  
Fix amount of subsidy since x* is given by the individual for the firm. (Lump 
sum) 
 
If we apply the FOC, we will have that marginal profit - per unit tax rate <= 0. 
So marginal profit must be <= per unit tax rate and holds with equality in case 
of interior solution. 
 
It’s the same solution of the Pigouvian tax. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Pigouvian Policy: Important Points

– This FOC coincides with that under the Pigouvian 
taxation (taxing the negative externality at 𝑡௫), 
plus a (negative) lump-sum tax of 𝑡௫𝑥∗. 

– Hence, a subsidy for the reduction of the 
externality can exactly replicate the outcome of 
the Pigouvian tax.
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Pigouvian Policy: Important Points

b) The Pigouvian tax levies a tax on the 
externality-generating activity (e.g., 
pollution) but not on the output that 
generated such pollution. 

– Taxing output might  lead the firm to reduce 
output, but it does not necessarily guarantee a 
reduction in pollutant emissions.

– A tax on output can induce the firm to reduce 
emissions if emissions bear a constant relationship 
with output. 
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2° important feature of the Pigouvian taxes is that Activity that must to be 
taxed is the negative externality, while is not production that must be tax 
( production of goods). 
The two are equivalent if there is a constant relationship between the level of 
production and pollution. 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Pigouvian Policy: Important Points

c) The quota and the Pigouvian tax are equally 
effective under complete information.

– They might not be equivalent when regulators 
face incomplete information about the benefits 
and costs of the externality for consumers and 
firms.
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The Pigouvian tax is the quota equally effective under complete 
information, while in incomplete may produce different result 



Public Goods

• Before defining public goods, let us define two 
properties:
– Non-excludability: If the good is provided, no 

consumer can be excluded from consuming it.
– Non-rivalry: Consumption of the good by one 

consumer does not reduce the quantity available to 
other consumers.
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Rivalrous Non-rivalrous
Excludable Private Good Club Good
Non-excludable Common property resource Public good

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

We can define 4 types of good from this properties



Public Goods

• Private goods, e.g., an apple. These goods are 
rival and excludable in consumption.

• Club goods, e.g., golf course. These goods are 
non-rival but excludable in consumption.

• Common property resources, e.g., fishing 
grounds. These goods are rival but non-
excludable in consumption.

• Public goods, e.g., national defense. These goods 
are non-rival and non-excludable in consumption.
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You can 
exclude  
some guy 
paying price 
but (not 
rival) a lot of 
people can 
afford it.

a lot can fish, the more i fish, less other guy can fish

Non rival and non excludable.



Public Goods
• Consider 𝐼 consumers, one public good 𝑥 and 𝐿 traded 

private goods.

• Every consumer 𝑖 s͛ marginal utility from the consumption 
of 𝑥 units of a public good is 𝑣ᇱ 𝑥
– Note that 𝑥 does not have a subscript because of non-rivalry 

(every individual can enjoy 𝑥 units of the public good) 

• We consider the case of a public good, where 𝑣ᇱ 𝑥  0
for every individual 𝑖
– A ͞public bad͟ would imply 𝑣ᇱ 𝑥 ൏ 0 for every 𝑖

• We assume that 𝑣ᇱᇱ 𝑥 ൏ 0, which represents a positive 
but decreasing marginal utility from additional units of 
the public good.
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We assume in the economy that there are : 

This private are rival and excludable 
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x, Public good

Public Goods
• Marginal benefit from the public good
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Marginal utilty for public good (positive and decreasing).



Public Goods

• We assume that the marginal utility from the 
public good, 𝑣ᇱ 𝑥 , is independent of the private 
goods (separable utility, e.g. quasilinear).

• The cost of supplying 𝑥 units of the public good is 
𝑐ሺ𝑥ሻ, where 𝑐′ሺ𝑥ሻ  0 and 𝑐′′ሺ𝑥ሻ  0 for all 𝑥
– That is, the costs of providing the public good are 

increasing and convex in 𝑥. 
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We assume from the producer that: 

A part depends on a given good and the second part of utility depend 
on all other good are called numer.



Public Goods
• Marginal costs from providing the public good
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The marginal cost is in positive quadrant since c’ > 0 and c’’ >0 



Public Goods
• Let us first find the Pareto optimal allocation

max
௫≥0

σ=ଵ
𝐼 𝑣 𝑥 െ 𝑐 𝑥

(it would be σ=ଵ
𝐼 𝑣 𝑥  𝜋ሺ𝑥ሻ but 𝜋 𝑥 ൌ 𝑝௫𝑥 െ 𝑐ሺ𝑥ሻ but 

𝑝௫ ൌ 0, public good is free ʹ compare social welfare with 
externality)

• FOC with respect to 𝑥 yields
σ=ଵ
𝐼 𝑣ᇱ 𝑥 െ 𝑐ᇱ 𝑥  0

with equality if 𝑥  0.

• SOCs are satisfied since
σ=ଵ
𝐼 𝑣ᇱᇱ 𝑥 െ 𝑐ᇱᇱ 𝑥  0

Advanced Microeconomic Theory 39

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 o a

to



 
 
Now, optimal provision for the public good from social planner: 
maximise the total welfare or the aggregate surplus and the aggregate surplus 
that would be  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Social planner wants to maximise the area in green (under marginally utility 
curve and above marginal cost). 
 
So maximise total welfare for aggregate surplus and this can also be seen in 
the following way:  the total welfare is equal to the total sum of the utility from 
public good of i individual + the profit providing the public good. But at the 
same time since the good is public, there is no price for public good. Total 
revenue are zero and profit correspond to the minus the cost. 
So it is equal to maximise the sum of the utility of the consumer + profit of 
producing public good. 
 
We apply FOC. Also SOC is satisfied: second derivative less than zero 
because of the assumption we made on marginal utility of public good and 
marginal cost. So we assume marginal utility is 0 and v’’ is < 0 and cost 
function is convex > 0 but with - sign is < 0. 
So SOC is satisfied : objective function is concave.  
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Public Goods

• In case of an interior solution, the optimal 
level of public good is achieved for the level of 
𝑥 that solves

σ=ଵ
𝐼 𝑣ᇱ 𝑥 ൌ 𝑐ᇱ 𝑥

• That is͕ the sum of the consumers͛ marginal 
benefit from an additional unit of the public 
good is equal to its marginal cost (Samuelson 
rule).
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Sum of marginal 
utilities must be 
equal to the 
marginal cost 



 
MANCA NELLE SLIDE 

The Pareto optimal level of public goods does not coincide with that of •
private goods, where, for interior solutions,  

 
 
 
 

That is, every individual i’s private marginal benefit from the private good is •
equal to its marginal cost 

 
 
The good in this case is rival and excludable must be equal to the marginal 
cost of producing the good. 
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Inefficiency of the Private 
Provision of Public Goods
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Inefficiency of the Private Provision of 
Public Goods

• Let us consider the case in which a market exists 
for the public good and that each consumer 𝑖
chooses how much of the public good to buy, 
denoted as 𝑥  0, taking as given a market price 
of 𝑝 (𝑝x in the previous slides).

• The total amount of the public good purchased 
by all 𝐼 individuals is hence 𝑥 ൌ σ=ଵ

𝐼 𝑥.
• Consider a single producer of the public good 

with a cost function 𝑐ሺ𝑥ሻ.
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Starting from this condition that will be the optimal condition in which social 
planner maximise social welfare. 
We’ll see in the case that we leave private firm to provide public goods. We 
will have level of production that is inefficient from a social point of view. 
 
We consider a market in which there is a public good and this public good is 
traded in the market and so has a price. Each consumer decide the amount of 
public good to buy and the total amount is as the summation over all I 
consumer of the amount of public good demand by each consumer. Then we 
assume market provide of public good has a total cost of c(x).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Inefficiency of the Private Provision of 
Public Goods

• Formally, at a competitive equilibrium price 𝑝∗, each 
consumer 𝑖’s purchase of the public good, 𝑥∗, must 
solve (assume quasi-linear utility)

max
௫≥0

𝑣 𝑥  σ≠ 𝑥∗  ሺ𝑤െ𝑝∗𝑥ሻ

– The first term reflects that individual 𝑖 benefits from 
both the 𝑥 units of the public good he purchases and 
σ≠ 𝑥∗ units of the public good that all other 
individuals acquire;

– In determining his purchases of the public good, 
individual 𝑖 takes the purchases of all the other 
individuals as given;

– consumer 𝑖 pays 𝑝∗𝑥 when acquiring 𝑥 units of the 
public good.
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Now we find the competitive equilibrium price in which each consumer i 
purchases the amount xi and this amount must hold the following condition: 
 

 
 

We assume the consumer function has a quasi-linear utility function and 
consumer maximise the utility deriving from consumption of public good + 
utility from other goods (the numerer).  
 

 
 

So the utility derived from consumption of public good is vi that depend 
amount of that good he buy + the amount of other consumer buy. Why? 
Because it’s not rival.  
 
The second term: 
 
Once you buy the public good, the amount xi you have the expenditure p* xi 
so the income that is left after buying the public good xi is the total amount of 
wealth - the expenditure for buying xi.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Inefficiency of the Private Provision of 
Public Goods

• FOC with respect to  𝑥 yields
𝑣ᇱ 𝑥∗  σ≠ 𝑥∗ െ 𝑝∗  0

with equality if 𝑥∗  0 (interior solution).

• For compactness, let 𝑥∗ denote the total 
purchases of the public good, that is, 

𝑥∗ ൌ 𝑥∗  σ≠ 𝑥∗ . 

• Hence, the above FOC can be expressed as
𝑣ᇱ 𝑥∗ െ 𝑝∗  0

with equality if 𝑥∗  0 (interior solution)
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If we compute the FOC, then compute the objective function derivative with 
respect with xi. 
So we will have v’i on total good - p* <= 0 (with equality in case of interior opt). 
For compactness we refer to x* to the total purchase of the public good. 
So the FOC will be: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

So AT the END For INT OPT

vile p



Inefficiency of the Private Provision of 
Public Goods

• On the other hand͕ the firm s͛ PMP is
max
௫≥0

𝑝∗𝑥 െ 𝑐ሺ𝑥ሻ

• FOC with respect to 𝑥 yields
𝑝∗ െ 𝑐′ሺ𝑥∗ሻ  0

with equality if 𝑥∗  0 (interior solution).

• Finally, the market clearing condition implies that 
the total amount of the public goods produced 
coincides with the amount consumed by all 
individuals.
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Now we check the firm PMP and we assume prices are given.  
So compute the FOC and get in equilibrium that: 
  
 
 
So we can put this condition together (the one in the slide before). 
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Inefficiency of the Private Provision of 
Public Goods

• Combining the FOCs for consumers and the firm, 
we obtain

𝑣ᇱ 𝑥∗ ൌ 𝑐ᇱ 𝑥∗ if 𝑥∗  0, 
𝑣ᇱ 𝑥∗ ൏ 𝑐ᇱ 𝑥∗ if 𝑥∗ ൌ 0

• Intuitively, individual 𝑖 increases his consumption 
of the public good until the point in which his 
marginal benefit from the public good equals the 
marginal cost. 
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Inefficiency of the Private Provision of 
Public Goods

• Equilibrium level of public good (interior solution).
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we leave the market provide the public good with equilibrium crossing point 
between marginal utility of consuming that good and marginal cost. 
We have marginal cost increasing and marginal utility decreasing and x* 
optimal quantity produced by the market. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Inefficiency of the Private Provision of 
Public Goods

• Equilibrium level of public good (corner solution).
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Example of corner solution. Marginal cost above the marginal utility so not 
crossing point and equilibrium will be at 0 —> corner solution. 
You can immediately the difference  between the optimal condition when we 
leave the market to provide the public good and the equilibrium condition in 
the case of social planner [next slide] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Inefficiency of the Private Provision of 
Public Goods

• However, at the Pareto optimality, we must have
σ=ଵ
𝐼 𝑣ᇱ 𝑥 ൌ 𝑐′ 𝑥

• That is, the summation of the marginal benefit 
that all individuals obtain from the public good 
must equal the marginal cost.

• Hence, there is an underprovision of the public 
good in the competitive equilibrium relative to 
the optimal allocation.
– Exception:  when the marginal cost curve is not 

vertical, i.e., 𝑐ᇱᇱ 𝑥 ് ∞.
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You can immediately the difference  between the optimal condition when we 
leave the market to provide the public good and the equilibrium condition in 
the case of social planner [next slide]. 
In particular, the difference between slide [46], in the left-hand side only 
marginal utility of the individual i while in the left-hand side we have the sum 
of all marginal utility of the consumer. 
So we can see graphically, that the market provigion of the public good leads 
to under provigion of the public good —> so less quantity of public good in the 
market as described in slide [50]   
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Inefficiency of the Private Provision of 
Public Goods

• Pareto optimal and equilibrium level of public good (two-
consumer economy example)
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Summation of marginal utility •
of other consumer will be 
above the marginal utility of 
individual i —> optimal 
quantity q° will be to the right 
of equilibrium level in the case 
good is provided by the 
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That’s reason 
public goods 
are provided by 
the government 



Inefficiency of the Private Provision of 
Public Goods

• Intuition: 
– Each individual s͛ purchase of the public good benefits 

not only him, but also all other individuals in the 
economy. 

– Each individual does not internalize the positive 
externalities that his individual purchase of the public 
good generates on other individuals. 

– Hence, each individual does not have enough 
incentives to purchase sufficient amounts of the 
public good. 

– This leads to the free-rider problem, whereby the 
public good in underprovided.
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The main reason why private provision of public good is inefficient is that each 
individual doesn’t take in account that buying public good also benefits other 
consumer: each individual benefit from the total amount of public good not 
only on the he buys. 
 
Each individual does not internalise the positive externalities: so each 
individual doesn’t have enough incentive to purchase an sufficient amount of 
the public good. 
 
This leads to free rider in which the public good is under provided. 
 
 
Another example of public good in Covid19 could be a restriction in social 
activity: an individual has utility from going out but at the same time has some 
disutility on risking his own health —> individual decides to go out only 
considering his utility from leisure and risk for his own health. Will tend to go 
out much more in the case in which individual is also internalising the potential 
negative externality producing by going out for instance because it can be a 
vector of the virus (and damage people). The government have to internalise 
this public bad just by imposing some penalty and fees for going out. If you  
cough out you will have to pay or illegal complain.The objective is to get the 
optimal level of people going out.  


