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PO pQ | Forany n, we then have that

p® = @ pOpD .. ph
Proof Follows by a similar calculation as in the proof of Theorem 2.1. [
Problems

2.1 (5) Consider the Markov chain corresponding to the random walker in Figure 1,
with transition matrix P and initjal distribution given by (11) and (14).
(a) Compute the square P2 of the transition matrix P. How can we interpret P27

(See Theorem 2.1, or glance ahead at Problem 2.5.)
{b) Prove by induction that

n) _ (0,%,0,%) forn=1,3,5,...
U] d0,4,00 forn=2,46,....

2.2 (2) Suppose that we modify the random walk example in Figure 1 as follows. At
cach integer time, the random walker tosses fwo coins. The first coin is to decide
whether to stay or go. If it comes up heads, he stays where he is, whereas if it
comes up tails, he lets the second coin decide whether he should move one step
clockwise, or one step counterclockwise. Write down the transition matrix, and
draw the transition graph, for this new Markov chain.

23 (5) Consider Example 2.1 (the Gothenburg weather), and suppose that the
Markov chain starts on a rainy day, so that 1O = (1,0).

(a) Prove by induction that
p® = G +27m, 31 -27)

for every n. o,
(b) What happens to x( in the limit as 7 tends to infinity?

24 (6)

(a) Consider Example 2.2 (the Los Angeles weather), and suppose that the Markov
chain starts with initial distribution (%, —g—). Show that p,(”) = 1@ for any n,
so that in other words the distribution remains the same at all times.”

(b) Can you find an initial distribution for the Markov chain in Example 2.1 for '
which we get similar behavior as in (a)? Compare this result to the one in
Problem 2.3 (b).

2.5 (6) Let (Xg, X1, ...) be a Markov chain with state space {sy, ..., 5] and tran-
sition matrix P. Show, by arguing as in the proof of Theorem 2.1, that for any

m,n > 0 we have

PXppn =85j | Xm =Si)E(Pn)i,j-

7 Such a Markov chain is said to be in equilibrium, and its distribution is said to be stationary.
This is a very important topic, which will be treated carefully in Chapter 5.
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2.6 (8) Functions of Markov chains are not always Markov chains. Let
(Xg, X1, ...) be a Markov chain with state space {s1, 52, 53}, transition matrix

01 0
P=10 0 1
1 0 0

and initial distribution u,(o) = (%, %, %). For each n, define
¥, — 0 ifX,=s
” 1 otherwise.

Show that (¥y, Y1, .. .) is nof a Markov chain.
2.7 (9) Markov chains sampled at regular intervals are Markov chains. Let
(Xg, X1, ...) be a Markov chain with transition matrix P.

(a) Define (Yg, Y1, ...) by setiing ¥;, = Xo, for each n. Show that (¥Yp, ¥y, ...)
is a Markov chain with transition matrix P2.

(b) Find an appropriate generalization of the result in (2) to the situation where we
sample every it (rather than every second) value of (XO% D ST N
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