


	 	 	 	 Notes Advanced Microeconomics 
 
 
In economics we make a lot of assumption —> Main reason is that economics model are just a 
modellization of the reality. We need need something simpler and easier than the reality. Assumption 
should help us to simplify the problem.



Economics model are useful because when we analise data, we need to have some background theory 
to interpret the result. 



Example 

If i have some data on the sales or on the price of the good. Then we estimate a regression: you see 
how sales depends on the price. What kind of relation we are going to expect? Positive or negative? 
Negative.

How do we explain this negative relation? This relation is based on theory in which we assume we 
receive some satisfation(utility) from a given good. You can’t compare satisfation with price that you’re 
paying for that good. If price increase you buy less! If you have an income you can buy less unit of the 
good is lesser. Unit I can afford= Income/price. But there are example in which price increase and sells 
increase. The based theory is like this but is based on assumptions. 





Ch.1 - Consumer Theory 
 
First lectures will be manly on consumer choices.



Main topics: Consumer theory explains how consumer decides what to buy and how much of a good 
to buy.



In particolar, we will see the concept of preference and choice. We will main base the lecture on 
preference based-approach compared with the choice approach. We will see utilty function also and 
then introduce way to rationalise behaviours. In economics they care about their utilty but don’t care 
about others so the concept of altruism will be implemented editing the concept of utilty function. 

 

What is preference?

First, how consumer decides between two different goods. 

Do you prefer an orange or an apple? 

2 guys, one orange and one apple. 

This choice are based on some preferences, so we will define is the preferences of individuals. This is 
an element with which can make choice. We will see the so called consumption set that is indicate 
with X.

 

Consumption set X: all set of alternatives that are available to the decision maker.

In this case the DM is the consumer.



So set of all possible choice means consumption set is very big. In the consumption set we will not 
only goods to buy but all possible combinations of quantities of these goods. (1 apple, 2 orange or 2 
apples, 1 orange). In our exercise we will be mainly two goods with quantities to buy.










Preference based-approach: assume that I know the preference of consumers so according to the 
preference that i know i can predict what people will buy. 

In the example i took i know she prefers oranges than apple and if i offer an orange or an apple she will 
decises to buy and orange.



Choice-based approach: the second approach is the choice-based approach. According to this 
approach i don’t know her preference but I make her an offer and i offer her 1 orange and 1 apple. 
Based on the choice that she makes, she decides to buy the orange. So I infer that she prefer orange 
to apple. So I build the preference based on preferences on my observation of her consumption here. 
This is something closer to reality but it’s harder to treat it analiticlaly. Sometime to change preference 
maybe. In the traditional theory we will use preference does not change over time. Main advantage of 
the choice-based approach is based on behaviours which is something I can observe while preference 
based approach rely on preferences we have to assume we know (even in the reality we don’t) as 
assumption.







Preference-based approach



How preference defined? We should ask to the decision maker which are the possible alternatives 
which are all in the consumption set X.

Given two alternatives x and y that belong to the consumption set (X) what kind of ranking can you do? 
You can say that given this two, i can prefere an orange to an apple and the simple of preference is like 
a greater sign. I can say i prefer an apple to an orange o i could say I’m indifference (tilde symble).



A preference relation is an operator that allows you to do this ranking and the kind of presence relation 
we will be use must be complete.



Complete: Individuals must be able to compare every alternatives in the consumption set. 

So for any two alternative you are able to choice between one of this. 

Ex. I can compare even with good that i never bought.

In reality, If i ask you to compare one good to another you would say “i don’t know”.



A binary preference relation is a relation. In Mathematics a binary relation of a pair. 

When we compare alternative we will compare what we called ordered pairs.



Binary relation: collection of ordered pairs(x,y) from a set x,y appartenete al consumption set X.



Esempio: this are two ordered pair. 
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The symble of strict preferences.

Before we said that x is prefer to y but we don’t say that x is strictly preferred to y. We are introducing 
the operator of strict preferences. Here we have three options: x strictly pref to y or y strictly pref to x 
or x ind to y. I can only choose one between the three.



The same relation could be define using another operator which is called weak preference operator 
where x is as good as y or x is weakly prefered to y. 

Weak preference operator we will not have three options but only two. We could say that x is al least 
as good as y or y is at least as good as x. In this case, the difference in respect to the strict preference 
is that we can choose both. This mean the two goods could have the same value. In case you choice 
both option this mean that the two good are indifferent.



 

The same preferences can be describe using the two symbles. So to say that x is ind to y, in stric 
preference we said only check x ind y, while with the weak preference i check the two boxes. 



This part is about: a way to define how to make choice and we introduce this operator to define 
preference between alternatives. So what is prefered to what and what is indifferent to what. 



Reflexivity: any alternative x can be in a set of thing that I could buy and every alternative must be 
indifference to itself. (X is as good as X —> it’s like a tautology.  



Reflexivity implies that X ind to itself or using weak preference is as good as y. 



In order to analise consumer behaviour we have to verify that relation is relational.

A preference relation if weak preference:


Completeness: we are able to compare (to rank) every alternatives.
•
Transitivity: implies 3 possible alternatives that are also referred as bundles of goods. 
•



Bundle could be 2 orange and an apple. Or two oranges and two apples.  	













If bundle like this we would have 3 goods:











But for the majority we will thread pair of goods. 
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Transitivity implies that you weakly prefered x to y and you weakly prefer y to z then implies you weakly 
prefer x to z. Even this is a stronger assumption so this mean if I ask you: you prefer orange to apple? 
You say orange. Then, you prefer apple to strawberry ? Then we can conclude that orange is weakly 
prefered to strawberries.

In theory holds but in the reality you may prefer strawberry to orange (but in the course we will use 
transitivity). 









Rational preference mean that preference relation satisfy completeness (i can compare all possible 
alternatives) and transitivity.



One bundle is prefered to another but we don’t say how to make choice so why x is prefered to y. 

One possible way of define preferences is one of the following and this is how preferences are 
described. X weakly prefered to y, we have to define a decision rule in which we can predic which 
choice will be made by the consumer.

 

X is weakly prefered to y if and only if:

I defined the components of the bundles. According to this decision rule, for this individual the first 
bundle prefered to the second if summing the quantity of the goods in the bundle I obtain a sum that is 
greater or equal to the sum of the components of the second bundles.






























































Transitivity
Ota A Is 3 OIS

BUNDLES

x x
Ei Xa Ynet
Y IF summingTHEcomponents CF ro Buren I act a BIGGER vacue than the
sum of za Burne components

Y
t2 2in s Ete z un s 3 3 THEN WE CAN CONCLUDE

x y

1 Z 3M s ar z str 32 u THEN WE CAN'T CONCLUDE
x y





Imaging the guys that we propose, choices the bundle with the highest quantity respected tot he two 
goods.  We have to prove wherever a preference satisfy some preferences.

How can we test if this relation is complete and transitive?



Let’s start with completeness. You have to be able to decide if x is weakly pref to y or y weakly pref to 
x of both (indifferent)? 

This preference relation satisfy completeness? If i give you two bundles, i will always be able to 
compare this two bundle? This is the definition of completeness. Yes, it’s complete because we can 
always compare two real number. 



Transitivity: this satisfy transitivity. If i found that x is weakly pref to y, y strictly pref to z then x weakly 
pref to z? YES.



 









We can always compare real number. Just compare the quantity in a bundle to verify the preference 
relation and verify is the preference relation is rational.



Although we did this assumption, there’s a branch of economics which is called  experimental eco 
monomials: takes individual and bring individuals to lab and test some assumption about 
Microeconomics theory. There are quite a lot of examples that individuals choice violate this 
assumptions.



There are potential source of intransitivity in preference:


Indistinguishable alternatives
1.
framing effects
2.
Aggregation of criteria
3.
Change in preferences 
4.



This may violate the transitivity properties. 



Example of framing effects.

Framing: phenomena in which your answer may depend on the order of the question.

Imaging that I bring you this and then ask you to decide this three alternative:

(Paris for $574)

We should actually say that a and b are the same because the holiday are the same. The holidays is a 
week in Paris for $574 so same offer. So we change the way we presenting it. If i compare a with c and 
b with c, if a > c also b>c. Instead, in the lab many individuals that violate this properties. 



Another example:

Coffee paradigm (Paradigma del caffè). How many spoon of sugar you want? Maybe you cannot 
distinguished between 2 or 3 spoon maybe.

This is also violation of rationality!



If i giving you 70 orange and 70 apple and make you choose by majority. Then this violate transitivity. 

This assumption help us to simplify the problems! But in reality is not like this.



The final goal is to define if a simple model can describe a reality and how well this can be predicted. 
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Ch. 2 - Utility function 
 
Preference can be described in the way he showed before. We implicitly define a function for the 
preference relation that was the sum of the components of the bundle. 





 
 
 
 
 
 
 
 
 
 
Utility function We can generalise:

Utility function is a function that is define the consumption set. So taking as input the bundle in the 
consumption set it give us a real number. This function can be called utility function representing the 
preferences if for any two alternatives we can say that x if weakly prefered to y if and of if the utility of 
the x is greater or equal than the utility of y.

We assume that we know the preference of the individuals in a sense that we know the utility function 
of the individuals. 



So preference relation can be describe by utility function. If this is true, we can say if x weakly prefered 
to y or viceversa.

An important thing is that for our consumption theory is that we are able to rank the alternatives. 



















The utility of bundle is greater than utility of bundle of y. I will choose x. So we want to predict if we will 
choose x instead of y. We don’t care about cardinality, so the number of the utility function but we just 
care about the rank. So we want to allowed  the consumer to rank (put in order) the different 
alternatives.  
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Any strictly increasing transformation of the utility function also give a utility function that describe the 
same preferences. If i apply an increasing transformation to the utility function which gives another 
utility function that describe the same preference.



Describe the same preference since it’s a strictly increasing transformation. 























In the example that we take we assume that all goods are desiderable. We will speak about 
monotonicity, strong monotonicity, satiation and non-satiation. We can include different goods in 
combination of n goods in which a set of vector with n component in which every components is a real 
number.   
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Advanced Microeconomics
(EPS)

Chapter 1: Preferences

Advanced Microeconomic Theory



Outline
• Preference and Choice
• Preference-Based Approach
• Utility Function
• Indifference Sets, Convexity, and Quasiconcavity
• Special and Continuous Preference Relations
• Social and Reference-Dependent Preferences
• Hyperbolic and Quasi-Hyperbolic Discounting
• Choice-Based Approach
• Weak Axiom of Revealed Preference (WARP)
• Consumption Sets and Constraints
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Preference and Choice
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Preference and Choice

• We begin our analysis of individual decision-
making in an abstract setting.

• Let ! ∈ ℝ$% be a set of possible alternatives for a 
particular decision maker.
– It might include the consumption bundles that an 

individual is considering to buy.
– Example:

! = {(, *, +, … }
! = {Apple, Orange, Banana, … }
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Preference and Choice

• Two ways to approach the decision making 
process:
1) Preference-based approach: analyzing how the 

individual uses his preferences to choose an 
element(s) from the set of alternatives !. 

2) Choice-based approach: analyzing the actual 
choices the individual makes when he is called to 
choose element(s) from the set of possible 
alternatives.
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Preference and Choice

• Advantages of the Choice-based approach:
– It is based on observables (actual choices) rather 

than on unobservables (individual preferences)

• Advantages of Preference-based approach:
– More tractable when the set of alternatives ! has 

many elements.
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Preference and Choice

• After describing both approaches, and the 
assumptions on each approach, we want to 
understand:

Rational Preferences  ⟹ Consistent Choice behavior
Rational Preferences  ⟸ Consistent Choice behavior
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Preference-Based Approach
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Preference-Based Approach

• Preferences: “attitudes” of the decision-maker 
towards a set of possible alternatives !.

• For any (, * ∈ !, how do you compare ( and *?
! I prefer ( to * (( ≻ *)
! I prefer * to ( (* ≻ ()
! I am indifferent (( ∼ *)
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Preference-Based Approach

By asking: We impose the assumption:

Tick one box 
(i.e., not refrain from 
answering)

Completeness: individuals must
compare any two alternatives, 
even the ones they don’t know.
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Preference-Based Approach

• Completeness:
– For any pair of alternatives (, * ∈ !, the individual 

decision maker:
!		( ≻ *, or
!		* ≻ (, or
! both, i.e., ( ∼ *

" (The decision maker is allowed to choose one, and 
only one, of the above boxes).
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Preference-Based Approach

• A binary relation is a collection of ordered pairs 
(x,y) from a set x,y ∈ X.

• Not all binary relations satisfy Completeness. 
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Preference-Based Approach

• Weak preferences:
– Consider the following questionnaire:
– For all (, * ∈ !, where (	and * are not necessarily 

distinct, is ( at least as preferred to *?
! Yes (( ≿ *)
! No (* ≿ ()

– Respondents must answer yes, no, or both
" Checking both boxes reveals that the individual is indifferent 

between ( and *.
" Note that the above statement relates to completeness, but 

in the context of weak preference ≿	 rather than strict 
preference ≻.
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Preference-Based Approach

• Reflexivity: every alternative ( is weakly preferred 
to, at least, one alternative: itself. 

• A preference relation satisfies reflexivity if for any 
alternative ( ∈ !, we have that:
1) ( ∼ (: any bundle is indifferent to itself.
2) ( ≿ (: any bundle is preferred or indifferent to itself.
3) ( ⊁ (: any bundle belongs to at least one 

indifference set (i.e. set of alternatives over which 
the consumer is indifferent), namely, the set 
containing itself if nothing else.
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Preference-Based Approach

• The preference relation ≿ is rational if it 
possesses the following two properties:

a) Completeness: for all (, * ∈ !, 
either ( ≿ *, or * ≿ (, or both.

b) Transitivity: for all (, *, + ∈ !,  
if ( ≿ * and * ≿ +, then it must be that ( ≿ +.
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Preference-Based Approach

• Example 1.1.
Consider the preference relation

( ≿ * if and only if   ∑ (&%
&'( ≥ ∑ *&%

&'(
In words, the consumer prefers bundle ( to * if 
the total number of goods in bundle ( is larger 
than in bundle *. 

In case of two goods (( + (+ ≥ *( + *+
16Advanced Microeconomic Theory



Preference-Based Approach

• Example 1.1 (continues).
• Completeness: 

– either ∑ (&%
&'( ≥ ∑ *&%

&'( (which implies ( ≿ *), or 
– ∑ *&%

&'( ≥ ∑ (&%
&'( (which implies * ≿ (), or 

– both, ∑ (&%
&'( = ∑ *&%

&'( (which implies ( ∼ *).

• Transitivity: 
– If ( ≿ *, ∑ (&%

&'( ≥ ∑ *&%
&'( , and

– * ≿ +, ∑ *&%
&'( ≥ ∑ +&%

&'( , 
– Then it must be that ∑ (&%

&'( ≥ ∑ +&%
&'( (which implies 

( ≿ +, as required).
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Preference-Based Approach

• The assumption of transitivity is understood as 
that preferences should not cycle.

• Example violating transitivity:
,--./ ≿ 0,1,1, 0,1,1, ≿ 23,14/

56678≿9:5;<8		(=>	?@ABCD?DED?>)
but 23,14/ ≻ ,--./.

• Otherwise, we could start the cycle all over again, 
and extract infinite amount of money from 
individuals with intransitive preferences.
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Preference-Based Approach

• Sources of intransitivity:
a) Indistinguishable alternatives 
b) Framing effects
c) Aggregation of criteria
d) Change in preferences
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Preference-Based Approach

• Example 1.2 (Indistinguishable alternatives):
– Take ! = ℝ as a share of pie and ( ≻ * if 
( ≥ * − 1 (( + 1 ≥ *) but (~* if ( − * < 1
(indistinguishable).

– Then, 
1.5~0.8 since 1.5 − 0.8 = 0.7 < 1
0.8~0.3 since 0.8 − 0.3 = 0.5 < 1

– By transitivity, we would have 1.5~0.3, but in fact 
1.5 ≻ 0.3 (intransitive preference relation).
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Preference-Based Approach

• Other examples: 
– similar shades of gray paint
– milligrams of sugar in your coffee
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Preference-Based Approach

• Example 1.3 (Framing effects):
– Transitivity might be violated because of the way 

in which alternatives are presented to the 
individual decision-maker.

– What holiday package do you prefer?
a) A weekend in Paris for $574 at a four star hotel.
b) A weekend in Paris at the four star hotel for $574.
c) A weekend in Rome at the five star hotel for $612.

– By transitivity, we should expect that if , ∼ 0 and 
0 ≻ N, then , ≻ N.
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Preference-Based Approach

• Example 1.3 (continued):
– However, this did not happen! 
– More than 50% of the students responded N ≻ ,.
– Such intransitive preference relation is induced by 

the framing of the options.
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Preference-Based Approach

• Example 1.4 (Aggregation of criteria): 
– Aggregation of several individual preferences 

might violate transitivity. 
– Consider ! = {OPQ,RST,U2V/	T1WX/3YWZ*}
– When considering which university to attend, you 

might compare:
a) Academic prestige (criterion #1)

≻(: 		OPQ ≻( RST ≻( U2V/	T1WX.
b) City size/congestion (criterion #2)

≻+: 		RST ≻+ U2V/	T1WX. ≻+ OPQ
c) Proximity to family and friends (criterion #3)

≻\: 		U2V/	T1WX. ≻\ OPQ ≻\ RST 24
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Preference-Based Approach

• Example 1.4 (continued):
– By majority of these considerations:
OPQ ≿]

^@D?_@DA	(	&	\
RST ≿]

^@D?_@DA	(	&	+
U2V/	T1WX ≿]

^@D?_@DA	+	&	\
OPQ

– Transitivity is violated due to a cycle.

– A similar argument can be used for the 
aggregation of individual preferences in group 
decision-making:
" Every person in the group has a different (transitive) 

preference relation but the group preferences are not 
necessarily transitive (“Condorcet paradox”).
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Preference-Based Approach

• Intransitivity due to a change in preferences
– When you start smoking

One	cigarette ≿ No	smoking ≿ Smoking	heavily
By transitivity, 

One	cigarette ≿ Smoking	heavily
– Once you started

Smoking	heavily ≿ One	cigarette ≿ No	smoking
By transitivity, 

Smoking	heavily ≿ One	cigarette
– But this contradicts the individual’s past 

preferences when he started to smoke.
26Advanced Microeconomic Theory





Desirability 



monotonicity
•
Strong monotonicity
•
Non-satiation
•
Local non-satiation
•



All x1,x2,x3 are defined on the set of real numbers.



Now we are going to define the first property.



Monotonicity 
If i take any two bundles x and y and x != y. 

If xk >=yk (quantity of good k in bundle x and y) then implies that x pref y.

If xk > yk then implies that x strictly pref to y.




So increasing the amount of some commodores cannot hurt x>=y.
1.

2.















Strong monotonicity 
Two bundles in consumption set if xk >= yk for every good k then we conclude that x strictly pref to y 
(before was weakly preferred).



In the last example are monotone in which add eps only to x1 then we obtain a bundle strictly 
preference to x. 

==> this means that is strong because we got a stronger condition. Even increasing the quantity of 1 
good then you obtain a bundle that is strictly pref. 

Also for the second in which we add eps to x1 and x2 then it hold because y>x comprende y>=x



Now we wander how this monotonicity can be translated in the characteristic of the utility function?

Monotonicity in preference implies that utility function is weakly monotonicity in its arguments		. 

If we increase all arguments we obtain a value that it is strictly increases its value.



If i have x1 and x2 and if ai multiply by a scalar alpha > 1. 

Alpha x1 > x1 so is greater or equal than the initial utility of the bundle u(x1,x2).

Increasing quantity of x1 i get a greater utility so if weakly pref to the original one.



If alpha x1 and alpha x2 then the utility is strictly preferred than the original one.



If we change and we want to see what strong monotonicity imply in the utility function.

In case you increase only one good you obtain a strictly greater than the original one. U(ax1, x2) > 
u(x1,x2).
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Example2 —> linear utility function  
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rational —> complete reflexives and transitivity. Transitivity assume completeness ??





Non-satiation 
You are never happy. You always find a bundle that is strictly pref than the original one. So this is not 
very usable.  We will use more frequently local non-satiation



local non-satiation

We always find a bundle that is close to the original one, but we pref the original one.















We always have an Euclidean distance < eps.

Euclidean distance is computed as 

x = (x1,x2) Y(x1, x2)

take difference power of two and then rad.

So we compute the distance we got a point the in circle by increase for a small quantity. This must 
happen for any distance eps.



For instance you can compare very close alternatives that differ for a very small amount.



Application of definition of local association.

Two goods. 

[slide cerchio]

In x1 we have quantity of first good in bundle x. In y we have the second quantity of bundle x (which is 
x2). The bundle (2,2) can be represented by a point, also for y. 

Y2 contain a small quantity of x2 and y1 larger than x1. So the distance





In case we have two bad good [called bads](pollutions of water and air)



The more we are close to the origin

The more we are happy.









(0,0) can we find another bundle close to this and

Preferred to the original one? 

We can’t have negative pollution. 

Drawing small circle x we don’t find any bundle pref to the original one

So this violate the LNS.





Another situation is the thick indifference sets (or curve).

An indifference set is the set of all bundle that are indifferent to the consumer (same level of utility)

Imagine now we have an area then, so this mean we cannot draw arbitrarialy small circle, because all 
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circle in this area of the indifference curve are indifference. So we will not consider this case.

































































Indifference set 
A bundle x and the indifference bundle in the consumption sets are indifference to the respect to x. 

Y ind to X

IND(x)



The upper-counter set 
The set of all bundle in the consumption set such that bundle are strictly preferred to x

UCS(x)



Lower-counter set

The set of all bundle in the consumption set such that bundle are strictly preferred to x Such that x is 
strictly pref to y

LCS(x)
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Graphically we can show it in this example in the following way.

























































We saw properties of preference relation. Now we will see properties in indifference set (or curves)



Strong monotonicity 
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We will have curve that decrease???





Convexity of preferences 
A preference relation is convex if for every two bundle in consumption set such that

X weak pref y ==> ax + (1-a) y >= y  —> like a weighted average a+(1-a) = 1
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You can say another property of convexity with upper counter set (UCS). 

So UCS(x) = {y app X: y>= x}



























Y in the UCS and if i have another bundle and if i have z also, then convex combination of the two 
good. So any bundle in this line is strictly pref to the original bundle. Not only weak but also strictly 
pref. 













All bundle in the strictly line are preferred.

















Convexity 1 we need just 2 bundles. For convexity 2 we need 3 bundles.



Strict convexity if you take x,y,z app X

If x weak pref z

If y weak pref to z 

Then convex combination is strictly preferred. 



The only example strictly convex (have a shape like a curve)



Imagine an UCS like a straigh line
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Taking two point x and y that are weak pref to z. Which mean z is in the indifference set. 

Any points are indifferent to z and not strictly pref to z. So straight indifference curve (rette) represent 
preference that are not strictly convex but weakly convex. This correspond with linear utilty function 
which is the example of perfect substitutes goods.





















In this case pref relation is not strictly convex. But in most of our example the curve will no have this 
shape.



Try to do example 1.7 as an exercise applying the definition that this u satisfy both convexity and strict 
convexity. 





Interpretation of convexity 

You consume a lot of good 1 and a small quantity of good2. The coordinate of  y is high and the 
second is low. You don’t like the bundles unbalance to the two good. We pref to consume a little bit of 
everything. Are weakly preferred.
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Advanced Microeconomics
(EPS)

Chapter 1: Utility functions, 
indifference sets, quasi-concavity
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Utility Function

• A function !: 	$ → ℝ is a utility function 
representing preference relations ≿ if, for every 
pair of alternatives (, * ∈ $, 

( ≿ *		 ⟺ 	!(() ≥ !(*)

2Advanced Microeconomic Theory



Utility Function

• Two points:
1) Only the ranking of alternatives matters. 

– That is, it does not matter if
! ( = 14 or if  ! ( = 2000
! * = 10 or if  ! * = 3

– We do not care about cardinality (the number 
that the utility function associates with each 
alternative) but instead care about ordinality
(ranking of utility values among alternatives).

3Advanced Microeconomic Theory



Utility Function

2) If we apply any strictly increasing function 6(∙)
on ! ( , i.e., 

6: 	ℝ → ℝ	 such that  8 ( = 6(! ( )
the new function keeps the ranking of 
alternatives intact and, therefore, the new 
function still represents the same preference 
relation.
– Example: 

8 ( = 3"($)
& $ = 5" $ + 8

4Advanced Microeconomic Theory



Desirability

• We can express desirability in different ways.
– Monotonicity
– Strong monotonicity
– Non-satiation
– Local non-satiation

• In all the above definitions, consider that $ is an +-
dimensional bundle 

$ ∈ ℝ., i.e., $ = $/, $1, … , $!
where its "#$ component represents the amount of 
good (or service) ",	$%∈ ℝ.

5Advanced Microeconomic Theory



Desirability

• Monotonicity:
– A preference relations satisfies monotonicity if, for 

all $, 9 ∈ :, where $ ≠ 9, 
a) $% ≥ 9% for every good " implies $ ≿ 9	
b) $% > 9% for every good " implies $ ≻ 9	

– That is, 
! increasing the amounts of some commodities (without 

reducing the amount of any other commodity) cannot 
hurt, $ ≿ 9	; and

! increasing the amounts of all commodities is strictly 
preferred, $ ≻ 9.
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Desirability

• Strong Monotonicity:
– A preference relation satisfies strong monotonicity 

if, for all $, 9 ∈ :, where $ ≠ 9, 
$% ≥ 9% for every good " implies $ ≻ 9	

– That is, even if we increase the amounts of only 
one of the commodities, we make the consumer 
strictly better off. 
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Desirability

• Relationship between monotonicity and utility 
function:
– Monotonicity in preferences implies that the 

utility function is weakly monotonic (weakly 
increasing) in its arguments
! That is, increasing some of its arguments weakly 

increases the value of the utility function, and 
increasing all its arguments strictly increases its value.

– For any scalar + > 1, 
"(+$/, $1) ≥ "($/, $1)
" +$/, +$1 > "($/, $1)
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Desirability

• Relationship between strong monotonicity and 
utility function:
– Strong monotonicity in preferences implies that 

the utility function is strictly monotonic (strictly 
increasing) in all its arguments.
! That is, increasing some of its arguments strictly 

increases the value of the utility function.

– For any scalar + > 1,
" +$/, $1 > "($/, $1)
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Desirability

• Example 1.5: " $/, $1 = min	{$/, $1}
– Monotone, since

min $/ + 1, $1 + 1 > min	{$/, $1}
for all 1 > 0.

– Not strongly monotone, since
min $/ + 1, $1 ≯ min	{$/, $1}

if min $/, $1 = $1.
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Desirability

• Example 1.6: " $/, $1 = $/ + $1
– Monotone, since 

($/ + 1) + ($1 + 1) > $/ + $1
for all 1 > 0.

– Strongly monotone, since
($/ + 1) + $1 > $/ + $1

• Hence, strong monotonicity implies monotonicity, 
but the converse is not necessarily true.
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Desirability

• Non-satiation (NS):
– A preference relation satisfies NS if, for every 
$ ∈ :, there is another bundle in set :, 9 ∈ :, 
which is strictly preferred to $, i.e., 9 ≻ $. 
! NS is too general, since we could think about a bundle 
9 containing extremely larger amounts of some goods 
than $. 

! How far away are 9 and $?
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Desirability

• Local non-satiation (LNS):
– A preference relation satisfies LNS if, for every 

bundle $ ∈ :	and every 3 > 0, there is another 
bundle 9 ∈ : which is less than 3-away from $, 
9 − $ < 3, and for which 9 ≻ $.
! 9 − $ = 9/ − $/ 1 + 91 − $1 1 is the Euclidean 

distance between $ and 9, where $, 9 ∈ ℝ61 .
! In words, for every bundle $, and for every distance 3

from $, we can find a more preferred bundle 9.

13Advanced Microeconomic Theory



} ε

x

y

1x

2x

1x 1y

2x
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Desirability

– A preference relation 
satisfies 9 ≻ $	even if 
bundle 9 contains less 
of good 2 (but more of 
good 1) than bundle $. 
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Desirability

– A preference relation 
satisfies 9 ≻ $	even if 
bundle 9 contains less 
of both goods than 
bundle $. 

15Advanced Microeconomic Theory



Desirability

– LNS rules out the case 
in which the decision-
maker regards all 
goods as bads.

– Although 9 ≻ (, * is 
unfeasible given that it 
lies away from the 
consumption set, i.e., 
*	 ∉ ℝ6< .    

16

• Violation of LNS
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Desirability
• Violation of LNS

17

– LNS also rules out 
“thick” indifference 
sets.

– Bundles 9 and $ lie on 
the same indifference 
curve. 

– Hence, decision maker 
is indifferent between 
$ and 9, i.e., 9 ∼ $.  

Advanced Microeconomic Theory
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Desirability

• Note:
– If a preference relation satisfies monotonicity, it 

must also satisfy LNS. 
! Given a bundle $ = ($/, $1), increasing all of its 

components yields a bundle ($/ + 1, $1 + 1), 
which is strictly preferred to bundle ($/, $1) by 
monotonicity. 

! Hence, there is a bundle 9 = ($/ + 1, $1 + 1) such 
that 9 ≻ $ and 9 − $ < 3.
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Indifference sets
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Indifference sets

• The indifference set of a bundle $ ∈ : is the set 
of all bundles 9 ∈ :, such that 9 ∼ $.

9:; $ = {9 ∈ :: 9 ∼ $}
• The upper-contour set of bundle $ is the set of all 

bundles 9 ∈ :, such that 9 ≿ $.
<=> $ = {9 ∈ :: 9 ≿ $}

• The lower-contour set of bundle $ is the set of all 
bundles 9 ∈ :, such that $ ≿ 9.

?=> $ = {9 ∈ :: $ ≿ 9}
20Advanced Microeconomic Theory



Upper contour set (UCS)
{y ∈ 3+: y ≿ x}2

Indifference set
{y ∈ 3+: y ~ x}2

Lower contour set (LCS)
{y ∈ 3+: y ≾ x}2

x1

x2

x

Indifference sets
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Indifference sets

• Strong monotonicity implies that indifference 
curves must be negatively sloped.

22Advanced Microeconomic Theory

2x

1x

x

y x>>

x z<<

Region A

Region B



Indifference sets

• Note: 
– Strong monotonicity implies that indifference 

curves must be negatively sloped. 
– In contrast, if an individual preference relation 

satisfies LNS, indifference curves can be upward 
sloping. 

• This can happen if, for instance, the individual regards 
good 2 as desirable but good 1 as a bad.
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Convexity of Preferences
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Convexity of Preferences

• Convexity 1: A preference relation satisfies 
convexity if, for all $, 9 ∈ :, 

$ ≿ 9		 ⟹ 		+$ + 1 − + 9 ≿ 9
for all + ∈ (0,1).
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Convexity of Preferences

• Convexity 1

Advanced Microeconomic Theory 26



Convexity of Preferences

• Convexity 2: A preference relation satisfies 
convexity if, for every bundle $, its upper contour 
set is convex.

<=> $ = {9 ∈ :: 9 ≿ $} is convex
• That is, for every two bundles 9 and U,

V9 ≿ $
U ≿ $ 			⟹ 		W9 + 1 − W U ≿ $

for any W ∈ [0,1].
• Hence, points 9, U, and their convex combination 

belongs to the UCS of $.
Advanced Microeconomic Theory 27



Convexity of Preferences

• Convexity 2
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Convexity of Preferences

• Strict convexity: A preference relation satisfies 
strict convexity if, for every $, 9 ∈ : where $ ≠ 9,

Z$ ≿ U
9 ≿ U 		⟹ 	W$ + 1 − W 9 ≻ U

for all W ∈ 0,1 .
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x1

x2

λx	+	(1−λ)y	≻z

UCS

x
x

y
y

z

Convexity of Preferences
• Strictly convex preferences
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Convexity of Preferences
• Convex but not strict convex preferences

Advanced Microeconomic Theory 31

– W$ + 1 4 W $~U
– This type of preference 

relation is represented 
by linear utility 
functions such as 

' (), (+ , ]() . ^(+
where () and (+ are 
regarded as substitutes. 



Convexity of Preferences

Advanced Microeconomic Theory 32

• Convex but not strict convex preferences

– Other example: If a 
preference relation is 
represented by utility 
functions such as 

" $/, DE F min	/](B, ^DE}
where ], ^ ) 0, then 
the pref. relation 
satisfies convexity, but 
not strict convexity. 



Convexity of Preferences

• Example 1.7

Advanced Microeconomic Theory 33

" $/, $1 Satisfies convexity Satisfies strict convexity
]$/ + ^$1 √ X

min	{]$/, ^$1} √ X

]$/
/
1^$1

/
1 √ √

]$/1 + ^$11 X X

Do the last two for exercise



Convexity of Preferences

1) Taste for 
diversification: 
– An individual with 

convex preferences 
prefers the convex 
combination of 
bundles $ and 9, 
than either of those 
bundles alone.

Advanced Microeconomic Theory 34

• Interpretation of convexity Indifference sets can be 
interpreted as the bundles that
give the same level of utility (i.e. 
the same value of the utility 
function). In the case below it is an 
indifference curve







MRS is the slope of this indifference curve. Now we will see how to compute the marginal rate of 
substitution. 
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Marginal Rate of Substitution (MRS)

• Remark:
– Let us show that the slope of the indifference curve is 

given by the MRS.
– Consider a continuous and differentiable utility 

function  ! "#, "%, … , "' .
– Totally differentiating, we obtain

`! = ab
acd

`"# + ab
ace

`"% + ⋯+ ab
acg

`"'
– But since we move along the same indifference curve, 
`! = 0.  abach

is called the marginal utility of "i.
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Convexity of Preferences
– Inserting `! = 0, and taking any two goods

0 = ab
ach

`"i + ab
acj

`"k
or     − ab

ach
`"i = ab

acj
`"k

– If we want to analyze the rate at which the consumer 
substitutes units of good l for good m, we must solve for ncj
nch

, to obtain 

−ncj
nch

=
op
oqh
op
oqj

≡ st>i,k

For instance if −ncj
nch

= 2/1 = 2 you have to replace 2 units of
good j for one unit of good i to remain in the same
indifference curve.
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Convexity of Preferences

• Interpretation of convexity
2) Diminishing marginal rate of substitution:

st>#,% ≡ −nce
ncd

= ab/acd
ab/ace

– MRS describes the additional amount of good 2 
that the consumer needs to receive in order to 
keep her utility level unaffected, when the amount 
of good 1 is reduced by one unit.

– Hence, a diminishing MRS implies that the 
consumer needs to receive increasingly larger 
amounts of good 2 in order to accept further 
reductions of good 1. 
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One properties of MRS:

Since we are using convex Ind curve. 



IND set or ind set is decreasing. So IND curve decreasing, slope is negative and then the slope is 
decreasing. What does it mean? 





Slope of a curve in one point, if the slope of the angle in this point.  


























































































x1

x2
A

B

C

D

1 unit ' yx2

1 unit ' yx2

yx1 yyx1

Convexity of Preferences

• Diminishing marginal rate of substitution
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Alternative explanation: The increase in x1 
needed to compensate the same decrease in x2, 
is increasing in the quantity consumed of x1
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Small slope means slope 
is ..






Imagine having variation 
from x1 to x2 this vertical 
jump.







Amount of x1 you need to mantain(mantenere) utilty invariance is larger. 



Implication of marginal rate of substitution...

[25:]



Indifferent curve decreasing mean slope < 0 and the slope is decreasing. The slope is the Marginal rate 
of substitution. 

So this are all thing we are using in the next lectures. 


























































































Quasiconcavity
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Quasiconcavity

• A utility function !(∙) is quasiconcave if, for every 
bundle M ∈ O, the set of all bundles for which the 
consumer experiences a higher utility, i.e., the 
<=> " = M ∈ O	 	!(M) ≥ !(")} is convex. 

• The following three properties are equivalent:

Convexity	of	preferences ⟺ <=> " 	is	convex ⟺ ! ∙ 	is	quasiconcave
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A utility function is concave if UCS is convex.





In the example before the UCS is convex. SO if we take two point in the set and link it with a straight 
line then they depends on the set. 





















Function convex, UCS convex ==> u(°) is quasiconcave. 


















































































Quasiconcavity

• Alternative definition of quasiconcavity:
– A utility function !(∙)	satisfies quasiconcavity if, 

for every two bundles ", M ∈ O, the utility of 
consuming the convex combination of these two 
bundles, !(+" + 1 − + M), is weakly higher than 
the minimal utility from consuming each bundle 
separately, min ! " , ! M :

!(+" + 1 − + M) ≥ min ! " , ! M
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Quasiconcavity

• Quasiconcavity (second definition)
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Quasiconcavity

• Strict quasiconcavity: 
– A utility function !(∙)	satisfies strict 

quasiconcavity if, for every two bundles ", M ∈ O, 
the utility of consuming the convex combination 
of these two bundles, !(+" + 1 − + M), is 
strictly higher than the minimal utility from 
consuming each bundle separately, 
min ! " , ! M :

! +" + 1 − + M > min ! " , ! M
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x
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Quasiconcavity

• What if bundles " and 
M	lie on the same 
indifference curve?

• Then, ! " = !(M).
• Since indifference curves 

are strictly convex, !(∙)
satisfies quasiconcavity.
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Quasiconcavity

• What if indifference 
curves are linear?

• !(∙) satisfies the 
definition of a 
quasiconcavity since 
! +" + 1 4 + $

% min ) * , ) $
• But ),∙. does not satisfy 

strict quasiconcavity.
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Quasiconcavity

• Relationship between concavity and 
quasiconcavity:

Concavity			⟹⇍ 		Quasiconcavity
– If a function k(∙) is concave, then for any two points 
", M ∈ O,
k +" + 1 − + M ≥ +k " + 1 − + k M

≥ min k " , k M
for all + ∈ 0,1 .
! The first inequality follows from the definition of concavity, 

while the second holds true for all concave functions.
! Hence, quasiconcavity is a weaker condition than 

concavity.
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Since it is a weighted
average of the two
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Quasiconcavity
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• Concavity implies quasiconcavity




























































Quasiconcavity
• A concave ! ∙ exhibits diminishing marginal 

utility.
– That is, for an increase in the consumption bundle, 

the increase in utility is smaller as we move away 
from the origin.

• The “jump” from one indifference curve to 
another requires:
– a slight increase in the amount of "# and "% when we 

are close to the origin
– a large increase in the amount of "# and "% as we get 

further away from the origin
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Quasiconcavity
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• Concave and quasiconcave utility function (3D)


























































Ut Ktrk
Act 1FUSE7

Counter Mss



( )UCS x

x

y

Quasiconcavity
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• Concave and quasiconcave utility function (2D)
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Quasiconcavity

• A convex ! ∙ exhibits increasing marginal utility.
– That is, for an increase in the consumption bundle, 

the increase in utility is larger as we move away from 
the origin.

• The “jump” from one indifference curve to 
another requires:
– a large increase in the amount of "# and "% when we 

are close to the origin, but…
– a small increase in the amount of "# and "% as we get 

further away from the origin
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Quasiconcavity
• Convex but quasiconcave utility function (3D)
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Quasiconcavity
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• Convex but quasiconcave utility function (2D)


































































Cobb-Douglas utility function






































































































Quasiconcavity
• Note:

– Utility function m "#, "% = "#
n
Ä"%

n
Ä is a strictly 

monotonic transformation of ! "#, "% = "#
d
Ä"%

d
Ä, 

• That is, m "#, "% = k(! "#, "% ), where k ! = !Å.

– Therefore, utility functions ! "#, "% and m "#, "%
represent the same preference relation.

– Both utility functions are quasiconcave although one 
of them is concave and the other is convex.

– Hence, we normally require utility functions to 
satisfy quasiconcavity alone.
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Quasiconcavity

• Example 1.8 (Testing properties of preference 
relations):
– Consider an individual decision maker who consumes 

bundles in ℝ6Ç .
– Informally, he “prefers more of everything”
– Formally, for two bundles ", M ∈ ℝ6Ç , bundle " is 

weakly preferred to bundle M, " ≿ M, iff bundle "
contains more units of every good than bundle M
does, i.e., "% ≥ M% for every good ".

– Let us check if this preference relation satisfies: (a) 
completeness, (b) transitivity, (c) strong monotonicity, 
(d) strict convexity, and (e) local non-satiation.
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Quasiconcavity

• Example 1.8 (continued):
– Let us consider the case of only two goods, ? = 2.

– Then, an individual prefers a bundle " = ("#, "%)
to another bundle M = (M#, M%) iff " contains more 
units of both goods than bundle M, i.e., "# ≥ M#
and "% ≥ M%.

– For illustration purposes, let us take bundle such 
as (2,1). 
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Quasiconcavity

• Example 1.8 (continued):
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Quasiconcavity

• Example 1.8 (continued):
1) UCS: 

– The upper contour set of bundle (2,1) contains 
bundles ("#, "%) with weakly more than 2 units 
of good 1 and/or weakly more than 1 unit of 
good 2:

<=> 2,1 = {("#, "%) ≿ (2,1) ⟺ "# ≥ 2, "% ≥ 1}
– The frontiers of the UCS region also represent 

bundles preferred to (2,1).
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Quasiconcavity

• Example 1.8 (continued):
2) LCS: 

– The bundles in the lower contour set of bundle 
(2,1) contain fewer units of both goods:

?=> 2,1 = {(2,1) ≿ ("#, "%) 	⟺ "# ≤ 2, "% ≤ 1}
– The frontiers of the LCS region also represent 

bundles with fewer unis of either good 1 or 
good 2.
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Quasiconcavity

• Example 1.8 (continued):
3) IND: 

– The indifference set comprising bundles 
("#, "%) for which the consumer is indifferent 
between ("#, "%) and (2,1) is empty:

9:; 2,1 = 2,1 ∼ "#, "% = ∅
– No region for which the upper contour set and 

the lower contour set overlap.
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Quasiconcavity

• Example 1.8 (continued):
4) Regions A and B: 

– Region Ö contains bundles with more units of 
good 2 but fewer units of good 1 (the opposite 
argument applies to region Ü). 

– The consumer cannot compare bundles in 
either of these regions against bundle 2,1 . 

– For him to be able to rank one bundle against 
another, one of the bundles must contain the 
same or more units of all goods.
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Quasiconcavity

• Example 1.8 (continued):
5) Preference relation is not complete:

– Completeness requires for every pair " and M, 
either " ≿ M or M ≿ " (or both).

– Consider two bundles ", M ∈ ℝ6% with bundle "
containing more units of good 1 than bundle M
but fewer units of good 2, i.e., "# > M# and 
"% < M% (as in Region B)

– Then, we have neither " ≿ M (UCS) nor M ≿ "
(LCS).
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Quasiconcavity

• Example 1.8 (continued):
6) Preference relation is transitive:

– Transitivity requires that, for any three bundles 
", M and U, if " ≿ M and M ≿ U then " ≿ U.

– Now " ≿ M and M ≿ U means "% ≥ M% and 
M% ≥ U% for all " goods. 

– Then, "% ≥ U% implies " ≿ U.
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Quasiconcavity

• Example 1.8 (continued):
7) Preference relation is strongly monotone:

– Strong monotonicity requires that if we 
increase one of the goods in a given bundle M, 
then the newly created bundle "	must be 
strictly preferred to the original bundle.

– Now " ≥ M and " ≠ M implies that "á ≥ Má for 
all good à and "% > M% for at least one good ".

– Thus, " ≥ M and " ≠ M implies " ≿ M and not 
M ≿ ".

– Thus, we can conclude that " ≻ M.
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Quasiconcavity

• Example 1.8 (continued):
8) Preference relation is strictly convex:

– Strict convexity requires that if " ≿ U and M ≿ U
and " ≠ M, then +" + 1 − + M ≻ U for all 
+ ∈ 0,1 .

– Now " ≿ U and M ≿ U implies that  "á ≥ Má and 
Má ≥ Uá	for all good à.

– " ≠ U implies, for some good ", we must have 
"% > U%.
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Quasiconcavity

• Example 1.8 (continued):
– Hence, for any + ∈ 0,1 , we must have that 

+"á + 1 − + Má ≥ Uá for every good à
+"% + 1 − + M% > U% for some "

– Thus, we have that +" + 1 − + M ≥ U and 
+" + 1 − + M ≠ U, and so 

+" + 1 − + M ≿ U
and not U ≿ +" + 1 − + M

– Therefore, +" + 1 − + M ≻ U.
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Quasiconcavity

• Example 1.8 (continued):
9) Preference relation satisfies LNS:

– Take any bundle ("#, "%) and a scalar 3 > 0.

– Let us define a new bundle (M#, M%) where

M#, M% ≡ "# + â
% , "% +

â
%

so that M# > "# and M% > "%.

– Hence, M ≿ " but not " ≿ M, which implies 
M ≻ ".
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Quasiconcavity

• Example 1.8 (continued):
– Let us know check if bundle M is within an 3-ball 

around ". 
– The Cartesian distance between " and M is

" − M = "# − "# + â
%

%
+ "# − "# + â

%
%
= â

%

which is smaller than 3 for all 3 > 0. 
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Compute marginal derivative.








































































































ax e

A tire d w B a a

UA Xz kn

Kena
t d

ar n a Ex
Ken

Utz
A b Ee x a

bar

tf g u
b n

A en A fiber
JKz

IF A er 3 o Sc MACC Utility

is Positive
yw

Mrs dt2 on

de u

f 8 2

SLOPE fr
of IND A HINT to murmurmsen

cont IL
In














































































































ten

Ii A a x

Ju v e n

je Arneb Ben
ten

µ m's

EASTICITY Ok Utility In This crso

EACH are _It E
I

E
c JX
b ans.mu W Y
produce 57 Charlene

se
Ei







































































If we have utility function and we apply 





log of the product is the sum of the log of the product 
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Utility depends on x1 and x2 but they enter separately in the utility function. A and B must be greater 
than 0.













Marginal utility of this ? 

Marginal of x1 is A and marginal of x2 is B.

In this case marginal utility is a constant and don’t depend on x1 and x2. In the linear utilty function, 
MU is constant. What does this imply for MRS (rateo of MU)? If the MU are constant then MRS is 
constant. 
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Summary

Perfect substitutes. A and B positive.

Last time introduce the concept of marginal utility = increase in the utility derived in infinitesima of x1. 
MU of first good is der of u / der of x1 = A.

MRS is the slope of the indifference curve. In mathematics how do we compute? Ratio of the two MU. 
If MU are constant also the ratio is constant. This mean that the slope is constant. 
































































































Common Utility Functions

• Perfect substitutes:
– In the case of two goods, ݔଵ and ݔଶ,

ݑ ,ଵݔ ଶݔ = ଵݔܣ + ଶݔܤ
where ܤ,ܣ > 0. 

– Hence, the marginal utility of every good is 
constant:

డ௨
డ௫భ

= ܣ and  డ௨
డ௫మ

= ܤ

ܴܵܯ– is also constant, i.e., ܴܵܯ௫భ,௫మ =
஺
஻

� Therefore, indifference curves are straight lines with a 
slope of  െ஺

஻
.
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Common Utility Functions

• Perfect substitutes
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How can you draw IC in a graph giving the utility function?
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Common Utility Functions

– Intuitively, the individual is willing to give up ஺
஻

units of ݔଶ to obtain one more unit of ݔଵ and keep 
his utility level unaffected. 

– Unlike in the Cobb-Douglas case, such willingness 
is independent in the relative abundance of the 
two goods. 

– Examples: butter and margarine, coffee and black 
tea, or two brands of unflavored mineral water

Advanced Microeconomic Theory 103
































































Common Utility Functions

• Perfect Complements:
– In the case of two goods, ݔଵ and ݔଶ,

ݑ ,ଵݔ ଶݔ = ܣ ȉmin ଶݔߚ,ଵݔߙ
where ܤ,ߙ,ܣ > 0.

– Intuitively, increasing one of the goods without 
increasing the amount of the other good entails 
no increase in utility.
� The amounts of both goods must increase for the utility 

to go up.
– The indifference curve is right angle with a kink at 
ଵݔߙ = .ଶݔߚ

Advanced Microeconomic Theory 104






























































s Ep



Common Utility Functions
• Perfect complements
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In the case the slope is not decreasing. Slope is infinite in a vertical line, in orizzontal line slope is 0. In 
the point of corners the slope is not define.



Another function more complex that is called the constant elasticity of substitution.
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Common Utility Functions

– The slope of a ray ݔଶ = ఉ
ఈ
ଵ, ఉݔ

ఈ
, indicates the rate 

at which goods ݔଵ and ݔଶ must be consumed in 
order to achieve utility gains. 

– Special case: ߙ = ߚ
ݑ ,ଵݔ ଶݔ = ܣ ȉmin ଶݔߙ,ଵݔߙ

= ߙܣ ȉmin ,ଵݔ ଶݔ
= ܤ ȉmin ,ଵݔ ଶݔ if  ܤ ؠ ߙܣ

– Examples: cars and gasoline, or peanut butter and 
jelly.
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Common Utility Functions

• CES utility function:
– In the case of two goods, ݔଵ and ݔଶ,

ݑ ,ଵݔ ଶݔ = ଵݔܽ
഑షభ
഑ + ଶݔܾ

഑షభ
഑

഑
഑షభ

where ߪ measures the elasticity of substitution 
between goods ݔଵ and ݔଶ. 

– In particular,

ߪ =
డ ೣమ

ೣభ
డெோௌభ,మ

ȉ ெோௌభ,మೣమ
ೣభ
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This form of the utility function that is called CES. A combination of cobddouglas function with only 
one good. We get a constant elasticity substitution. 

This elasticity is define d in this way.



Elasticity is percentage change of one variable of the percentage change in the other 

.























Graphical representation in the next slide.

Depending on value of sigma you can get all the utility functions that we have already introduce. If 
elasticity 1 we get cob Douglas, if 0 we obtain leonthief, if infinity you get a linear function. 

Elasticity of substitution is infinity is that for me the two good are totally indifferent. So I don’t care 
which of the two good consume. 

On Ariel he will put the proof (not necessary). 
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Common Utility Functions
• CES preferences
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Common Utility Functions

– CES utility function is often presented as 

ݑ ݔ
ଵ
, ݔ

ଶ
= ଵݔܽ

ఘ + ଶݔܾ
ఘ
ଵ
ఘ

where ߩ ؠ ఙିଵ
ఙ

.
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Sometimes the CES is indicated in this way, using rho that is a function of sigma. Still 
remain constant. 









Last utility function we consider is the quasi linear utilty function. This depend on the quantity 
consumed of two good. Quasilinear mean that one of the two good enter linearly in the utility function. 
X2 is linear.

Log function and cob double.



MRS of substitution (ratio of the two MU).



























So this is the overview of all utility function we will consider. 
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Common Utility Functions

• Quasilinear utility function:
– In the case of two goods, ݔଵ and ݔଶ, 

ݑ ,ଵݔ ଶݔ = ݒ ଵݔ + ଶݔܾ
where ݔଶ enters linearly, ܾ > 0, and ݒ(ݔଵ) is a 
nonlinear function of ݔଵ.
� For example, ݒ ଵݔ = ܽ ln ଵݔ or ݒ ଵݔ =  ଵఈ, whereݔܽ
ܽ > 0 and ߙ ് 1.

– The MRS is constant in the good that enters 
linearly in the utility function (ݔଶ in our case).

Advanced Microeconomic Theory 110
































































Common Utility Functions
• MRS of quasilinear preferences
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Common Utility Functions
– For ݑ ,ଵݔ ଶݔ = ݒ ଵݔ + ଶ, the marginal utilities areݔܾ

డ௨
డ௫మ

= ܾ and  డ௨
డ௫భ

= డ௩
డ௫భ

which implies

௫భ,௫మܴܵܯ =
ങೡ
ങೣభ
௕

which is constant in the good entering linearly, ݔଶ
– Quasilinear preferences are often used to represent 

the consumption of goods that are relatively 
insensitive to income.

– Examples: garlic, toothpaste, etc.
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Properties of Preference 
Relations
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We go on with another section of the chapter and we will introduce other properties of preference 
relation.

Rational preference: completeness, transitivity.

Completeness: DM can define for any two bundle you are able to compare each goods in the bundle

Transitivity: 1° > 2° and 2°>3° then 1°> 3°



Now we define a bundle that is a combination of good in a given points.

We define other feature in the preference relation. 



One is the definition of homogeneity: utility function is homogeneous, if you take utility and multiply 
each argument by alpha then utility function is equal to utility multiply by a^k (with alpha > 0)

If 0<a<1 we are decreasing quantity of the original bundle.



If this happen we define the utility function as homogenous of degree k. 



























If a function if utilty of degree k, then the first derivative is homogeneous of degree k-1.

How to prove? 
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Properties of Preference Relations

• Homogeneity:
– A utility function is homogeneous of degree ݇ if 

varying the amounts of all goods by a common 
factor ߙ > 0 produces an increase in the utility 
level by ߙ௞.

– That is, for the case of two goods, 
ݑ ଶݔߙ,ଵݔߙ = ݑ௞ߙ ,ଵݔ ଶݔ

where ߙ > 0. This allows for:
� ߙ > 1 in the case of a common increase 
� 0 < ߙ < 1 in the case of a common decrease 
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If function is homogeneous the IC has a specific shape. In particular is radial expansion of one 1.
another. If we increase with the same quantity the two bundle then they lie on the same indifference 
curve. Radial expaction because with increase the value by the same proportion of alpha.

 If we compute the MRS along radial expansion the slope of first IC is equal to the slope of the 2.
second IC. So marginal rate of substitution is constant then IC are parallel curve. 





































Properties of Preference Relations

2) The indifference curves of homogeneous 
functions are radial expansions of one 
another.

� That is, if two bundles ݕ and ݖ lie on the same 
indifference curve, i.e.,  ݑ ݕ = ݕߙ bundles ,(ݖ)ݑ
and ݖߙ also lie on the same indifference curve, 
i.e., ݑ ݕߙ = .(ݖߙ)ݑ
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Properties of Preference Relations

• Homogenous preference
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Properties of Preference Relations

3) The MRS of a homogeneous function is constant 
for all points along each ray from the origin. 

� That is, the slope of the indifference curve at point ݕ
coincides with the slope at a “scaled-up version” of 
point ݕߙ ,ݕ, where ߙ > 1.

� The MRS at bundle ݔ = ,ଵݔ ଶݔ is 

ܴܯ ଵܵ,ଶ ,ଵݔ ଶݔ = െ

,ଵݔ)ݑ߲ (ଶݔ
ଵݔ߲

,ଵݔ)ݑ߲ (ଶݔ
ଶݔ߲
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Properties of Preference Relations
� The MRS at (ݔߙଵ,ݔߙଶ) is

ܴܯ ଵܵ,ଶ ଶݔߙ,ଵݔߙ = െ

ݑ߲ ଶݔߙ,ଵݔߙ
ଵݔ߲

ݑ߲ ଶݔߙ,ଵݔߙ
ଶݔ߲

= െ
௞ିଵߙ ݑ߲ ,ଵݔ ଶݔ

ଵݔ߲
௞ିଵߙ ݑ߲ ,ଵݔ ଶݔ

ଶݔ߲

= െ

,ଵݔ)ݑ߲ (ଶݔ
ଵݔ߲

,ଵݔ)ݑ߲ (ଶݔ
ଶݔ߲

where the second equality uses the first property.

� Hence, the MRS is unaffected along all the points 
crossed by a ray from the origin.
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Since is 
homogeneous the 
derivative is equal to u 
time a^k-1 degree

Along radial expansion we prove MRS is the 
same since has degree k




































Increasing transformation of (similar to say monotonic transformation ) this new utilty function is 
called homothetic.



Monotonic preserve the ordering of the arguments. 



Properties of Preference Relations

• Properties:
– If ݑ ݔ is homothetic, and two bundles ݕ and ݖ lie 

on the same indifference curve, i.e., ݑ ݕ =  ,(ݖ)ݑ
bundles ݕߙ and ݖߙ also lie on the same 
indifference curve, i.e., ݑ ݕߙ = (ݖߙ)ݑ for all ߙ >
0.
� In particular, 

ݑ ݕߙ = ݒ)݃ ݕߙ ) = ௞ߙ)݃ ݒ ݕ )
ݑ ݖߙ = ݒ)݃ ݖߙ ) = ௞ߙ)݃ ݒ ݖ )
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Properties of Preference Relations
– The MRS of a homothetic function is homogeneous of 

degree zero. 
– In particular,

ܴܯ ଵܵ,ଶ ଶݔߙ,ଵݔߙ =
ങೠ ഀೣభ,ഀೣమ

ങೣభ
ങೠ ഀೣభ,ഀೣమ

ങೣమ

=
ങ೒
ങೠȉ

ങೡ(ഀೣభ,ഀೣమ)
ങೣభ

ങ೒
ങೠȉ

ങೡ(ഀೣభ,ഀೣమ)
ങೣమ

where ݑ ,ଵݔ ଶݔ ؠ ݒ)݃ ,ଵݔ ଶݔ ).
– Canceling the డ௚

డ௨
terms yields

ങೡ(ഀೣభ,ഀೣమ)
ങೣభ

ങೡ(ഀೣభ,ഀೣమ)
ങೣమ

=
ఈೖషభȉങೡ(ೣభ,ೣమ)ങೣభ

ఈೖషభȉങೡ(ೣభ,ೣమ)ങೣమ
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Properties of Preference Relations
– Canceling the ߙ௞ିଵ terms yields

ങೡ(ೣభ,ೣమ)
ങೣభ

ങೡ(ೣభ,ೣమ)
ങೣమ

– In summary,

ܴܯ ଵܵ,ଶ ଶݔߙ,ଵݔߙ =
ݑ߲ ଶݔߙ,ଵݔߙ

ଵݔ߲
ݑ߲ ଶݔߙ,ଵݔߙ

ଶݔ߲

=

=
,ଵݔ)ݑ߲ (ଶݔ

ଵݔ߲
,ଵݔ)ݑ߲ (ଶݔ

ଶݔ߲

= ܴܯ ଵܵ,ଶ ,ଵݔ ଶݔ
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Graph 1. If we increase by 2 both arguments also the value of the function 
doblued. So this IC will correspond with twice the level of utilty.

In homothetic actually the level of utilty does not doble in some case. So all the 
thing i notice graphically are summarised in the slide (homogeneous function are 
homothetic.. but homothetic function are not necessary homogeneous).
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Properties of Preference Relations

• But we also have
|𝑀𝑅𝑆ଵ,ଶ 𝑥ଵ, 𝑥ଶ | ൌ
ങೠ ೣభ,ೣమ

ങೣభ
ങೠ ೣభ,ೣమ

ങೣమ

ൌ
ങ೒
ങೠȉ

ങೡሺೣభ,ೣమሻ
ങೣభ

ങ೒
ങೠȉ

ങೡሺೣభ,ೣమሻ
ങೣమ

ൌ

ങೡሺೣభ,ೣమሻ
ങೣభ

ങೡሺೣభ,ೣమሻ
ങೣమ

.

Hence |𝑀𝑅𝑆ଵ,ଶ 𝛼𝑥ଵ, 𝛼𝑥ଶ ൌ ͮ𝑀𝑅𝑆ଵ,ଶ 𝑥ଵ, 𝑥ଶ .
i.e. MRS is the same along radial expansions.
































































Properties of Preference Relations

• Homotheticity (graphical interpretation)
– A preference relation on ܺ = Թା

௅ is homothetic if 
all indifference sets are related to proportional 
expansions along the rays. 

– That is, if the consumer is indifferent between 
bundles ݔ and ݕ, i.e., ݕ~ݔ, he must also be 
indifferent between a common scaling in these 
two bundles, i.e., ݕߙ~ݔߙ, for every scalar ߙ ൒ 0. 
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Properties of Preference Relations
– For a given ray from the origin, the slope of the 

indifference curves (i.e., the MRS) that the ray crosses 
coincides.
� The ratio between the two goods ݔଵ/ݔଶ remains 

constant along all points in the ray.

– Intuitively, the rate at which a consumer is willing to 
substitute one good for another (his MRS) only 
depends on:
• the rate at which he consumes the two goods, i.e., ݔଵ/ݔଶ, 

but does not depend on the utility level he obtains.
– But it is independent in the volume of goods he 

consumes, and in the utility he achieves. 
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Properties of Preference Relations
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Homogeneous of 
degree k=1
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Properties of Preference Relations

• Homogeneity and homotheticity:
– Homogeneous functions are homothetic.
�We only need to apply a monotonic transformation 
݃(ȉ) on ݒ ,ଵݔ ଶݔ , i.e., ݑ ,ଵݔ ଶݔ = ݒ)݃ ,ଵݔ ଶݔ ).

– But homothetic functions are not necessarily 
homogeneous.
� Take a homogeneous (of degree one) function 
ݒ ,ଵݔ ଶݔ = .ଶݔଵݔ
� Apply a monotonic transformation ݃ ݕ = ݕ + ܽ, 

where ܽ > 0, to obtain homothetic function 
ݑ ,ଵݔ ଶݔ = ଶݔଵݔ + ܽ
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Homogeneous with strictly incr transformation we get homothetic function.

If we get hothetic function is not implied that we also get it homogeneous.
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Properties of Preference Relations

� This function is not homogeneous, since increasing 
all arguments by ߙ yields

ݑ ଶݔߙ,ଵݔߙ = ଵݔߙ ଶݔߙ + ܽ
= ݒଶߙ ,ଵݔ ଶݔ + ܽ

� Other monotonic transformations yielding non-
homogeneous utility functions are

݃ ݕ = ఊݕܽ + ,ݕܾ where ܽ, ܾ, ߛ > 0,    or
݃ ݕ = ܽ ln ܽ where   ,ݕ > 0
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Properties of Preference Relations

• Utility functions that satisfy homotheticity:
– Linear utility function ݑ ,ଵݔ ଶݔ = ଵݔܽ +  ଶ, whereݔܾ
ܽ, ܾ > 0
� Goods ݔଵ and ݔଶ are perfect substitutes

� ܴܵܯ ,ଵݔ ଶݔ = ௔
௕

and  ܴܵܯ ,ଵݔݐ ଶݔݐ = ௔௧
௕௧
= ௔

௕
– The Leontief utility function ݑ ,ଵݔ ଶݔ = ܣ ȉ
min{ܽݔଵ, ܣ ଶ}, whereݔܾ > 0
� Goods ݔଵ and ݔଶ are perfect complements
� We cannot define the MRS along all the points of the 

indifference curves
� However, the slope of the indifference curves coincide for 

those points where these curves are crossed by a ray from 
the origin. Advanced Microeconomic Theory 128































































n un any a fun t blah aka ther a
ulxn xD v
s seaneo r

nCten t y aCentectra
souvenir at our ice
ice tobe

at E
et b

tMks issane orthe
aroma zvnsw n.rs snow
i's nemernorrca Kr per

Kz E izbrI
Manca 
roba 
qua!!



2x

1x
E
D

1u AD 
2 2u AD 

2 1x xE
D

 

Same slope
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Properties of Preference Relations

• Perfect complements and homotheticity
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Properties of Preference Relations

• Homotheticity:
– A utility function (ݔ)ݑ is homothetic if it is a 

monotonic transformation of a homogeneous 
function. 

– That is, ݑ ݔ = ݒ)݃ ݔ ), where
• ݃:Թ ՜ Թ is a strictly increasing function, and
• Թ௡:ݒ ՜ Թ is homogeneous of degree ݇.
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Properties of Preference Relations

• Properties:
– If ݑ ݔ is homothetic, and two bundles ݕ and ݖ lie 

on the same indifference curve, i.e., ݑ ݕ =  ,(ݖ)ݑ
bundles ݕߙ and ݖߙ also lie on the same 
indifference curve, i.e., ݑ ݕߙ = (ݖߙ)ݑ for all ߙ >
0.
� In particular, 

ݑ ݕߙ = ݒ)݃ ݕߙ ) = ௞ߙ)݃ ݒ ݕ )
ݑ ݖߙ = ݒ)݃ ݖߙ ) = ௞ߙ)݃ ݒ ݖ )
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Properties of Preference Relations
– The MRS of a homothetic function is homogeneous of 

degree zero. 
– In particular,

ܴܯ ଵܵ,ଶ ଶݔߙ,ଵݔߙ =
ങೠ ഀೣభ,ഀೣమ

ങೣభ
ങೠ ഀೣభ,ഀೣమ

ങೣమ

=
ങ೒
ങೠȉ

ങೡ(ഀೣభ,ഀೣమ)
ങೣభ

ങ೒
ങೠȉ

ങೡ(ഀೣభ,ഀೣమ)
ങೣమ

where ݑ ,ଵݔ ଶݔ ؠ ݒ)݃ ,ଵݔ ଶݔ ).

– Canceling the డ௚
డ௨

terms yields
ങೡ(ഀೣభ,ഀೣమ)

ങೣభ
ങೡ(ഀೣభ,ഀೣమ)

ങೣమ

=
ఈೖషభȉങೡ(ೣభ,ೣమ)

ങೣభ

ఈೖషభȉങೡ(ೣభ,ೣమ)
ങೣమ
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Properties of Preference Relations
– Canceling the ߙ௞ିଵ terms yields

ങೡ(ೣభ,ೣమ)
ങೣభ

ങೡ(ೣభ,ೣమ)
ങೣమ

– In summary,

ܴܯ ଵܵ,ଶ ଶݔߙ,ଵݔߙ =
ݑ߲ ଶݔߙ,ଵݔߙ

ଵݔ߲
ݑ߲ ଶݔߙ,ଵݔߙ

ଶݔ߲

=

=
,ଵݔ)ݑ߲ (ଶݔ

ଵݔ߲
,ଵݔ)ݑ߲ (ଶݔ

ଶݔ߲

= ܴܯ ଵܵ,ଶ ,ଵݔ ଶݔ
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Properties of Preference Relations

• Homotheticity (graphical interpretation)
– A preference relation on ܺ = Թା

௅ is homothetic if 
all indifference sets are related to proportional 
expansions along the rays. 

– That is, if the consumer is indifferent between 
bundles ݔ and ݕ, i.e., ݕ~ݔ, he must also be 
indifferent between a common scaling in these 
two bundles, i.e., ݕߙ~ݔߙ, for every scalar ߙ ൒ 0. 
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Properties of Preference Relations
– For a given ray from the origin, the slope of the 

indifference curves (i.e., the MRS) that the ray crosses 
coincides.
� The ratio between the two goods ݔଵ/ݔଶ remains 

constant along all points in the ray.

– Intuitively, the rate at which a consumer is willing to 
substitute one good for another (his MRS) only 
depends on:
• the rate at which he consumes the two goods, i.e., ݔଵ/ݔଶ, 

but does not depend on the utility level he obtains.
– But it is independent in the volume of goods he 

consumes, and in the utility he achieves. 
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Properties of Preference Relations

• Homogeneity and homotheticity:
– Homogeneous functions are homothetic.
�We only need to apply a monotonic transformation 
݃(ȉ) on ݒ ,ଵݔ ଶݔ , i.e., ݑ ,ଵݔ ଶݔ = ݒ)݃ ,ଵݔ ଶݔ ).

– But homothetic functions are not necessarily 
homogeneous.
� Take a homogeneous (of degree one) function 
ݒ ,ଵݔ ଶݔ = .ଶݔଵݔ
� Apply a monotonic transformation ݃ ݕ = ݕ + ܽ, 

where ܽ > 0, to obtain homothetic function 
ݑ ,ଵݔ ଶݔ = ଶݔଵݔ + ܽ
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Properties of Preference Relations

� This function is not homogeneous, since increasing 
all arguments by ߙ yields

ݑ ଶݔߙ,ଵݔߙ = ଵݔߙ ଶݔߙ + ܽ
= ݒଶߙ ,ଵݔ ଶݔ + ܽ

� Other monotonic transformations yielding non-
homogeneous utility functions are

݃ ݕ = ఊݕܽ + ,ݕܾ where ܽ, ܾ, ߛ > 0,    or
݃ ݕ = ܽ ln ܽ where   ,ݕ > 0
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Properties of Preference Relations

• Utility functions that satisfy homotheticity:
– Linear utility function ݑ ,ଵݔ ଶݔ = ଵݔܽ +  ଶ, whereݔܾ
ܽ, ܾ > 0
� Goods ݔଵ and ݔଶ are perfect substitutes

� ܴܵܯ ,ଵݔ ଶݔ = ௔
௕

and  ܴܵܯ ,ଵݔݐ ଶݔݐ = ௔௧
௕௧

= ௔
௕

– The Leontief utility function ݑ ,ଵݔ ଶݔ = ܣ ȉ
min{ܽݔଵ, ܣ ଶ}, whereݔܾ > 0
� Goods ݔଵ and ݔଶ are perfect complements
� We cannot define the MRS along all the points of the 

indifference curves
� However, the slope of the indifference curves coincide for 

those points where these curves are crossed by a ray from 
the origin. Advanced Microeconomic Theory 128
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Properties of Preference Relations

• Perfect complements and homotheticity

Advanced Microeconomic Theory 129



Properties of Preference Relations

• Example 1.9 (Testing for quasiconcavity and 
homotheticity):
– Let us determine if ݑ ,ଵݔ ଶݔ = ln(ݔଵ଴.ଷݔଶ଴.଺) is 

quasiconcave, homothetic, both or neither.
– Quasiconcavity:
� Note that ln(ݔଵ଴.ଷݔଶ଴.଺) is a monotonic transformation of 

the Cobb-Douglas function  ݔଵ଴.ଷݔଶ଴.଺.
� Since ݔଵ଴.ଷݔଶ଴.଺ is a Cobb-Douglas function, where  ߙ +
ߚ = 0.3 + 0.6 < 1, it must be a concave function.
� Hence, ݔଵ଴.ଷݔଶ଴.଺ is also quasiconcave, which implies 

ln(ݔଵ଴.ଷݔଶ଴.଺) is quasiconcave (as quasiconcavity is 
preserved through a monotonic transformation).
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Properties of Preference Relations
• Example 1.9 (continued):
– Homogeneity:
� Increasing all arguments by a common factor ߙ,

ଵݔߙ ଴.ଷ ଶݔߙ ଴.଺ = ଶ଴.଺ݔ଴.଺ߙଵ଴.ଷݔ଴.ଷߙ = ଶ଴.଺ݔଵ଴.ଷݔ଴.ଽߙ

� Hence, ݔଵ଴.ଷݔଶ଴.଺ is homogeneous of degree 0.9

– Homotheticity:
� Therefore, ݔଵ଴.ଷݔଶ଴.଺ is also homothetic.

� As a consequence, its transformation, ln(ݔଵ଴.ଷݔଶ଴.଺), is also 
homothetic (as homotheticity is preserved through a 
monotonic transformation).
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Properties of Preference Relations

• Quasilinear preference relations:
– The preference relation on ܺ = (െλ,λ)
ݔ א Թା

௅ିଵ is quasilinear with respect to good 1 if: 

1) All indifference sets are parallel displacements of 
each other along the axis of good 1. 
� That is, if ݕ~ݔ, then (ݔ + ݕ)~(ଵ݁ߙ + ଵ), where ݁ଵ݁ߙ =

(1,0, … , 0).

2) Good 1 is desirable.
� That is, ݔ + ଵ݁ߙ ظ ݔ for all ݔ and ߙ > 0.
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x1

x2

y

x

y + Ƚe1

x + Ƚe1

y

x

y + Ƚe1

x + Ƚe1

Properties of Preference Relations

• Quasilinear preference-I
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Properties of Preference Relations

• Notes:
– No lower bound on the consumption of good 1, 

i.e., ݔଵ א (െλ,λ).

– If ݔ ظ ݔ) then ,ݕ + (ଵ݁ߙ ظ ݕ) + .(ଵ݁ߙ
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Properties of Preference Relations

• Quasilinear preference-II
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Properties of Preference Relations

• Example 1.9 (Testing for quasiconcavity and 
homotheticity):
– Let us determine if ݑ ,ଵݔ ଶݔ = ln(ݔଵ଴.ଷݔଶ଴.଺) is 

quasiconcave, homothetic, both or neither.
– Quasiconcavity:
� Note that ln(ݔଵ଴.ଷݔଶ଴.଺) is a monotonic transformation of 

the Cobb-Douglas function  ݔଵ଴.ଷݔଶ଴.଺.
� Since ݔଵ଴.ଷݔଶ଴.଺ is a Cobb-Douglas function, where  ߙ +
ߚ = 0.3 + 0.6 < 1, it must be a concave function.
� Hence, ݔଵ଴.ଷݔଶ଴.଺ is also quasiconcave, which implies 
ln(ݔଵ଴.ଷݔଶ଴.଺) is quasiconcave (as quasiconcavity is 
preserved through a monotonic transformation).
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Social preferences  
 
u(x1, x2) is utility function of an individual. Is not indexed by individual i. 
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Social and Reference-Dependent 
Preferences 
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Social Preferences 
• We now examine social, as opposed to individual, 

preferences.

• Consider additively separable utility functions of 
the form

௜ݔ)௜ݑ , (ݔ = (௜ݔ)݂ + ݃௜(ݔ)
where 
– (௜ݔ)݂ captures individual ݅’s utility from the 

monetary amount that he receives, ݔ௜;
– ݃௜(ݔ)measures the utility/disutility he derives from 

the distribution of payoffs ݔ = ,ଵݔ) ,ଶݔ . . . , (ேݔ
among all ܰ individuals.
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This is a case in which is indexed by individual. Utility of individual is define by his consumption Xi but 
also the consumption of all other people. So f(xi) is the egoistic part, and gi(x) is the consumption of all 
other people. Gi mean that can be some sort of altruism. 



In this example we don’t take average consumption. In x we have all bundle of consumption of all 
individual (kindy absurd to have all consumption so we have average). X is a vector of consumption of 
all the other individual. Xi could be a vector and also x2, x3 ... could be a vector.

Usually we will take much simpler utility function. 




























































































Social Preferences 

• Fehr and Schmidt (1999):
– For the case of two players, 

௜ݔ)௜ݑ , (௝ݔ = ௜ݔ െ ௜maxߙ ௝ݔ െ ௜ݔ , 0 െ ௜maxߚ ௜ݔ െ ௝ݔ , 0

where ݔ௜ is player ݅'s payoff and ݆ ് ݅.

– Parameter ߙ௜ represents player ݅’s disutility from 
envy
� When ݔ௜ < ௝, maxݔ ௝ݔ െ ௜ݔ , 0 = ௝ݔ െ ௜ݔ > 0 but 
max ௜ݔ െ ௝ݔ , 0 = 0.
� Hence, ݑ௜(ݔ௜ , (௝ݔ = ௜ݔ െ ௝ݔ)௜ߙ െ .(௜ݔ
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AltruismEnvy





Fehr and Schmidt we assume we have only two individuals, so we have only two consumption of the 
two individual. We also have consumption of j. 

Xi is your consumption and the from this level of utility we subtract something: ai max(xk-xi, 0) if i 
consume less than xj i get a max of 0. Else if you consuming more than the other guy you take in the 
utility function Bi (xi-xj). So which between the two are altruistic consort. If you consume more Than the 
other guys you are not happy. a is for envy.



In this model we assume that player envy is stronger than their guilt. So alpha >= bi. You don’t want to 
be the poor one. 









 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Social Preferences 

– Parameter ߚ௜ ൒ 0 captures player ݅'s disutility 
from guilt 
� When ݔ௜ > ௝, maxݔ ௜ݔ െ ௝ݔ , 0 = ௜ݔ െ ௝ݔ > 0 but 
max ௝ݔ െ ௜ݔ , 0 = 0.

� Hence, ݑ௜ ௜ݔ , ௝ݔ = ௜ݔ െ ௜ݔ)௜ߚ െ  .(௝ݔ

– Players’ envy is stronger than their guilt, i.e., ߙ௜ ൒
௜ߚ for 0 ൑ ௜ߚ < 1.
� Intuitively, players (weakly) suffer more from inequality 

directed at them than inequality directed at others.
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Social Preferences 

– Thus players exhibit “concerns for fairness” (or 
“social preferences”) in the distribution of payoffs.

– If ߙ௜ = ௜ߚ = 0 for every player ݅, individuals only 
care about their material payoff ݑ௜(ݔ௜ , (௝ݔ = .௜ݔ
� Preferences coincide with the individual 

preferences.
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Social Preferences 
– Let s͛ depict the indifference curǀes of this utilitǇ 

function. 
– Fix the utility level at 𝑢 ൌ 𝑢. Solving for 𝑥௝ yields 

𝑥௝ ൌ
ഥ௨
ఉ
െ ଵିఉ

ఉ
𝑥௜ if  𝑥௜ ൐ 𝑥௝

𝑥௝ ൌ
ഥ௨
ఈ
െ ଵିఈ

ఈ
𝑥௜if  𝑥௜ ൏ 𝑥௝

– Hence each indifference curve has two segments: 
� one with slope ଵିఉ

ఉ
above the 45-degree line

� another with slope ଵିఈ
ఈ

below 45-degree line 
– Note that ሺ𝑥௜, 𝑥௝ሻ-pairs to the northeast yield larger 

utility levels for individual 𝑖.
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xi

xj

45o-line

IC1

IC2

Social Preferences 

• Fehr and Schmidt’s (1999) preferences
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Consumption Sets
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Consumption Sets

• Consumption set: a subset of the commodity 
space Թ௅, denoted by ݔ ؿ Թ௅, whose elements 
are the consumption bundles that the individual 
can conceivably consume, given the physical 
constraints imposed by his environment.

• Let us denote a commodity bundle ݔ as a vector 
of ܮ components.
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Consumption Set 
Set of all possible alternatives (which are bundles)



sometime some bundle are not feasible, so we cannot consume it because there are constrained 
imposed by his environment.

A bundle is a vector of L components. 






























































































Consumption Sets
• Physical constraint on the labor market
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How people decide labour supply ( so how many hours they work). Leisure can also be called as house 
work. If we consider leisure as a good and bread. People don’t want to work all day but you want to 
have some leisure. You have to sleep, what are the main free activity. Studying working and having fun.  
Even if you don’t sleep any hour you do not consume any bread, the maximum amount of leisure is 
24h. It’s physical constraint on the environment.

If you have pleasure you don’t work, if you work you have more income and more pleasure. 






























































































x

Beer in
Seattle
at noon

Beer in
Barcelona

at noon

Consumption Sets
• Consumption at two different locations
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not IN C Set





Imagine this two goods are beer in Seattle and Barcellona at the same day. So there’s a physical 
constraint. The consumption set is in the axes. Since Barcellona is 0 if I’m in Seattle and vice versa. 

Not convex, if i take point in a straight line they are not in the consumption set.






































































































Consumption Sets

• Convex consumption sets:
– A consumption set ܺ is convex if, for two 

consumption bundles ݔ, Ԣݔ א ܺ, the bundle 
ᇱᇱݔ = ݔߙ + 1 െ ߙ ᇱݔ

is also an element of ܺ for any ߙ א (0,1).

– Intuitively, a consumption set is convex if, for any 
two bundles that belong to the set, we can 
construct a straight line connecting them that lies 
completely within the set.
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Consumption Sets: Economic Constraints

• Assumptions on the price vector in Թ௅:

1) All commodities can be traded in a market, at 
prices that are publicly observable. 
– This is the principle of completeness of markets
– It discards the possibility that some goods cannot 

be traded, such as pollution.
2) Prices are strictly positive for all ܮ goods, i.e., 

݌ ب 0 for every good ݇. 
– Some prices could be negative, such as pollution.
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Economic constraint —> we do some additional assumption that characterise perfect competition. 

All commodities can be traded in a marker and all good has a price in the market. This is called a 
market completeness. 

For instance, we do not consider pollution because cannot be traded. Even though expert create 
market with pollution. 

[Let’s say 100 firm, each one 100 and then sell certificate and trade the right to pollute. The reason to 
create a market is that if you have a cost to pollute. You sell the right to pollute. ]



Also price is positive. If something is free i can ask for infinite amount of the good??
























































































Consumption Sets: Economic Constraints

3) Price taking assumption: a consumer’s demand 
for all ܮ goods represents a small fraction of the 
total demand for the good. 
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Consumer cannot affect the price. 

In some situation consumer can affect the price. Big enterprise in the retail distribution and you 
supply all shop and then you go to people working on agriculture if price is this, then i get it else 
i will go to another one. 



Consumption Sets: Economic Constraints

• Bundle ݔ א Թା
௅ is affordable if

ଵݔଵ݌ + ଶݔଶ݌ + +ڮ ௅ݔ௅݌ ൑ ݓ
or, in vector notation, ݌ ȉ ݔ ൑ .ݓ

• Note that ݌ ȉ ݔ is the total cost of buying bundle 
ݔ = ,ଵݔ) ,ଶݔ … , (௅ݔ at market prices ݌ =
,ଶ݌,ଵ݌) … ݓ ௅), and݌, is the total wealth of the 
consumer.

• When ݔ א Թା
௅ then the set of feasible consumption 

bundles consists of the elements of the set:
௣,௪ܤ = ݔ} א Թା

௅ ݌: ȉ ݔ ൑ {ݓ
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FEASIBLE





Consumer have some wealth and cannot spend more on this wealth. So consumer cannot borrow 
money to his consumption (???) [56.00]

Amount of goods that are consumed and income is endogenous (variables explained in the model). 
Endogenous decision are about x1, x2 so the amount of consumed.

The budget inequality is saying that you expenditure must be less or equal than your income.

So this define the so called budget set. 

B is a set qand then the budget set depend on price and wealth in which components are positive for 
which the product of price vector moltiply by good vector is less or equal of w (amount of wealth that 
you have, it’s a scalar! Not a vector like p and x).



How is budget set represented? In the following way.






















































































x1

x2

w
p2

w
p1

p2
p1-        (slope)

{x אԹ+:p ήx = w}2

Consumption Sets: Economic Constraints

The budget line is
ଵݔଵ݌ + ଶݔଶ݌ = ݓ
Hence, solving for the 
good on the vertical 
axis, ݔଶ, we obtain

ଶݔ = ݓ
ଶ݌
െ
ଵ݌
ଶ݌
ଵݔ
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• Example for two goods: 
௣,௪ܤ = ݔ} א Թା

ଶ : ଵݔଵ݌ + ଶݔଶ݌ ൑ {ݓ






























































0

is c
sea O

Spending all income

Not spending all 
income





Two components. How do you represent graphically a budget set?

You see you have inequality and you can take this inequality as equality and define the graph of the 
function of p1x1 +p2x2 = w.























Set of all feasible bundle depending on your income and the price.
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Consumption Sets: Economic Constraints
• Example for three goods:

௣,௪ܤ = ݔ} א Թା
ଷ : ଵݔଵ݌ + ଶݔଶ݌ + ଷݔଷ݌ ൑ {ݓ

– The surface ݌ଵݔଵ + ଶݔଶ݌ + ଷݔଷ݌ = ݓ is referred to 
as the “Budget hyperplane”
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In case of three goods 
you will have the budget 
set is 3D. 



Consumption Sets: Economic Constraints

• Price vector ݌ is orthogonal (perpendicular) to 
the budget line ܤ௣,௪.
– Note that ݌ ȉ ݔ = ݓ holds for any bundle ݔ on the 

budget line.
– Take any other bundle ݔԢ which also lies on ܤ௣,௪. 

Hence, ݌ ȉ Ԣݔ = .ݓ
– Then,

݌ ȉ ᇱݔ = ݌ ȉ ݔ = ݓ
݌ ȉ ᇱݔ െ ݔ = 0 or ݌ ȉ οݔ = 0
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Consumption Sets: Economic Constraints

– Since this is valid for any two bundles on the 
budget line, then ݌ must be perpendicular to 
οݔ on ܤ௣,௪.

– This implies that the price vector is perpendicular 
(orthogonal) to ܤ௣,௪.
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Price vector is orthogonal to the budget line Bp,w.
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Consumption Sets: Economic Constraints

• The budget set ܤ௣,௪ is convex.
– We need that, for any two bundles ݔ, Ԣݔ א  ,௣,௪ܤ

their convex combination
ᇱᇱݔ = ݔߙ + 1 െ ߙ Ԣݔ

also belongs to the ܤ௣,௪, where ߙ א (0,1).

– Since ݌ ȉ ݔ ൑ ݓ and ݌ ȉ Ԣݔ ൑  then ,ݓ
݌ ȉ ᇱᇱݔ = ݔߙ݌ + ݌ 1 െ ߙ Ԣݔ

= ݔ݌ߙ + 1 െ ߙ Ԣݔ݌ ൑ ݓ
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Advanced Microeconomic 
Theory

Chapter 2: Utility Maximization 
Problem (UMP), Walrasian demand, 

indirect utility function
































































Outline
• Utility maximization problem (UMP)
• Walrasian demand and indirect utility function
• WARP and Walrasian demand (no, skip)
• Income and substitution effects (Slutsky 

equation)
• Duality between UMP and expenditure 

minimization problem (EMP)
• Hicksian demand and expenditure function
• Connections
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Utility	Maximization	Problem
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Utility	Maximization	Problem
• Consumer	maximizes	his	utility	level	by	selecting	
a	bundle	! (where	! can	be	a	vector)	subject	to	
his	budget	constraint:

max%&' ((!)	
s. t. 		/ 0 ! ≤ 2

• Weierstrass Theorem: for	optimization	problems	
defined	on	the	reals,	if	the	objective	function	is	
continuous	and	constraints	define	a	closed	and	
bounded	set,	then	the	solution	to	such	
optimization	problem	exists.
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Vector is the quantity of goods. Max u(x) is a vector. Quantity must be positive. This is a constraint that 
we see last time. 



P1x1 +p2 x2 ... is what you spend for good one and w is the total wealth. 
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Utility	Maximization	Problem
• Existence: if	/ ≫ 0 and	2 > 0 (i.e.,	if	67,9 is	closed	
and	bounded),	and	if	((0) is	continuous,	then	there	
exists	at	least	one	solution	to	the	UMP.
– If,	in	addition,	preferences	are	strictly	convex,	then	the	
solution	to	the	UMP	is	unique.

• We	denote	the	solution	of	the	UMP	as	the	:;<=:>	of	
the	UMP	(the	argument,	!,	that	solves	the	optimization	
problem),	and	we	denote	it	as	!(/, 2).	
– !(/,2) is	the	Walrasian	demand	correspondence,	which	
specifies	a	demand	of	every	good	in	ℝ@A for	every	possible	
price	vector,	/,	and	every	possible	wealth	level,	2.	
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We can show that solution is unique if preferences are strictly convex and u(°) continuous. 















Depends on prices and wealth!

So it’s why opt solution depend on w and p.
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Utility	Maximization	Problem
• Walrasian	demand	!(/,2)

at	bundle	A is	optimal,	as	
the	consumer	reaches	a	
utility	level	of	(B by	
exhausting	all	his	wealth.	

• Bundles	B and	C are	not	
optimal,	despite	exhausting	
the	consumer’s	wealth.	
They	yield	a	lower	utility	
level	(C,	where	(C < (B.	

• Bundle	D is	unaffordable	
and,	hence,	it	cannot	be	the	
argmax	of	the	UMP	given	a	
wealth	level	of	2.

Advanced	Microeconomic	Theory 6






























































D cannot BE opt
Smarcur of Busser ur

sc.ru or
curvego.nosame

I
tanuencyson Between iexx arts Fanconi unit

x o

ti ri
e ero

x Ceix x merrerssurrax
name

neuronemaze is better

Budget line 

Budget constraint














































































































IN A WE WILL have reps PI
1oz

Arawak Is A



Properties	of	Walrasian	Demand
• If	the	utility	function	is	continuous	and	preferences	
satisfy	LNS	over	the	consumption	set	G = ℝ@A ,	then	the	
Walrasian	demand	!(/, 2) satisfies:
1)			Homogeneity	of	degree	zero:

! /,2 = !(I/, I2) for	all	/,	2,	and	for	all	I > 0
That	is,	the	budget	set	is	unchanged!

! ∈ ℝ@A : 	/ 0 ! ≤ 2	 = ! ∈ ℝ@A : 	I/ 0 ! ≤ I2
Note	that	we	don’t	need	any	assumption	on	the	
preference	relation	to	show	this.	We	only	rely	on	the	
budget	set	being	affected.
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We will assume this properties for any problem of utility maximisation problem.


Homogeneity —> moltiply by alpha  doesn’t change the value of the function.
1.
Why increasing prices and wealth by same alpha we obtain a solution that is the same also for the 
MUP? Is easy to demonstrate with the graphical solution before.



If we increase everything by alpha.
































































































Properties	of	Walrasian	Demand
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– Note	that	the	
preference	relation	
can	be	linear,	and	
homog(0) would	
still	hold.

x2

x1

2 2

w w
p p
=

1 1

w w
p p
=

x(p,w) is unaffected
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If i multiply for alpha i obtain the same solution.



2)			Walras’	Law:
/ 0 ! = 2 for	all	! = !(/,2)

It	follows	from	LNS:	if	the	consumer	selects	a	
Walrasian	demand	! ∈ !(/, 2),	where	/ 0 ! < 2,	
then	it	means	we	can	still	find	other	bundle	N,	
which	is	ε–close	to	!,	where	consumer	can	improve	
his	utility	level.
If	the	bundle	the	consumer	chooses	lies	on	the	
budget	line,	i.e.,		/ 0 !P = 2,	we	could	then	identify	
bundles	that	are	strictly preferred	to	!P,	but	these	
bundles	would	be	unaffordable	to	the	consumer.

Properties	of	Walrasian	Demand
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Walras’ law. In the opt solution the consumer spends all income. Consume cannot remain with income 
not spent. It’s irrational. In graphical term is intuitive because we must be in the budget line. In the opt 
solution you are in the tangency point and this define the walras law. In opt you don’t have any unspent 
income. This depend on the fact that the utilty function satisfy LNS: you can find very close point that 
give you the same utility. 



a) If Preferences are weakly convex then walrasian demand correspondence deifines a convex set.

b) if preference are strictly convex, then walrasian demand correspondence cointain a single element.




























































































Properties	of	Walrasian	Demand
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– For	! ∈ !(/,2),	there	is	
a	bundle	N,	ε–close	to	!,	
such	that	N ≻ !.	Then,	
! ∉ !(/,2).

1x

2x

x x

y y
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Properties	of	Walrasian	Demand

3)		Convexity/Uniqueness:

a) If	the	preferences	are	convex,	then	the	
Walrasian	demand	correspondence	!(/, 2)
defines	a	convex	set,	i.e.,	a	continuum	of	
bundles	are	utility	maximizing.

b) If	the	preferences	are	strictly	convex,	then	the	
Walrasian	demand	correspondence	!(/, 2)
contains	a	single	element.

Advanced	Microeconomic	Theory 11






























































(For a given p and a given w)

(For a given p and a given w)



Properties	of	Walrasian	Demand

Convex	preferences Strictly	convex	preferences	

Advanced	Microeconomic	Theory 12
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UMP:	Necessary	Condition
max%&' ( ! s. t. 	/ 0 ! ≤ 2

• We	solve	it	using	Kuhn-Tucker	conditions	over	the	
Lagrangian	S = ( ! + U(2 − / 0 !),

WA	
W%X

= WY(%∗)
W%X

− U/[ ≤ 0 for	all	\,		= 0 if	![∗ > 0
WA	
W] = 2 − / 0 !∗ = 0

• That	is,	in	a	interior optimum,	WY(%
∗)

W%X
= U/[ for	every	

good	\,	which	implies
^_(`∗)
^`a

^_(`∗)
^`X

= 7a
7X
⇔ cde	f,[ = 7a

7X
⇔

^_(`∗)
^`a
7a

=
^_(`∗)
^`X
7X

Advanced	Microeconomic	Theory 13
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UMP:	Sufficient	Condition

• When	are	Kuhn-Tucker	(necessary)	conditions,	
also	sufficient?
– That	is,	when	can	we	guarantee	that	!(/, 2) is	the	
max of	the	UMP	and	not	the	min?

Advanced	Microeconomic	Theory 14
































































UMP: Sufficient Condition

• Interpretation of 
ങೠሺೣכሻ
ങೣ೗
௣೗

ൌ
ങೠሺೣכሻ
ങೣೖ
௣ೖ

The marginal ƵtilitǇ of the last dollar ;͞marginal͟ 
euro) spent in good ݈ must produce the same utility 
of the last euro spent in good k. [Hint. With one 
dollar you buy 1/݌௟units of good ݈ and 1/݌௟units of 
good ݇)
• When are Kuhn-Tucker (necessary) conditions, 

also sufficient?
– That is, when can we guarantee that ݔሺ݌, ሻݓ is the 
max of the UMP and not the min?
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UMP:	Sufficient	Condition
• Kuhn-Tucker	
conditions	are	
sufficient	for	a	max if:
1) ((!)	 is	quasiconcave,	

i.e.,	convex	upper	
contour	set	(UCS).

2) ((!) is	monotone.
3) l((!) ≠ 0 for	! ∈ ℝ@A .
– If	l( ! = 0 for	some	!,	
then	we	would	be	at	the	
“top	of	the	mountain”	(i.e.,	
blissing	point),	which	
violates	both	LNS	and	
monotonicity.
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UMP:	Violations	of	Sufficient	Condition

1)		n(0) is	non-monotone:

– The	consumer	chooses	
bundle	A (at	a	corner)	
since	it	yields	the	highest	
utility	level	given	his	
budget	constraint.

– At	point	A,	however,	the	
tangency	condition	
cde	C,B = 7o

7p
does	not	

hold.
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UMP:	Violations	of	Sufficient	Condition
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x2

x1

A

B

C

Budget line

– The	upper	contour	sets	
(UCS)	are	not	convex.

– cde	C,B = 7o
7p
	 is	not	a	

sufficient	condition	for	a	
max.

– A	point	of	tangency	(C)	
gives	a	lower	utility	level	
than	a	point	of	non-
tangency	(B).

– True	maximum	is	at	point	
A.	

2)		n(0) is	not	quasiconcave:
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UMP:	Corner	Solution
• Analyzing	differential	changes	in	!f and	!f,	that	keep	individual’s	

utility	unchanged,	q( = 0,

rY(%)
r%a

q!f + rY(%)
r%X

q![ = 0 (total	diff.)
• Rearranging,

q![
q!f

= −
q( !
q!f
q( !
q![

= −cdef,[

• Corner	Solution:		cdef,[ > 7a
7X
,	or	alternatively,		

s_ `∗
s`a
7a

>
s_ `∗
s`X
7X

	,	i.e.,	
the	consumer	prefers	to	consume	more	of	good	t.
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UMP:	Corner	Solution
• In	the	FOCs,	this	implies:	

a) WY(%∗)
W%X

≤ 	U/[ for	the	goods	whose	consumption	is	
zero,	![∗= 0,	and

b) WY(%∗)
W%a

= 	U/f for	the	good	whose	consumption	is	
positive,	!f∗> 0.

• Intuition:	the	marginal	utility	per	dollar	spent	on	
good	t is	still	larger	than	that	on	good	\.

^_(`∗)
^`a
7a

= U ≥
^_(`∗)
^`X
7X

Advanced	Microeconomic	Theory 19
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UMP:	Corner	Solution
• Consumer	seeks	to	consume	

good	1	alone.

• At	the	corner	solution,	the	
indifference	curve	is	steeper	
than	the	budget	line,	i.e.,	

cdeC,B > 7o
7p

or		wxo7o
> wxp

7p
• Intuitively,	the	consumer	

would	like	to	consume	more	
of	good	1,	even	after	
spending	his	entire	wealth	
on	good	1	alone.
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UMP:	Lagrange	Multiplier
• U is	referred	to	as	the	

“marginal	values	of	relaxing	the	
constraint”	in	the	UMP	(a.k.a.
“shadow	price	of	wealth”).

• If	we	provide	more	wealth	to	
the	consumer,	he	is	capable	of	
reaching	a	higher	indifference	
curve	and,	as	a	consequence,	
obtaining	a	higher	utility	level.
– We	want	to	measure	the	

change	in	utility	resulting	from	
a	marginal	increase	in	wealth.
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x1

x2

w	0
p2

{x	∈	ℝ+:	u(x)	=	u	1}2

{x	∈	ℝ+:	u(x)	=	u	0}2

w	1
p2

w	0
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UMP:	Lagrange	Multiplier

• Let	us	take	( !(/, 2) ,	and	analyze	the	change	in	
utility	from		change	in	wealth.	Using	the	chain	rule	
yields,

l( !(/, 2) 0 y9!(/, 2)

• Substituting	l( !(/, 2) = U/ (in	interior	solutions),

U/ 0 y9!(/, 2)
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UMP:	Lagrange	Multiplier

• From	Walras’	Law,	/ 0 ! /, 2 = 2,	the	change	in	
expenditure	from	an	increase	in	wealth	is	given	by

y9 / 0 ! /, 2 = / 0 y9! /,2 = 1

• Hence,	
l( !(/, 2) 0 y9! /,2 = U / 0 y9! /,2

C
= U

• Intuition:	If	U = 5,	then	a	$1	increase	in	wealth	
implies	an	increase	in	5	units	of	utility.
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                                           	 	 	 	 	 	 	 	                  																												At the maximum this must 



be the same for all goods, otherwise we are not at the maximum




Walrasian	Demand:	Wealth	Effects

• Normal	vs.	Inferior	goods
W% 7,9
W9

>
< 0 	normalinferior	

• Examples	of	inferior	goods:	
– Two-buck	chuck	(a	really	cheap	wine)
–Walmart	during	the	economic	crisis
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Walrasian	Demand:	Wealth	Effects
• An	increase	in	the	wealth	level	

produces	an	outward	shift	in	
the	budget	line.

• !B is	normal	as	W%p 7,9W9 > 0,	while	
!C is	inferior	as	W% 7,9

W9 < 0.

• Wealth	expansion	path:	
– connects	the	optimal	consumption	

bundle	for	different	levels	of	
wealth

– indicates	how	the	consumption	of	
a	good changes	as	a	consequence	
of	changes	in	the	wealth	level
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Walrasian	Demand:	Wealth	Effects
• Engel	curve	depicts	the	

consumption	of	a	particular	
good	in	the	horizontal	axis	and	
wealth	on	the	vertical	axis.

• The	slope	of	the	Engel	curve	is:
– positive	if	the	good	is	normal	
– negative	if	the	good	is	inferior

• Engel	curve	can	be	positively	
slopped	for	low	wealth	levels	
and	become	negatively	slopped	
afterwards.
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Walrasian	Demand:	Price	Effects

• Own	price	effect:
!"[ $, &
!$[

<
> 0			 	UsualGiffen	

• Cross-price	effect:
!"[ $, &

!$f
>
< 0			 	 SubstitutesComplements	

– Examples	of	Substitutes:	two	brands	of	mineral	water,	such	
as	Aquafina	vs.	Poland	Springs.

– Examples	of	Complements:	cars	and	gasoline.
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If price for sugar increase, then you demand less coffe. If prime derivative is positive 




























































Walrasian	Demand:	Price	Effects
• Own	price	effect
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Usual	good Giffen	good
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Vertical axis is the demand. We have said that if price increases the quantity increase and the walras’ 
demand is positively sloped. 



What if we want to see graphically if demand for one good is the same as the second good? 

We want to see how demand depends. On another wealth. We can’t use this curve because represent 
the realtion between quiantity of k and price of k. 
































































































Walrasian	Demand:	Price	Effects
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• Cross-price	effect

Substitutes Complements


































































Warla’s demand. Level 0 of price pk. Walras demand. If other two variable, like price in the other good 
change, the curves could change up or down. If good increase and the goods are substitute the curve 
moves up. 

For a given pk do you demand more or less pk. So curve goes up right. 

Complements good is the opposite. If the price of the other good increase the second one will 
decrease. 



Different goods can be classified using walras’ demand.




























































































Indirect	Utility	Function

• The	Walrasian	demand	function,	" $,& ,	is	the	
solution	to	the	UMP	(i.e., argmax).

• What	would	be	the	utility	function	evaluated	at	
the	solution	of	the	UMP,	i.e.,	" $,& ?
– This	is	the	indirect	utility	function	(i.e.,	the	highest	
utility	level),	@ $, & ∈ ℝ,	associated	with	the	UMP.

– It	is	the	“value	function”	of	this	optimization	problem.
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(I.e the function evaluated at the maximum)





If good normal or inferior we expect demand of the good will increase or decreases.

After solving the UMP getting the argmax yesterday, the solution of this problem is called walras 
demand. We have found this solution called x(p,w). Now we can compute the utilty function of this 
argument. If we compute utilty function at the optimal level.





















Degree of homogeneity of the indirect utilty function? 

What happened to the value function if the prices and the wealth increase by the same proportion? 
[value alpha]. And we want to see what happen to the maximum likehood. What we have found? 
Walra’s demeaned is homogeneous of degree 0 since the budget constraint the solution will be the 
same.

What happen to the utility function if p and w change for the small propotion of alpha. The value of 
utility doesn’t change so I directed utility function is homogeneous of degree 0.



The indirect utilty function is homogeneous of degree 0.
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Properties	of	Indirect	Utility	Function

• If	the	utility	function	is	continuous	and	
preferences	satisfy	LNS	over	the	consumption	
set	C = ℝ@A , then	the	indirect	utility	function	
@ $, & 	satisfies:

1) Homogenous	of	degree	zero:	Increasing	$ and	&
by	a	common	factor	G > 0 does	not	modify	the	
consumer’s	optimal	consumption	bundle,
"($, &),	nor	his	maximal	utility	level,	measured	
by	@ $,& .

Advanced	Microeconomic	Theory 31
































































Properties	of	Indirect	Utility	Function
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wp1
α	wα	p1 =
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v	(p,w)	=	v	(αp,α	w)
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Properties	of	Indirect	Utility	Function

2)		Strictly	increasing	in	&:
@ $,&P > @($, &) for	&P > &.

3)		non-increasing	(i.e.,	weakly	
decreasing)	in	$[
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Imagine corner solution, the demand remain the same (x2), the supply will decrease. So is not 
increasing in pk\	 








































































































Properties	of	Indirect	Utility	Function
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W

P1

w2

w1

4)		Quasiconvex:	The	set	 $,& : @($, &) ≤ @̅ is	convex	for	
any	@̅.

- Interpretation	I:	If	($C, &C) ≿∗ ($B, &B), then	($C, &C) ≿∗ (R$C +
(1 − R)$B, R&C + (1 − R)&B); i.e.,	if	V ≿∗ W,	then	V ≿∗ X.
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Properties	of	Indirect	Utility	Function
- Interpretation	II:	@($,&) is	quasiconvex if	the	set	of	
($, &) pairs	for	which	@ $,& < @($∗, &∗) is	convex.
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Properties	of	Indirect	Utility	Function

- Interpretation	III:	Using	"C and	"B in	the	axis,	perform	
following	steps:
1) When	W7,9,	then	" $,&
2) When	W7ä,9ä,	then	" $P, &P

3) Both	" $,& and	" $P, &P induce	an	indirect	utility	
of	@ $,&	 = @ $P, &P = \ã

4) Construct	a	linear	combination	of	prices	and	wealth:
$PP = G$ + (1 − G)$P
&PP = G& + (1 − G)&På			W7ää,9ää

5) Any	solution	to	the	UMP	given	W7ää,9ää must	lie	on	a	
lower	indifference	curve	(i.e.,	lower	utility)

@ $PP, &PP ≤ \ã
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Properties	of	Indirect	Utility	Function
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Substitution	and	Income	Effects:	
Normal	Goods

• Decrease	in	the	price	of	the	
good	in	the	horizontal	axis	(i.e.,	
food).

• The	substitution	effect	(SE)	
moves	in	the	opposite	direction	
as	the	price	change.
– A	reduction	in	the	price	of	

food	implies	a	positive	
substitution	effect.	

• The	income	effect	(IE)	is	
positive	(thus	it	reinforces	the	
SE).
– The	good	is	normal.
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Substitution	and	Income	Effects:	
Inferior	Goods

• Decrease	in	the	price	of	the	
good	in	the	horizontal	axis	(i.e.,	
food).

• The	SE	still	moves	in	the	
opposite	direction	as	the	price	
change.

• The	income	effect	(IE)	is	now	
negative	(which	partially	
offsets	the	increase	in	the	
quantity	demanded	associated	
with	the	SE).	
– The	good	is	inferior.

• Note:	the	SE	is	larger	than	the	
IE.
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Substitution	and	Income	Effects:	
Giffen	Goods

• Decrease	in	the	price	of	the	
good	in	the	horizontal	axis	(i.e.,	
food).

• The	SE	still	moves	in	the	
opposite	direction	as	the	price	
change.

• The	income	effect	(IE)	is	still	
negative	but	now	completely	
offsets	the	increase	in	the	
quantity	demanded	associated	
with	the	SE.	
– The	good	is	Giffen	good.

• Note:	the	SE	is	less	than	the	IE.
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Substitution	and	Income	Effects
SE IE TE

Normal	Good + + +
Inferior Good + - +
Giffen	Good + - -
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• Not	Giffen:	Demand	curve	is	negatively	sloped	(as	usual)
• Giffen:	Demand	curve	is	positively	sloped
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Expenditure	Minimization	
Problem
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and connection between functions



Expenditure	Minimization	Problem

• Expenditure	minimization	problem	(EMP):

min%&' ' 0 )	
s.t. *()) ≥ *

• Alternative	to	utility	maximization	problem
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In the previous problem we have the budget constraint and we have ...



If you want to translate this problem in a optimization problem we can maximise the opposite of the 
max.
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Expenditure	Minimization	Problem
• Consumer	seeks	a	utility	level	

associated	with	a	particular	
indifference	curve,	while	
spending	as	little	as	possible.

• Bundles	strictly	above	)∗ cannot	
be	a	solution	to	the	EMP:
– They	reach	the	utility	level	*
– But,	they	do	not	minimize	total	

expenditure

• Bundles	on	the	budget	line	
strictly	below	)∗ cannot	be	the	
solution	to	the	EMP	problem:
– They	are	cheaper	than	)∗
– But,	they	do	not	reach	the	

utility	level	*
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Expenditure Minimization Problem

• Lagrangian
𝐿 = −𝑝 ȉ 𝑥 + 𝜇 𝑢 𝑥 − 𝑢

• FOCs (necessary conditions)
𝜕𝐿
𝜕𝑥𝑘

= −𝑝𝑘 + 𝜇
𝜕𝑢ሺ𝑥∗ሻ
𝜕𝑥𝑘

≤ 0

𝜕𝐿
𝜕𝜇

= 𝑢 𝑥∗ − 𝑢 ൒ 0

Advanced Microeconomic Theory 4

[ = 0 for interior 
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Take the opposite of the maximal function.



The second is the constraint and i add the la grangian multiplier (mu) which multiply the budget 
constrain.
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Expenditure	Minimization	Problem
• For	interior	solutions,	

'[ = 1 WY(%
∗)

W%X
or				C± =

^_(`∗)
^`X
7X

for	any	good	;.	This	implies,	
^_(`∗)
^`X
7X

=
^_(`∗)
^`a
7a

or			7X7a =
^_(`∗)
^`X

^_(`∗)
^`a

• The	consumer	allocates	his	consumption	across	goods	until	
the	point	in	which	the	marginal	utility	per	dollar	spent	on	
each	good	is	equal	across	all	goods	(i.e.,	same	“bang	for	the	
buck”).

• That	is,	the	slope	of	indifference	curve	is	equal	to	the	slope	
of	the	budget	line.
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EMP: Hicksian Demand

• The bundle 𝑥∗ ∈ argmin 𝑝 ȉ 𝑥 (the argument that 
solves the EMP) is the Hicksian demand, which 
depends on 𝑝 and 𝑢 (while Walrasian demand 
depends on p and w),

𝑥∗ ∈ ℎ(𝑝, 𝑢)

• Recall that if such bundle 𝑥∗ is unique, we denote 
it as 𝑥∗ = ℎ 𝑝, 𝑢 (i.e. it is a function not a 
correspondance).
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Walras demand is the solution of maximisation problem. Similar we get the same with minimum 
problem and is called the Hicksian demand.



Walras demand depends on the price and the wealth that are the parameter in the budget constraint. 
While x is the choice variable.







Parameters appearing? Price parameter, is u parameter? Yes.

Hicksian depend on price and utility! So it’s different.









































































If both price and u increase by alpha then ratio between price doesn’t change. Bundle does’t change 
but expenditure does change!  P X* —> alpha P X*.

To reach that utilty level you spend more!
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Solution is unique.... set of bundle???

[24]



Properties	of	Hicksian	Demand

• Suppose	that	*(0) is	a	continuous	function,	
satisfying	LNS	defined	on	= = ℝ@A .	Then	for	' ≫
0,	ℎ(', *) satisfies:
1) Homog(0) in	',	i.e.,	ℎ ', * = ℎ(E', *) for	any	',	*,	

and	E > 0.
§ If	)∗ ∈ ℎ(', *) is	a	solution	to	the	problem

min%&' ' 0 )	
then	it	is	also	a	solution	to	the	problem

min%&' E' 0 )	
§ Intuition:	a	common	change	in	all	prices	does	not	alter	the	

slope	of	the	consumer’s	budget	line.
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Properties	of	Hicksian	Demand
• )∗ is	a	solution	to	the	EMP	when	

the	price	vector	is	' = ('C, 'B).
• Increase	all	prices	by	factor	E

'P = ('CP , 'BP ) = (E'C, E'B)
• Downward	(parallel)	shift	in	the	

budget	line,	i.e.,	the	slope	of	the	
budget	line	is	unchanged.

• But	I	have	to	reach	utility	level	* to	
satisfy	the	constraint	of	the	EMP!

• Spend	more	to	buy	bundle	
)∗()C∗, )B∗),	i.e.,	
'CP)C∗ + 'BP )B∗ > 'C)C∗ + 'B)B∗

• Hence,	ℎ ', * = ℎ(E', *)
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Properties	of	Hicksian	Demand

2) No	excess	utility:	
for	any	optimal	
consumption	bundle	
) ∈ ℎ ', * ,	utility	
level	satisfies	
* ) = *.
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(That is the level of utility 
fixed in the constraint)

NB. Equivalent of Walras’ Law in UMP 
(constraint holds with equality)



Properties	of	Hicksian	Demand
• Intuition:	Suppose	there	exists	a	bundle	) ∈ ℎ ', * for	which	the	

consumer	obtains	a	utility	level	* ) = *C > *,	which	is	higher	
than	the	utility	level	* he	must	reach	when	solving	EMP.

• But	we	can	then	find	another	bundle	)P = )E,	where	E ∈ (0,1),	
very	close	to	) (E → 1),	for	which	*()P) > *.

• Bundle	)P:
– is	cheaper	than	) since	it	contains	fewer	units	of	all	goods;	and
– exceeds	the	minimal	utility	level	* that	the	consumer	must	reach	in	his	

EMP.
• We	can	repeat	that	argument	until	reaching	bundle	).
• In	summary,	for	a	given	utility	level	* that	you	seek	to	reach	in	the	

EMP,	bundle	ℎ ', * does	not	exceed	*.	Otherwise	you	can	find	a	
cheaper	bundle	that	exactly	reaches	*.
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Properties	of	Hicksian	Demand

3) Convexity:
If	the	preference	
relation	is	convex,	
then	ℎ ', * is	a	
convex	set.
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Properties	of	Hicksian	Demand

4) Uniqueness:
If	the	preference	
relation	is	strictly	
convex,	then	ℎ ', *
contains	a	single	
element.
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Properties of Hicksian Demand
• Compensated Law of Demand: for any change in prices 𝑝

and 𝑝ᇱ, 
ሺ𝑝ᇱെ𝑝ሻ ȉ ℎ 𝑝ᇱ, 𝑢 െ ℎ 𝑝, 𝑢 ൑ 0

– Implication: for every good 𝑘,
ሺ𝑝𝑘ᇱ െ 𝑝𝑘ሻ ȉ ℎ𝑘 𝑝ᇱ, 𝑢 െ ℎ𝑘 𝑝, 𝑢 ൑ 0

– This is true for Hicksian ;alƐŽ named ͞cŽmƉenƐaƚed͟Ϳ demand͕ 
but not necessarily true for Walrasian demand (which is 
uncompensated). This means that movements in prices and 
movements in quantities must go in opposite direction.
• The following will be clear later, when we introduce income and 

substitution effects:
• Recall the figures on Giffen goods, where a decrease in 𝑝𝑘 in fact 

decreases 𝑥𝑘 𝑝, 𝑢 when wealth was left uncompensated.
• Meaning: changes in prices and changes in compensate demand 

always go in opposite directions (if price increases demand falls, if 
price falls demand increases)
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The	Expenditure	Function

• Plugging	the	result	from	the	EMP,	ℎ ', * ,	into	
the	objective	function,	' 0 ),	we	obtain	the	value	
function	of	this	optimization	problem,

' 0 ℎ ', * = M(', *)
where	M(', *) represents	the	minimal	
expenditure that	the	consumer	needs	to	incur	in	
order	to	reach	utility	level	* when	prices	are	'.
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Properties	of	Expenditure	Function
• Suppose	that	*(0) is	a	continuous	function,	satisfying	
LNS	defined	on	= = ℝ@A .	Then	for	' ≫ 0,	M(', *)
satisfies:

1) Homog(1) in	',	
M E', * = E ' 0 )∗

µ(7,Y)
= E 0 M(', *)

for	any	',	*,	and	E > 0.
§ We	know	that	the	optimal	bundle	is	not	changed	when	all	

prices	change,	since	the	optimal	consumption	bundle	in	
ℎ(', *) satisfies	homogeneity	of	degree	zero.

§ Such	a	price	change	just	makes	it	more	or	less	expensive	to	
buy	the	same	bundle.
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Properties	of	Expenditure	Function
2) Strictly	increasing	in	O:	

For	a	given	price	vector,	
reaching	a	higher	utility	
requires	higher	
expenditure:

'C)CP + 'B)BP > 'C)C + 'B)B
where	()C, )B) = ℎ(', *)
and	()CP , )BP ) = ℎ(', *P).	

Then,
M ', *P > M ', *
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Properties	of	Expenditure	Function
3) Non-decreasing	in	PQ for	every	good	Q:

Higher	prices	mean	higher	expenditure	to	reach	a	
given	utility	level.	
• Let	'P = ('C, 'B, … , '[P , … , 'A) and	' =('C, 'B, … , '[, … , 'A),	where	'[P > '[.
• Let	)P = ℎ 'P, * and	) = ℎ ', * from	EMP	under	
prices	'P and	',	respectively.

• Then,	'P 0 )P = M('P, *) and	' 0 ) = M(', *).
M 'P, * = 'P 0 )P 	≥ 	' 0 )P		≥ 	' 0 ) = M(', *)
– 1st inequality	due	to	'P ≥ '
– 2nd inequality:	at	prices	',	bundle	)	minimizes	EMP.	
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Properties	of	Expenditure	Function
4) Concave	in	P:
Let	)P ∈ ℎ 'P, * ⇒ 'P)P ≤ 'P) 	
∀) ≠ )P,	e.g.,	'P)P ≤ 'P)̅
and	
)PP ∈ ℎ 'PP, * ⇒ 'PP)PP ≤ 'PP) 	
∀) ≠ )PP,	e.g.,	'PP)PP ≤ 'PP)̅
where	)̅ = E)P + 1 − E )′′

This	implies
E'P)P + 1 − E 'PP)PP ≤ E'P)̅ + 1 − E 'PP)̅

E 'P)P[
µ(7ä,Y)

+ 1 − E 'PP)PP
µ(7ää,Y)

≤ [E'P + 1 − E 'PP
7̅

])̅

EM('P, *) + 1 − E M('PP, *) ≤ M('̅, *)

as	required	by	concavity
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Connections
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Relationship	between	the	Expenditure	
and	Hicksian	Demand	

• Let’s	assume	that	*(0) is	a	continuous	function,	
representing	preferences	that	satisfy	LNS	and	are	
strictly	convex	and	defined	on	= = ℝ@A .	For	all	' and	*,	

Wµ 7,Y
W7X

= ℎ[ ', * for	every	good	;
This	identity	is	“Shepard’s	lemma”:	if	we	want	to	find	
ℎ[ ', * and	we	know	M ', * ,	we	just	have	to	
differentiate	M ', * with	respect	to	prices.

• Proof:	three	different	approaches
1) the	support	function
2) first-order	conditions	
3) the	envelope	theorem										(See	Appendix	2.2)
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Pƌoof of Shephaƌd Ɛ͛ lemma ;ƵƐing 
͞Enǀelope ƚheoƌem͟Ϳ

𝑒 𝑝, 𝑢 ൌ min
௫≥0

𝑝 ȉ 𝑥
Ɛ͘ƚ͘ 𝑢ሺ𝑥ሻ ൒ 𝑢

To see how e(.) changes when a parameter 𝑝௞ changes we can use the 
Langrangian
𝐿 ൌ െ(𝑝 ȉ 𝑥Ϳн𝜇 𝑢 𝑥 െ 𝑢 (remember we set it as a max problem)   
In particular

𝜕𝑒 𝑝, 𝑢
𝜕𝑝௞

ൌ െ
𝜕𝐿
𝜕𝑝௞

|௫=௫∗ ௣ ൌ െ
𝜕ሾെ𝑝 ȉ 𝑥ሺ𝑝ሻͿн𝜇ሺ𝑢 𝑥 𝑝 െ 𝑢ሿ

𝜕𝑝௞
|௫=௫∗ ௣

ൌ െሾെ𝑥௞ 𝑝 െ 𝑝
𝜕𝑥
𝜕𝑝௞

൅ 𝜇
𝜕𝑢
𝜕𝑥

𝜕𝑥
𝜕𝑝௞

ሿ|௫=௫∗ሺ௣ሻ

But െ𝑝 ൅ 𝜇 డ௨
డ௫

ൌ 0 from FOCs then డ௘ ௣,௨
డ௣ೖ

= 𝑥௞ 𝑝 |௫=௫∗ሺ௣ሻ ൌ ℎ௞ሺ𝑝, 𝑢ሻ

(NB. 𝑝, 𝑥 𝑝 , డ௨
డ௫

ൌ 𝛻𝑢 𝑥 𝑝 , డ௫
డ௣ೖ

ൌ 𝐷௣ೖ𝑥 𝑝 are vectors, while 𝜇 a scalar)
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Take opposite 
•
Write lagrangian
•



The opt will be x* so computing minimum deriving la grandina in respect of pk. The values of the 
problem computed in the opt should be the same. I take der of Exp in respect to pk that will be der of L 
with respect to pk. 



Next i take a minus since I translated the min problem in the max problem. 

X is a function of p since if we change p then will change the opt solution that is x*. We write x as a 
function of p. Also x is a function in p computing the derivative. 



With a composite function we have first to derive in respect to the second function moltiply by the 
derive the second function in respect with the parameter par. 

 

























If we have opt problem you can forget all the der involving the constraint, you can just derive in the 
Expednciture function the part that is related to the objective function.
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Relationship between Hicksian and 
Walrasian Demand

• We can formally relate the Hicksian and Walrasian demand 
as follows:
– Consider 𝑢ሺȉሻ is a continuous function, representing preferences 

that satisfy LNS and are strictly convex and defined on 𝑋 ൌ ℝ+
𝐿 .

– Consider a consumer facing ሺ ҧ𝑝, ഥ𝑤ሻ and attaining utility level ത𝑢
(i.e. solution of UMP)

– Note that ഥ𝑤 ൌ 𝑒 ҧ𝑝, ത𝑢 , i.e. the min expenditure that the 
consumer bear to reach utility ത𝑢 is ഥ𝑤.  In addition, we know 
that for any ሺ𝑝, 𝑢ሻ, ℎ௟ 𝑝, 𝑢 ൌ 𝑥௟ሺ𝑝, 𝑒 𝑝, 𝑢

௪
ሻ. Differentiating this 

expression with respect to 𝑝௞, and evaluating it at ሺ ҧ𝑝, ത𝑢ሻ, we 
get: 

𝜕ℎ௟ሺ ҧ𝑝, ത𝑢ሻ
𝜕𝑝௞

ൌ
𝜕𝑥௟ሺ ҧ𝑝, 𝑒ሺ ҧ𝑝, ത𝑢ሻሻ

𝜕𝑝௞
൅
𝜕𝑥௟ሺ ҧ𝑝, 𝑒ሺ ҧ𝑝, ത𝑢ሻሻ

𝜕𝑒ሺ ҧ𝑝, ത𝑢ሻሻ
𝜕𝑒ሺ ҧ𝑝, ത𝑢ሻ
𝜕𝑝௞
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Utilty maximisation problem: How much consumer spend in opt solution in this UMP?

W (barrato). So u(bar) is the max utility in UMP. 

To reach u maximising u and the level of wealth then it must be the case is the w(bar)



I have p bar and w bar. Reach level of utilty b bar and w bar. What is the expenditure of this walras 
demand? Is the w bar. Now I’m saying, what is the min exp to reach 
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Relationship between Hicksian and 
Walrasian Demand

• Using the fact that డ௘ሺ ҧ௣,ഥ௨ሻ
డ௣ೖ

ൌ ℎ௞ሺ ҧ𝑝, ത𝑢ሻ
;Shepaƌd Ɛ͛ lemmaͿ͕

డ௛೗ሺ ҧ௣,ഥ௨ሻ
డ௣ೖ

ൌ డ௫೗ሺ ҧ௣,௘ሺ ҧ௣,ഥ௨ሻሻ
డ௣ೖ

൅ డ௫೗ሺ ҧ௣,௘ሺ ҧ௣,ഥ௨ሻሻ
డ௘ሺ ҧ௣,ഥ௨ሻሻ

ℎ௞ሺ ҧ𝑝, ത𝑢ሻ

• Finally, since ഥ𝑤 ൌ 𝑒ሺ ҧ𝑝, ത𝑢ሻ and ℎ௞ ҧ𝑝, ത𝑢 ൌ
𝑥௞ ҧ𝑝, 𝑒 ҧ𝑝, ത𝑢 ൌ 𝑥௞ ҧ𝑝, ഥ𝑤 , then 

డ௛೗ሺ ҧ௣,ഥ௨ሻ
డ௣ೖ

ൌ డ௫೗ሺ ҧ௣, ഥ௪ሻ
డ௣ೖ

൅ డ௫೗ሺ ҧ௣, ഥ௪ሻ
డ ഥ௪

𝑥௞ሺ ҧ𝑝, ഥ𝑤ሻ
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Slutsky equation correspond to total effect and income effect. So 








































































































To FE Tu

E
For rare ice tour are

I



Relationship between Hicksian and 
Walrasian Demand

• This is the so called Slutsky equation: The
total effect of a price change on Walrasian
demand can be decomposed into a
substitution effect and an income effect:
డ௛೗ ҧ௣,ഥ௨
డ௣ೖ
ௌ𝐸

ൌ డ௫೗ ҧ௣, ഥ௪
డ௣ೖ
்𝐸

൅ డ௫೗ ҧ௣, ഥ௪
డ ഥ௪

𝑥௞ ҧ𝑝, ഥ𝑤
𝐼𝐸

Or, more 

compactly, 𝑆𝐸 ൌ 𝑇𝐸 ൅ 𝐼𝐸 or TE = SE - IE
Where SE = substitution effect

TE = total effect
IE = income effect
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TE, IE, SE

• Total Effect: measures how the quantity demanded is affected 
by a change in the price of good 𝑙, when we leave the wealth 
uncompensated (Walras demand is also called 
uncompensated demand).

• Substitution Effect: measures how the quantity demanded is 
affected by a change in the price of good 𝑙, after the wealth 
adjustment which allows the consumer to reach the same 
utility as before the price change. Is given by Hicksian demand 
that is also called compensated demand.
– That is, the substitution effect only captures the change in demand due to variation 

in the price ratio, but abstracts from the larger (smaller) purchasing power that the 
consumer experiences after a decrease (increase, respectively) in prices.

• Income Effect: measures the change in the quantity 
demanded as a result of the wealth adjustment.
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Rent increase I’ll go to the second house, i consume a little bit houses. This means that we are left with 
less income to buy less good. So increasing price of one good will reduce the consumption of others 
good even if you don’t change the consumption of one good.



Inflation is an exemple. If i consume the same bundle ...[1.31]

So this is the income effect.



Substitution effect relate to the fact of compensate the Hicksian demand. When computing Hicksian 
demand we gave a utilty level .. to the price before. How the bundle changes when we keep the 
consumer in the same IC as the prices changes. So neutralising the effect on well. Slutsky ...

Tp 0Mt bees here expens
Turn twice BOY who sews Goos





 This is the slutsky equation. In the left wee have SE that is the change in Hicksian demand. The 
change in the Hicksian demand depend in the price change = TE + IE.



We can compute this effect for each good: der first good with respect to price of first good or der in the 
quantity and changing price. With 2 good we have 4 derivatives. This 4 can be put in a matrix called 
Slutsky matrix.



A generic term slk(p,w) 




























































































Slutsky matrix
• All these derivatives can be collected into a matrix, the 

so called Slutsky (or substitution) matrix

𝑆 𝑝,𝑤 =
𝑠11 𝑝, 𝑤 ⋯ 𝑠1𝐿 𝑝, 𝑤

⋮ ⋱ ⋮
𝑠𝐿1 𝑝, 𝑤 ⋯ 𝑠𝐿𝐿 𝑝, 𝑤

where each element in the matrix is 

𝑠𝑙𝑘 𝑝, 𝑤 =
𝜕𝑥𝑙(𝑝, 𝑤ሻ

𝜕𝑝𝑘
+
𝜕𝑥𝑙 𝑝, 𝑤

𝜕𝑤
𝑥𝑘(𝑝,𝑤ሻ
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Implications of WARP: Slutsky Matrix

• Proposition: If preferences satisfy LNS and strict 
convexity, and they are represented with a continuous 
utility function, then the Walrasian demand 𝑥 𝑝,𝑤
generates a Slutsky matrix, 𝑆 𝑝, 𝑤 , which is 
symmetric.

• The above assumptions are really common. 
– Hence, the Slutsky matrix will then be symmetric.

• However, the above assumptions are not satisfied in 
the case of preferences over perfect substitutes (i.e., 
preferences are convex, but not strictly convex).
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about WARP



Implications of WARP: Slutsky Equation

𝑠𝑙𝑙 𝑝, 𝑤
ୱubୱ୲i୲u୲i୭n ୣ୤୤ୣc୲

=
𝜕𝑥𝑙(𝑝, 𝑤ሻ

𝜕𝑝𝑙
୘୭୲a୪ ୣ୤୤ୣc୲

+
𝜕𝑥𝑙 𝑝, 𝑤

𝜕𝑤
𝑥𝑙(𝑝, 𝑤ሻ

Inc୭mୣ ୣ୤୤ୣc୲

• Total Effect: measures how the quantity demanded is affected 
by a change in the price of good 𝑙, when we leave the wealth 
uncompensated.

• Income Effect: measures the change in the quantity 
demanded as a result of the wealth adjustment.

• Substitution Effect: measures how the quantity demanded is 
affected by a change in the price of good 𝑙, after the wealth 
adjustment.
– That is, the substitution effect only captures the change in demand due to variation 

in the price ratio, but abstracts from the larger (smaller) purchasing power that the 
consumer experiences after a decrease (increase, respectively) in prices.
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Why is useful to decompose total effect changing? We see how quantity changes depending on the 
characteristics of the goods.






































































































Implications of WARP: Slutsky Matrix

• Let us focus now on the signs of the IE and SE (implied by 
WARP, i.e. of the utilities that we will use) in case of 𝑃𝑙 ↑

• Non-positive substitution effect, 𝑠𝑙𝑙 ≤ 0:

𝑠𝑙𝑙 𝑝, 𝑤
ୱubୱ୲i୲u୲i୭n ୣ୤୤ୣc୲ (−ሻ

=
𝜕𝑥𝑙(𝑝, 𝑤ሻ

𝜕𝑝𝑙
୘୭୲a୪ ୣ୤୤ୣc୲:
− uୱua୪ g୭୭d
+ ୋi୤୤ୣn g୭୭d

+
𝜕𝑥𝑙 𝑝, 𝑤

𝜕𝑤
𝑥𝑙(𝑝, 𝑤ሻ

Inc୭mୣ ୣ୤୤ୣc୲:
+ n୭rma୪ g୭୭d
− in୤ୣri୭r g୭୭d

• Substitution Effect = Total Effect + Income Effect
⇒ Total Effect = Substitution Effect - Income Effect
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usurersrn A 3 meansno

If weak (WARP) .. holds then substitution effect is negative —> Hicksian demand decrease

Giffen: if price increase, demand increases so this derivative increase

SE always non positive





If SE decrease and TE positive mean that IE should be negative and greater than TE. So x(p,w) should 
be > 0 so derivative is negative. Giffen good can only be inferior good by definition. But not only inferior 
good are Giffen. If income increase i call it normal. 






































































































• Reduction in the price of 𝑥1. 
– Iƚ eŶůaƌgeƐ cŽŶƐƵŵeƌ Ɛ͛ Ɛeƚ Žf feaƐŝbůe 

bundles. 
– He can reach an indifference curve 

further away from the origin.

• The Walrasian demand curve indicates 
that a decrease in the price of 𝑥1 leads 
to an increase in the quantity 
demanded.
– This induces a negatively sloped 

Walrasian demand curve (so the good 
ŝƐ ͞ŶŽƌŵaů͟Ϳ͘ 

• The increase in the quantity 
demanded of 𝑥1 as a result of a 
decrease in its price represents the 
total effect (TE). 
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Graphical representation: Slutsky Equation
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Decompose the two effect graphically.





We start from a given budget constraint with price p1. The solution of consumer problem is the 
tangency point between the IC and the budget constraint. We call this point A.  
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• Reduction in the price of 𝑥1.
– Hicksian wealth compensation (i.e., 

͞cŽŶƐƚaŶƚ ƵƚŝůŝƚǇ͟ deŵaŶd cƵƌǀeͿ͍

• TŚe cŽŶƐƵŵeƌ Ɛ͛ ǁeaůƚŚ ůeǀeů ŝƐ adũƵƐƚed 
so that she can still reach her initial utility 
level (i.e., the same indifference curve 𝐼1
as before the price change).
– The Hicksian demand curve reflects that, for 

a given decrease in p1, the consumer slightly 
increases her consumption of good one.

• In summary, a given decrease in 𝑝1
produces: 
– A small increase in the Hicksian demand for 

the good, i.e., from 𝑥10 to 𝑥11. 
– (neglect CCP)
– A substantial increase in the Walrasian 

demand for the product, i.e., from 𝑥10 to 𝑥12.
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Graphical representation: Slutsky Equation
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• A decrease in price of 𝑥1 leads the consumer 
to increase his consumption of this good, ∆𝑥1, 
but:

– The ∆𝑥1 which is solely due to the price effect 
(measured by the Hicksian demand curve) is 
smaller than the ∆𝑥1 measured by the Walrasian 
demand, 𝑥 𝑝, 𝑤 , which also captures wealth 
effects.

Advanced Microeconomic Theory 32

Implications of WARP: Slutsky Equation
































































Relationship between Hicksian and 
Walrasian Demand

• When income effects 
are positive (normal 
goods), then the 
Walrasian demand 
𝑥(𝑝,𝑤ሻ is above the 
Hicksian demand 
ℎ(𝑝, 𝑢ሻ .
– The Hicksian demand 

is steeper than the 
Walrasian demand.
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Relationship between Hicksian and 
Walrasian Demand

• When income effects 
are negative (inferior 
goods), then the 
Walrasian demand 
𝑥(𝑝,𝑤ሻ is below the 
Hicksian demand 
ℎ(𝑝, 𝑢ሻ .
– The Hicksian demand 

is flatter than the 
Walrasian demand.
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Substitution and Income Effects: 
Normal Goods

• Decrease in the price of the 
good in the horizontal axis (i.e., 
food).

• The substitution effect (SE) 
moves in the opposite direction 
as the price change.
– A reduction in the price of 

food implies a positive 
substitution effect. 

• The income effect (IE) is 
positive (thus it reinforces the 
SE).
– The good is normal.
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Substitution and Income Effects: 
Inferior Goods

• Decrease in the price of the 
good in the horizontal axis (i.e., 
food).

• The SE still moves in the 
opposite direction as the price 
change.

• The income effect (IE) is now 
negative (which partially 
offsets the increase in the 
quantity demanded associated 
with the SE). 
– The good is inferior.

• Note: the SE is larger than the 
IE (Law of price still holds)
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Substitution and Income Effects: 
Giffen Goods

• Decrease in the price of the 
good in the horizontal axis (i.e., 
food).

• The SE still moves in the 
opposite direction as the price 
change.

• The income effect (IE) is still 
negative but now completely 
offsets the increase in the 
quantity demanded associated 
with the SE. 
– The good is Giffen good.

• Note: the SE is less in absolute 
value than the IE (Law of price 
does not hold)
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Substitution and Income Effects
(e.g. effects 𝑃𝑙 on 𝑥𝑙)

SE IE TE

Normal Good ↑ ↑ ↑
Inferior Good ↑ ↓ ↑
Giffen Good ↑ ↓ ↓
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• Not Giffen: Demand curve is negatively sloped (as usual)
• Giffen: Demand curve is positively sloped
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Substitution and Income Effects
• Summary:

1) SE is negative (since  ↓ 𝑝1 ⇒ ↑ 𝑥1, they move in opposite directions)
� SE < 0 does not imply ↓ 𝑥1 just implies that the two move in opposite 

directions
2) If good is inferior, IE < 0. Then,

TE = ณSE
− ต
− ณIE

−
+

⇒ if  IE >
< SE , then  TE(+ሻ

TE(−ሻ

For a price decrease ↓ 𝑝1, this implies
TE(+ሻ
TE(−ሻ ⇒ ↓ 𝑥1

↑ 𝑥1
GŝffeŶ gŽŽd

NŽŶоGŝffeŶ gŽŽd

3) Hence,
a) A good can be inferior, but not necessarily be Giffen
b) But all Giffen goods must be inferior.

NB. The signs of SE and IE are opposite if we consider ↓ 𝑝1 or ↑ 𝑝1
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Relationship between the Expenditure 
and Hicksian Demand 

• The relationship between the Hicksian demand and the expenditure 
function 𝜕𝑒 𝑝,𝑢

𝜕𝑝𝑘
= ℎ𝑘 𝑝, 𝑢 can be further developed by computing 

the second derivative. That is,
𝜕2𝑒(𝑝, 𝑢ሻ
𝜕𝑝𝑘𝜕𝑝𝑘

=
𝜕ℎ𝑘(𝑝, 𝑢ሻ

𝜕𝑝𝑘
or

𝐷𝑝2𝑒 𝑝, 𝑢 = 𝐷𝑝ℎ(𝑝, 𝑢ሻ

• Since 𝐷𝑝ℎ(𝑝, 𝑢ሻ provides the Slutsky matrix, 𝑆(𝑝, 𝑤ሻ, then

𝑆 𝑝,𝑤 = 𝐷𝑝2𝑒 𝑝, 𝑢

Thus the Slutsky matrix can be obtained from the observable 
Walrasian demand (rather than from the unobservable Hicksian or 
compensated demand).
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Relationship between Walrasian 
Demand and Indirect Utility Function

• Leƚ Ɛ͛ aƐƐƵŵe ƚŚaƚ 𝑢(ȉሻ is a continuous function, 
representing preferences that satisfy LNS and are strictly 
convex and defined on 𝑋 = ℝ+

𝐿 . Suppose also that 
𝑣(𝑝, 𝑤ሻ is differentiable at any (𝑝, 𝑤ሻ ≫ 0. Then, 

−
𝜕𝑣 𝑝,𝑤
𝜕𝑝𝑘

𝜕𝑣 𝑝,𝑤
𝜕𝑤

= 𝑥𝑘(𝑝, 𝑤ሻ for every good 𝑘

• This is RoǇ͛s identitǇ ;I dŽŶ͛ƚ dŽ ƚŚŝƐ ƉƌŽŽf͕  ŝƐ eǆ͘ Ϯϴ CŚ͘ ϮͿ
• Powerful result, since in many cases it is easier to 

compute the derivatives of 𝑣 𝑝, 𝑤 than solving the UMP 
with the system of FOCs. Hint. Having the indirect utility 
function allows you to derive the Walrasian demand 
functions.
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pursuer is
Warr Sinn
barrows

IUtilty is walrasian demand on maximum.

Roy identity to derive walrasian demand just computation ratio of the two derivative. 
[1.02
















































































































Taking stock: Summary of 
Relationships

• The Walrasian demand, 𝑥 𝑝,𝑤 , is the 
solution of the UMP.
– Its value function is the indirect utility function, 
𝑣 𝑝, 𝑤 .

• The Hicksian demand, ℎ(𝑝, 𝑢ሻ, is the 
solution of the EMP. 
– Its value function is the expenditure function, 
𝑒(𝑝, 𝑢ሻ.
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Summary of Relationships
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x(p,w)

v(p,w) e(p,u)

h(p,u)

The UMP The EMP

(1) (1)
































































Summary of Relationships

• Relationship between the value functions of the 
UMP and the EMP (lower part of figure):
– 𝑒 𝑝, 𝑣 𝑝, 𝑤 = 𝑤, i.e., the minimal expenditure 

needed in order to reach a utility level equal to the 
maximal utility that the individual reaches at her UMP, 
𝑢 = 𝑣 𝑝,𝑤 , must be 𝑤.

– 𝑣 𝑝, 𝑒(𝑝, 𝑢ሻ = 𝑢, i.e., the indirect utility that can be 
reached when the consumer is endowed with a wealth 
level w equal to the minimal expenditure she optimally 
bear in the EMP, i.e., 𝑤 = 𝑒(𝑝, 𝑢ሻ, is exactly 𝑢.

Advanced Microeconomic Theory 45






























































EMP

Uup





In the expenditure prices and utilty in constraint. Since EMP the expenditure function will be function of 
price and utilty.



IUF depends on wealth and price. 

What maximise price p and wealth w. When we give max utilty level in price p and wealth w and by 
definition is w. 

We can do the same with Indirect utilty function. 






























































































Summary of Relationships
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x(p,w)

v(p,w) e(p,u)

h(p,u)

The UMP The EMP

e(p, v(p,w))=w
v(p, e(p,w))=u

(1) (1)

(2)
































































Summary of Relationships
• Relationship between the argmax of the UMP 

(the Walrasian demand) and the argmin of the 
EMP (the Hicksian demand):
– 𝑥 𝑝, 𝑒(𝑝, 𝑢ሻ = ℎ 𝑝, 𝑢 , i.e., the (uncompensated) 

Walrasian demand of a consumer endowed with an 
adjusted wealth level 𝑤 (equal to the expenditure she 
optimally bear in the EMP), 𝑤 = 𝑒 𝑝, 𝑢 , coincides 
with his Hicksian demand, ℎ 𝑝, 𝑢 .

– ℎ 𝑝, 𝑣(𝑝, 𝑤ሻ = 𝑥 𝑝,𝑤 , i.e., the (compensated) 
Hicksian demand of a consumer reaching the 
maximum utility of the UMP, 𝑢 = 𝑣 (𝑝, 𝑤ሻ, coincides 
with his Walrasian demand, 𝑥 𝑝, 𝑤 .
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Summary of Relationships

Advanced Microeconomic Theory 48

x(p,w)

v(p,w) e(p,u)

h(p,u)

The UMP The EMP

e(p, v(p,w))=w
v(p, e(p,w))=u

(1) (1)

(2)

3(a) 3(b)
































































Summary of Relationships
• Finally, we can also use:

– The Slutsky equation: 
𝜕ℎ𝑙(𝑝, 𝑢ሻ
𝜕𝑝𝑘

=
𝜕𝑥𝑙(𝑝, 𝑤ሻ
𝜕𝑝𝑘

+
𝜕𝑥𝑙(𝑝, 𝑤ሻ

𝜕𝑤
𝑥𝑘(𝑝, 𝑤ሻ

to relate the derivatives of the Hicksian and the Walrasian demand.
– Shepard͛s lemma:

𝜕𝑒 𝑝, 𝑢
𝜕𝑝𝑘

= ℎ𝑘 𝑝, 𝑢

to obtain the Hicksian demand from the expenditure function.
– RoǇ͛s identitǇ: 

−

𝜕𝑣 𝑝,𝑤
𝜕𝑝𝑘

𝜕𝑣 𝑝,𝑤
𝜕𝑤

= 𝑥𝑘(𝑝, 𝑤ሻ

to obtain the Walrasian demand from the indirect utility function.
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Summary of Relationships
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x(p,w)

v(p,w) e(p,u)

h(p,u)

The UMP The EMP

e(p, v(p,w))=w
v(p, e(p,w))=u

(1) (1)

(2)

3(a) 3(b)

4(a) Slutsky equation
(Using derivatives)
































































Summary of Relationships
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x(p,w)

v(p,w) e(p,u)

h(p,u)

The UMP The EMP

e(p, v(p,w))=w
v(p, e(p,w))=u

(1) (1)

(2)

3(a) 3(b)

4(a) Slutsky equation
(Using derivatives)

4(b) 
Roy’s 

Identity 4(c)
































































Take away
• It is time to study hard guys!!!

• To defuse Micro:

A physicist, a chemist and an economist are stranded on 
an island, with nothing to eat. A can of soup washes 
ashore.
The physicist says, "Lets smash the can open with a rock."
The chemist says, "Lets build a fire and heat the can first."
The economist says, "Lets assume that we have a can-
opener..."
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Advanced Microeconomic 
Theory

Chapter 3: Welfare evaluation
































































Outline

• Welfare evaluation
– Compensating variation
– Equivalent variation

• Quasilinear preferences
• Slutsky equation revisited
• Income and substitution effects in labor 

markets
• Gross and net substitutability
• Aggregate demand
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Measuring the Welfare Effects of 
a Price Change
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Measuring the Welfare Effects of a 
Price Change

• How can we measure the welfare effects of:
– a price decrease/increase
– the introduction of a tax/subsidy

• WhǇ noƚ Ƶse ƚhe difference in ƚhe indiǀidƵal s͛ 
utility level, i.e., from ݑ଴ to ݑଵ?
– Two problems:

1) Within a subject criticism: Only ranking matters 
(ordinality), not the difference;

2) Between a subject criticism: Utility measures would not be 
comparable among different individuals.

• Instead, we will pursue monetary evaluations of 
such price/tax changes. 
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How to evaluate the welfare with different level of utilty? In reality different guys have different utilty 
function. 



2) utility may be different between individuals.



We use money to evaluate welfare
































































































Measuring the Welfare Effects of a 
Price Change

• Consider a price 
decrease from ݌ଵ଴ to 
.ଵଵ݌

• We cannot compare 
଴ݑ to ݑଵ.

• Instead, we will find a 
money-metric
measure of the 
consƵmer s͛ ǁelfare 
change due to the 
price change.
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Measuring the Welfare Effects of a 
Price Change

• Compensating Variation (CV):
– How much money a consumer would be willing to 

give up after a reduction in prices to be just as 
well off as before the price decrease (After-Before, 
AB)

• Equivalent Variation (EV): 
– How much money a consumer would need before

a reduction in prices to be just as well off as after
the price decrease (Before-After, BA)

Advanced Microeconomic Theory 6






























































Ssw Uticity went r

j

How much money i will have 
to transfer to the consumer 
after a price change(decrease 
or increase) to be as well off 
as before the price change

















Hoping with Lower price is better than with higher prices. This means that after price decrease we have 
higher utility level. After price change utility level was lower. 

To let the guy reach the same utility level before the price decrease the guy should have more or less 
income? We have to reduce the income. 



If we consider a increase in price is the opposite. Willing to give up is only fro reduction in price. 
Transfer can be positive or negative. Positive mean increasing income, negative decreasing income.


















































































We could use Hicksian demand or expenditure function 



Measuring the Welfare Effects of a 
Price Change

• Two approaches:
1) Using expenditure function
2) Using the Hicksian demand
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CV using Expenditure Function

• 𝐶𝑉ሺ݌଴, ,ଵ݌ ሻݓ using 𝑒ሺ݌, :ሻݑ
𝐶𝑉 ,଴݌ ,ଵ݌ ݓ ൌ 𝑒 ,ଵ݌ ଵݑ െ 𝑒 ,ଵ݌ ଴ݑ

• The amount of money the consumer is willing 
to give up after the price decrease (after price 
level is ݌ଵ and her utility level has improved to 
ଵ) to be just as well off as beforeݑ the price 
decrease (reaching utility level ݑ଴).
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CV is new price and new unity level - new price and old utilty level.

The vector of prices goes from p0 to p1, so wealth remain the same. So BC remain the same.



CV using Expenditure Function
1) When 𝐵௣బ,௪ ݔ , ,଴݌ ݓ
2) ଵ݌ߘ and ݔ ݓ,ଵ݌ under 

𝐵௣భ,௪
3) Adjust final wealth (after

the price change) to make 
the consumer as well off 
as before the price change 

4) Difference in expenditure:
𝐶𝑉 ,଴݌ ,ଵ݌ ݓ =

𝑒 ,ଵ݌ ଵݑ
ୟ୲ ஻೛భ,ೢ

െ 𝑒 ,ଵ݌ ଴ݑ
ୢୟୱ୦ୣୢ ୪୧୬ୣ

This is Hicksian wealth 
compensation!
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EV using Expenditure Function

• 𝐸𝑉ሺ݌଴, ,ଵ݌ ሻݓ using 𝑒ሺ݌, :ሻݑ

𝐸𝑉 ,଴݌ ,ଵ݌ ݓ ൌ 𝑒 ,଴݌ ଵݑ െ 𝑒 ,଴݌ ଴ݑ

• The amount of money the consumer needs to 
receive before the price decrease (at the initial 
price level ݌଴ when her utility level is still ݑ଴) 
to be just as well off as after the price 
decrease (reaching utility level ݑଵ).
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EV using Expenditure Function
1) When 𝐵௣బ,௪ ݔ , ,଴݌ ݓ
2) ଵ݌ߘ and ݔ ݓ,ଵ݌ under 

𝐵௣భ,௪
3) Adjust initial wealth 

(before the price change) 
to make the consumer as 
well off as after the price 
change 

4) Difference in expenditure:
𝐸𝑉 ,଴݌ ,ଵ݌ ݓ =

𝑒 ,଴݌ ଵݑ
ୢୟୱ୦ୣୢ ୪୧୬ୣ

െ 𝑒 ,଴݌ ଴ݑ
ୟ୲ ஻೛బ,ೢ
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CV using Hicksian Demand
• From the previous definitions we know that, if ݌ଵଵ ൏ ଵ଴݌ and 
௞ଵ݌ ൌ ௞଴݌ for all 𝑘 ് 1, then

𝐶𝑉 ,଴݌ ,ଵ݌ ݓ ൌ 𝑒 ,ଵ݌ ଵݑ െ 𝑒 ,ଵ݌ ଴ݑ
ൌ ݓ െ 𝑒 ,ଵ݌ ଴ݑ
(since 𝑒 ,ଵ݌ ଵݑ = 𝑒 ,଴݌ ଴ݑ =w)
ൌ 𝑒 ,଴݌ ଴ݑ െ 𝑒 ,ଵ݌ ଴ݑ (*)

ൌ ௣భభ׬
௣భబ డ௘ሺ௣భ, ҧ௣షభ,௨బሻ

డ௣భ
𝑑݌ଵ (**)

(since (**) is the solution of (*))

ൌ න
௣భభ

௣భబ

ℎଵሺ݌ଵ, ҧି݌ଵ, ଴ሻݑ 𝑑݌ଵ
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CV using Hicksian Demand
• The case is:

– Normal good
– Price decrease

• Graphically, CV is 
represented by the area to 
the left of the Hicksian 
demand curve for good 1 
associated with utility level 
 ଴, and lying betweenݑ
prices ݌ଵଵ and ݌ଵ଴.

• The welfare gain is 
represented by the shaded 
region.
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EV using Hicksian Demand
• From the previous definitions we know that, if ݌ଵଵ ൏ ଵ଴݌

and ݌௞ଵ ൌ ௞଴݌ for all 𝑘 ് 1, then

𝐸𝑉 ,଴݌ ,ଵ݌ ݓ ൌ 𝑒 ,଴݌ ଵݑ െ 𝑒 ,଴݌ ଴ݑ
ൌ 𝑒 ,଴݌ ଵݑ െ ݓ
ൌ 𝑒 ,଴݌ ଵݑ െ 𝑒 ,ଵ݌ ଵݑ

ൌ න
௣భభ

௣భబ ߲𝑒ሺ݌ଵ, ҧି݌ଵ, ଵሻݑ
ଵ݌߲

𝑑݌ଵ

ൌ න
௣భభ

௣భబ

ℎଵሺ݌ଵ, ҧି݌ଵ, ଵሻݑ 𝑑݌ଵ
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EV using Hicksian Demand
• The case is:

– Normal good
– Price decrease

• Graphically, EV is 
represented by the area to 
the left of the Hicksian 
demand curve for good 1 
associated with utility level 
 ଵ, and lying betweenݑ
prices ݌ଵଵ and ݌ଵ଴.

• The welfare gain is 
represented by the shaded 
region.

Advanced Microeconomic Theory 15
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What about a price increase?

• The Hicksian demand associated with initial 
utility level ݑ଴ (before the price increase, or 
before the introduction of a tax) experiences 
an inward shift when the price increases, or 
when the tax is introduced, since the 
consƵmer s͛ ƵƚiliƚǇ leǀel is noǁ ݑଵ, where ݑ଴ ൐
,ଵ.  Henceݑ

ℎଵ ,ଵ݌ ҧି݌ଵ, ଴ݑ ൐ ℎଵሺ݌ଵ, ҧି݌ଵ, ଵሻݑ

Advanced Microeconomic Theory 16



What about a price increase?
• The definitions of CV and EV would now be:

– CV:  the amount of money that a consumer would 
need after a price increase to be as well off as before
the price increase.

– EV: the amount of money that a consumer would be 
willing to give up before a price increase to be as well 
off as after the price increase.

• Graphically, it looks like the CV and EV areas have 
been reversed:
– CV is associated to the area below ℎଵ ,ଵ݌ ҧି݌ଵ, ଴ݑ as 

usual
– EV is associated with the area below ℎଵ ,ଵ݌ ҧି݌ଵ, ଵݑ .

Advanced Microeconomic Theory 17



What about a price increase?

• CV is always associated 
with ℎଵ ,ଵ݌ ҧି݌ଵ, ଴ݑ

• 𝐶𝑉 ,଴݌ ,ଵ݌ ݓ ൌ

௣భబ׬
௣భభ ℎଵሺ݌ଵ, ҧି݌ଵ, ଴ሻݑ 𝑑݌ଵ
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What about a price increase?

• EV is always associated 
with ℎଵ ,ଵ݌ ҧି݌ଵ, ଵݑ

• 𝐸𝑉 ,଴݌ ,ଵ݌ ݓ ൌ

௣భబ׬
௣భభ ℎଵሺ݌ଵ, ҧି݌ଵ, ଵሻݑ 𝑑݌ଵ

Advanced Microeconomic Theory 19
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Introduction of a Tax

• The introduction of a tax can be analyzed as a 
price increase.

• The main difference: we are interested in the area 
of CV and EV that is not related to tax revenue.

• Tax revenue is:

𝑇 ൌ ଵ଴݌ ൅ ݐ െ ଵ଴݌ ȉ
௧

ℎሺ݌ଵ, ҧି݌ଵ, ଴ሻݑ (using CV)

𝑇 ൌ ଵ଴݌ ൅ ݐ െ ଵ଴݌ ȉ
௧

ℎሺ݌ଵ, ҧି݌ଵ, ଵሻݑ (using EV)

Advanced Microeconomic Theory 20
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Introduction of a Tax
• CV is measured by the large 

shaded area to the left of  
ℎ ,ଵ݌ ҧି݌ଵ, ଴ݑ :
𝐶𝑉 ,଴݌ ,ଵ݌ ݓ

ൌ න
௣భబ

௣భబା௧
ℎଵሺ݌ଵ, ҧି݌ଵ, ଴ሻݑ 𝑑݌ଵ

• Welfare loss (DWL) is the 
area of the CV not 
transferred to the 
government via tax 
revenue:

𝐷𝑊𝐿 ൌ 𝐶𝑉 െ 𝑇

Advanced Microeconomic Theory 21

x1

0
1p

0
1 1 1( , , )h p p u�

p1

DWL

0
1p t+

CV

Domus Aaron Drew cnn.nua

Tax revenue
Tak Wonsan Downs



Introduction of a Tax
• EV is measured by the large 

shaded area to the left of  
ℎ ,ଵ݌ ҧି݌ଵ, ଵݑ :
𝐸𝑉 ,଴݌ ,ଵ݌ ݓ

ൌ න
௣భబ

௣భబା௧
ℎଵሺ݌ଵ, ҧି݌ଵ, ଵሻݑ 𝑑݌ଵ

• Welfare loss (DWL) is the 
area of the EV not 
transferred to the 
government via tax 
revenue:

𝐷𝑊𝐿 ൌ 𝐸𝑉 െ 𝑇
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Why not use the Walrasian demand?

• Walrasian demand is easier to observe, so we could 
Ƶse ƚhe ǀariaƚion in consƵmer s͛ sƵrplƵs as an 
approximation of welfare changes. 

• This is only valid when income effects are zero:
– Recall that the Walrasian demand measures both income 

and substitution effects resulting from a price change, 
while

– The Hicksian demand measures only substitution effects 
from such a price change.

• Hence, there will be a difference between CV and 
Consumer Surplus (CS), and between EV and CS (area 
under the Walrasian demand, between prices).
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Why not use the Walrasian demand?

• Normal goods (i.e. W-demand flatter than H-demand) 
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Why not use the Walrasian demand?

• Inferior goods: (i.e. H-demand flatter than W-demand) 
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Why not use the Walrasian demand?

• For normal goods:
– Price decrease: 𝐶𝑉 ൏ 𝐶𝑆 ൏ 𝐸𝑉
– Price increase: 𝐶𝑉 ൐ 𝐶𝑆 ൐ 𝐸𝑉

• For inferior goods we find the opposite ranking:
– Price decrease: 𝐶𝑉 ൐ 𝐶𝑆 ൐ 𝐸𝑉
– Price increase: 𝐶𝑉 ൏ 𝐶𝑆 ൏ 𝐸𝑉

• NOTE: consumer surplus is also referred to as the 
area variation (AV).
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When can we use the Walrasian 
demand?

• When the price change is 
small (using AV):

– 𝐶𝑉 ൌ 𝐴 ൅ 𝐵 ൅ 𝐶 ൅ 𝐷 ൅ 𝐸

– 𝐶𝑆 ൌ 𝐴 ൅ 𝐵 ൅ 𝐸

– Measurement error from 
using CS (or AV) is  𝐶 ൅ 𝐷
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Area under demand



When can we use the Walrasian 
demand?

• The measurement difference between CV (and 
EV) and CS, 𝐶 ൅ 𝐷, is relatively small:
1) When income effects are small:
– Graphically, 𝑥ሺ𝑝, 𝑤ሻ and ℎሺ𝑝, 𝑢ሻ almost coincide.
– The welfare change using the CV and EV coincide too.

2) When the price change is very small:
– The error involved in using AV, i.e., areas 𝐶 ൅ 𝐷, as a 

fraction of the true welfare change, becomes small. 
That is,

lim
ሺ௣భభି௣భబሻ→0

𝐶 ൅ 𝐷
𝐶𝑉

ൌ 0
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When can we use the Walrasian 
demand?

• However, if we measure the approximation 
error by ஼ା஽

஽ௐ
, where 𝐷𝑊 ൌ 𝐷 ൅ 𝐸, then 

lim
ሺ௣భభି௣భ

బሻ→0

𝐶 ൅ 𝐷
𝐷𝑊

does not necessarily converge to zero.
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Application of IE and SE
• From the Slutsky equation, we know

𝜕ℎଵሺ𝑝, 𝑢ሻ
𝜕𝑝ଵ

ൌ
𝜕𝑥ଵሺ𝑝, 𝑤ሻ

𝜕𝑝ଵ
൅
𝜕𝑥ଵሺ𝑝, 𝑤ሻ

𝜕𝑤 𝑥ଵሺ𝑝, 𝑤ሻ

• Multiplying both terms by ௣భ
௫భ

,
𝜕ℎଵሺ𝑝, 𝑢ሻ

𝜕𝑝ଵ
𝑝ଵ
𝑥ଵ

ൌ
𝜕𝑥ଵሺ𝑝, 𝑤ሻ

𝜕𝑝ଵ
𝑝ଵ
𝑥ଵ

൅
𝜕𝑥ଵሺ𝑝, 𝑤ሻ

𝜕𝑤 𝑥ଵሺ𝑝, 𝑤ሻ
𝑝ଵ
𝑥ଵ

And multiplying all terms by ௪
௪
ൌ 1,

𝜕ℎଵሺ𝑝, 𝑢ሻ
𝜕𝑝ଵ

𝑝ଵ
𝑥ଵ

ୗ୳ୠୱ୲୧୲୳୲୧୭୬ ୔୰୧ୡୣ
ୣ୪ୟୱ୲୧ୡ୧୲୷ ୭୤ ୢୣ୫ୟ୬ୢ

෤ఌ೛,ೂ

ൌ
𝜕𝑥ଵሺ𝑝, 𝑤ሻ

𝜕𝑝ଵ
𝑝ଵ
𝑥ଵ

୔୰୧ୡୣ ୣ୪ୟୱ୲୧ୡ୧୲୷
୭୤ ୢୣ୫ୟ୬ୢ

ఌ೛,ೂ

൅
𝜕𝑥ଵሺ𝑝, 𝑤ሻ

𝜕𝑤 𝑥ଵሺ𝑝, 𝑤ሻ
𝑝ଵ
𝑥ଵ
𝑤
𝑤

?
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Elasticity of walrasian demand with respect to 
price







Elasticity is the percentage change of a variable divided by the percentage in a second variable.













To get elasticity we moltiply both side by the same ratio (p1/x1) 

Also then multiply by w/w for the last term ( w/w which is 1) but convenient.
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For elasticity 
then, we can 
write this in this 
way



Application of IE and SE
• Rearranging the last term, we have

𝜕𝑥ଵ 𝑝,𝑤
𝜕𝑤

𝑥ଵ 𝑝,𝑤
𝑝ଵ
𝑥ଵ
𝑤
𝑤

ൌ
𝜕𝑥ଵ 𝑝,𝑤

𝜕𝑤
𝑤
𝑥ଵ

୍୬ୡ୭୫ୣ ୣ୪ୟୱ୲୧ୡ୧୲୷
୭୤ ୢୣ୫ୟ୬ୢ

ఌೢ,ೂ

ȉ
𝑝ଵ𝑥ଵ 𝑝,𝑤

𝑤
ୗ୦ୟ୰ୣ ୭୤ ୠ୳ୢ୥ୣ୲
ୱ୮ୣ୬୲ ୭୬ ୥୭୭ୢ ଵ, ఏ

• We can then rewrite the Slutsky equation in terms of 
elasticities as follows

ǁ𝜀௣,ொ ൌ 𝜀௣,ொ ൅ 𝜀௪,ொ ȉ 𝜃
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If income very close to 0 then SE = TE. So if eps is 0 no income effect or if income effect is very small. 
So this one case we can use walrasian demand instead of Hicksian demand to do welfare analysis. 

Also if share of budget spent on good 1 is closer to 0




































































































Application of IE and SE
• Example: consider a good like housing, with 𝜃 ൌ 0.4, 
𝜀௪,ொ ൌ 1.38, and 𝜀௣,ொ ൌ െ0.6.

• Therefore,
ǁ𝜀௣,ொ ൌ 𝜀௣,ொ ൅ 𝜀௪,ொ ȉ 𝜃 ൌ െ0.6 ൅ 1.38 ȉ 0.4 ൌ െ0.05

• If price of housing rises by 10%, and consumers do not 
receive a wealth compensation to maintain their welfare 
unchanged, consumers reduce their consumption of 
housing by 6%.

• However, if consumers receive a wealth compensation, the 
housing consumption will only fall by 0.5%.
– Intuition: Housing is such an important share of my monthly 

expenses, that higher prices lead me to significantly reduce my 
consumption (if not compensated), but to just slightly do so (if 
compensated).

Advanced Microeconomic Theory 34






























































t
Much smaller than walrasian demand! 
(1.38)







Share on the budget is not small in housing. In this example testa is 0.4 so 40% of IE. So this term is 
not close to 0. We can use walrasian demand instead of Hicksian demand to have some infos about 
elasticity of housing with respect to income. 



What does elasticity of 1.38 means?

You cannot by a piece of house so we can measure it with square feet. So 1.38 if your income increase 
by 1% the demand for housing increase 1.38% so demand increase more than demand in proportion. 



This means that elasticity is not small at all. So we can predict and we expect and increase of 10% in 
prices. So when we only consider substitution effect and walrasian demand (uncompensated demand). 
In this case we already have the estimati which is -0.6. So if price increase 1% the demand for housing  
decrease for 0.6%. 



We can compute compensated demand in price change. 

First of all we get the substitution elasticity that we can get from the parameter.












































































Application of IE and SE
• Other useful lessons from the previous 

expression
ǁ𝜀௣,ொ ൌ 𝜀௣,ொ ൅ 𝜀௪,ொ ȉ 𝜃

• Price-elasticities very close ǁ𝜀௣,ொ ≃ 𝜀௣,ொ if
– Share of budget spent on this particular good, 𝜃, is 

very small (Example: garlic).
– The income-elasticity is really small (Example: pizza).

• Advantages if ǁ𝜀௣,ொ ≃ 𝜀௣,ொ:
– The Walrasian and Hicksian demand are very close to 

each other. Hence, 𝐶𝑉 ≃ 𝐸𝑉 ≃ 𝐶𝑆.
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Application of IE and SE
• YŽƵ caŶ ƌead ƐŽŵeƚŝŵeƐ ͞ŝŶ ƚŚŝƐ ƐƚƵdǇ ǁe ƵƐe ƚŚe 

change in CS to measure welfare changes due to 
a price increase given that income effects are 
ŶeŐůŝŐŝbůe͟
– What the authors are referring to is: 

� Share of budget spent on the good is relatively small and/or
� The income-elasticity of the good is small

• Remember that our results are not only 
applicable to price changes, but also to changes 
in the sales taxes. 

• For which preference relations a price change 
induces no income effect? Quasilinear.
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Application of IE and SE
• In 1981 the US negotiated voluntary automobile 

export restrictions with the Japanese 
government.

• Clifford Winston (1987) studied the effects of 
these export restrictions:
– Car prices: 𝑝௃௔௣ was 20% higher with restrictions that 

without. 𝑝௎ௌ was 8% higher with restrictions than 
without.

– What is the effect of these higher prices on 
cŽŶƐƵŵeƌ Ɛ͛ ǁeůfaƌe͍

– Would you use CS? Probably not, since both 𝜃 and 
𝜀௪,ொ are relatively high. 
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Imaging import tax. So what happen to the consumer? The demand decreases since the prices 
increases and we are going to replace with internally goods.

On average we tend to replace internal good instead of abroad good but prices will increase.



We can evaluate in advance to evaluate the introduction of import tax. 
































































































Application of IE and SE
• Winston did not use CS. Instead, he focused on the CV. 

He found that CV = -$14 billion.
– Intuition: The wealth compensation that domestic car 

owners would need after the price change (after setting 
the export restrictions) in order to be as well off as they 
were before the price change is $14 billion.

• This implies that, considering that in 1987 there were 
179 million car owners in the US, the wealth 
compensation per car owner should have been 
$14,000/$179 = $78.

• Of course, this is an underestimation, since we should 
divide over the new number of car owners (lower) 
during the period of export restriction was active (not 
the number of all current car owners).
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Application of IE and SE

• Jerry Hausmann (MIT) measures the welfare 
gain consumers obtain from the price 
decrease they experience after a Walmart 
store locates in their locality/country.

• He used CV. Why? Low-income families spend 
a non-negligible part of their budget in Wal-
Mart.

• Result: welfare improvement of 3.75%.
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Advanced Microeconomic 
Theory

Chapter 3: Gross and net 
complements and substitutes, and 

substitutability across goods
































































Outline

• Welfare evaluation
– Compensating variation
– Equivalent variation

• Quasilinear preferences
• Slutsky equation revisited
• Income and substitution effects in labor 

markets
• Gross and net substitutability
• Aggregate demand

Advanced Microeconomic Theory 2
































































Gross/Net Complements and 
Gross/Net Substitutes
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Perfect substitute we are looking for the crossite



Demand Relationships among Goods

• So far, we were focusing on the SE and IE of 
varying the price of good 𝑘 on the demand for 
good 𝑘.

• Now, we analyze the SE and IE of varying the 
price of good 𝑘 on the demand for other good 𝑗.
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Demand Relationships among Goods

• For simplicity, let us start our analysis with the 
two-good case. 
– This will help us graphically illustrate the main 

intuitions.

• Later on we generalize our analysis to 𝑁 ൐ 2
goods.
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Demand Relationships among Goods: 
The Two-Good Case

• When the price of 𝑦
falls, the substitution 
effect may be so small
that the consumer 
purchases more 𝑥 and 
more 𝑦.
– In this case, we call 
𝑥 and 𝑦 gross 
complements.

߲𝑥
߲𝑝௬

൏ 0
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NEGATIVE
DERIVATIVE

If y increase BC shift up or 
down. So there is a rotation 
of the budget constraint. This 
is a case a price decrease of 
good y.  












C is the new walrasian demand and account for total effect. Moving A to C. The price of Py decrease 
and quantity of x increase so TE is positive. What about demand for y? Increases. Demand of both 
increase due to decrease in price of y. 



Are the two good complement or substitute?

So see the walrasian or Hicksian? WALRASIAN and they are complements. If der negative they are 
moving in opposite direction: if py decrease the demand for x increases. 



From A to B demand for X decrease, but demand of y increases. So this is the SE for good y. 

From B to C we can find income effect: are the two good normal or inferior? Demand for X increase so 
x is normal. Demand for Y increase so also Y is normal. 


















































































Demand Relationships among Goods: 
The Two-Good Case

• When the price of 𝑦
falls, the substitution 
effect may be so large
that the consumer 
purchases less 𝑥 and 
more 𝑦.
– In this case, we call 
𝑥 and 𝑦 gross 
substitutes.

߲𝑥
߲𝑝௬

൐ 0
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Demand Relationships among Goods: 
The Two-Good Case

• A mathematical treatment
– The change in 𝑥 caused by changes in 𝑝௬ can be 

shown by a Slutsky-type equation:
߲𝑥
߲𝑝௬

ൌ
ต
߲ℎ௫
߲𝑝௬
ௌா ሺାሻ

െ ถ𝑦
߲𝑥
߲𝑤
ூா:

ି ୧୤ ௫ ୧ୱ ୬୭୰୫ୟ୪
ା ୧୤ ௫ ୧ୱ ୧୬୤ୣ୰୧୭୰

େ୭୫ୠ୧୬ୣୢ ୣ୤୤ୣୡ୲ ሺୟ୫ୠ୧୥୳୭୳ୱሻ

𝑆𝐸 ൐ 0 is not a typo: ∆𝑝௬ induces the consumer to 
buy more of good 𝑥, if his utility level is kept constant. 
Graphically, we are moving along the same 
indifference curve. 
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Demand Relationships among Goods: 
The Two-Good Case

• Or, in elasticity terms
,௫ߝ ௣೤ ൌ ถǁߝ௫, ௣೤

ௌா ሺାሻ

െ ,௫ߝ௬ߠ ௪
ூா:

ି ୧୤ ௫ ୧ୱ ୬୭୰୫ୟ୪
ା ୧୤ ௫ ୧ୱ ୧୬୤ୣ୰୧୭୰

where ߠ௬ denotes the share of income spent 
on good 𝑦. The combined effect of ∆𝑝௬ on 
the observable Walrasian demand, 𝑥ሺ𝑝, 𝑤ሻ, is 
ambiguous.
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Demand Relationships among Goods: 
The Two-Good Case

• Example͗ Let s͛ show the SE and IE across 
different goods for a Cobb-Douglas utility 
function 𝑢 𝑥, 𝑦 ൌ 𝑥଴.ହ𝑦଴.ହ.

– The Walrasian demand for good 𝑥 is 

𝑥 𝑝, 𝑤 ൌ
1
2
𝑤
𝑝௫

– The Hicksian demand for good 𝑥 is 

ℎ௫ 𝑝, 𝑢 ൌ
𝑝௬
𝑝௫

⋅ 𝑢
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Is X gross complement or substitute with respect to y?

What we have to do?

WE CAN USE DERIVATIVE OF x with respect to Py





By looking at the walrasian demand the consumption of x and y is independent.

Let’s see the income and the substitution effect for these cobb Douglas. 



If we look at the Hicksian demand: What would you conclude between the relationship between X or Y 
(are they net complement or substitutes?)

The derivative here is



















Effect Walrasian demand is 0

What about income effect? Is the same as the substitution effect since TE = 0 of increasing Py. So IE = 
SE and opposite. 

So the effect on walrasian demand is 0 and we can prove this if we compute the SE of the derivative 
here (sopra).
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Demand Relationships among Goods: 
The Two-Good Case

• Example (continued):
– First, not that differentiating 𝑥 𝑝, 𝑤 with respect to 
𝑝௬, we obtain

߲𝑥 𝑝, 𝑤
߲𝑝௬

ൌ 0

i.e., variations in the price of good 𝑦 do not affect 
consumer s͛ Walrasian demand͘

– But,
߲ℎ௫ 𝑝, 𝑢
߲𝑝௬

ൌ
1
2

𝑢
𝑝௫𝑝௬

് 0

– How can these two (seemingly contradictory) results 
arise?
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Demand Relationships among Goods: 
The Two-Good Case

• Example (continued):
– Answer: the SE and IE completely offset each other.
– Substitution Effect: Given

డ௛ೣ ௣,௨
డ௣೤

ൌ ଵ
ଶ

௨
௣ೣ௣೤

,

plug Walrasian demands for x and y in u(x,y) to get the 
indirect utility function 𝑢 ൌ ଵ

ଶ
௪
௣ೣ௣೤

, and replace it in 
the expression above to obtain a SE of ଵ

ସ
௪

௣ೣ௣೤
.

– Income Effect: 

െ𝑦
߲𝑥
߲𝑤

ൌ െ
1
2
𝑤
𝑝௬

1
2
1
𝑝௫

ൌ െ
1
4

𝑤
𝑝௫𝑝௬
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Demand Relationships among Goods: 
The Two-Good Case

• Example (continued):
– Therefore, the total effect is 

߲𝑥 𝑝, 𝑤
߲𝑝௬

்ா

ൌ
ฐ߲ℎ௫
߲𝑝௬

ௌா

െ
ฑ
𝑦
߲𝑥
߲𝑤

ூா

ൌ
1
4

𝑤
𝑝௫𝑝௬

െ
1
4

𝑤
𝑝௫𝑝௬

ൌ 0

– Intuitively, this implies that the substitution and 
income effect completely offset each other.
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Demand Relationships among Goods: 
The Two-Good Case

• Common mistake:
– ͞ డ௫ ௣,௪

డ௣೤
ൌ 0 means that good 𝑥 and 𝑦 cannot be 

substituted in consumption. That is, they must be 
consumed in fixed proportions (perfect complents). 
Hence͕ this consumer s͛ utilitǇ function is a Leontief 
tǇpe͘ ͟

• No! We just showed that
߲𝑥 𝑝,𝑤
߲𝑝௬

ൌ 0 ฺ
߲ℎ௫
߲𝑝௬

ൌ 𝑦
߲𝑥
߲𝑤

i.e., the SE and IE completely offset each other.
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Demand Relationships among Goods: 
The N-Good Case

• We can, hence, generalize the Slutsky 
equation to the case of 𝑁 ൐ 2 goods as 
follows:

߲𝑥௜
߲𝑝௝

ൌ
߲ℎ௜
߲𝑝௝

െ 𝑥௝
߲𝑥௜
߲𝑤

for any 𝑖 and 𝑗.

• The change in the price of good 𝑗 induces IE 
and SE on good 𝑖. 
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Asymmetry of the Gross Substitute 
and Complement

• Two goods are substitutes if one good may 
replace the other in use.
– Example:  tea and coffee, butter and margarine

• Two goods are complements if they are used 
together.
– Example: coffee and cream, fish and chips.

• The concepts of gross substitutes and 
complements include both SE and IE.
– Two goods are gross substitutes if  డ௫೔

డ௣ೕ
൐ 0.

– Two goods are gross complements if  డ௫೔
డ௣ೕ

൏ 0.
Advanced Microeconomic Theory 16
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Asymmetry of the Gross Substitute 
and Complement

• The definitions of gross substitutes and 
complements are not necessarily symmetric.
– It is possible for 𝑥ଵ to be a substitute for 𝑥ଶ and at 

the same time for 𝑥ଶ to be a complement of 𝑥ଵ.

• Let us see this potential asymmetry with an 
example.

Advanced Microeconomic Theory 17
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Asymmetry of the Gross Substitute 
and Complement

• Suppose that the utility function for two goods is given by
𝑈 𝑥, 𝑦 ൌ ln 𝑥 ൅ 𝑦

• The Lagrangian of the UMP is
𝐿 ൌ ln 𝑥 ൅ 𝑦 ൅ ሺ𝑤ߣ െ 𝑝௫𝑥 െ 𝑝௬𝑦ሻ

• The first order conditions are
߲𝐿
߲𝑥

ൌ
1
𝑥
െ 𝑝௫ߣ ൌ 0

߲𝐿
߲𝑦

ൌ 𝑦 െ 𝑝௬ߣ ൌ 0

߲𝐿
ߣ߲

ൌ 𝑤 െ 𝑝௫𝑥 െ 𝑝௬𝑦 ൌ 0

Advanced Microeconomic Theory 18
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Asymmetry of the Gross Substitute 
and Complement

• Manipulating the first two equations, we get
1
𝑝௫𝑥

ൌ
1
𝑝௬

ฺ 𝑝௫𝑥 ൌ 𝑝௬

• Inserting this into the budget constraint, we 
can find the Marshallian demand for 𝑦

ต𝑝௫𝑥
௣೤

൅ 𝑝௬𝑦 ൌ 𝑤 ฺ 𝑝௬𝑦 ൌ 𝑤 െ 𝑝௬ ฺ

𝑦 ൌ
𝑤 െ 𝑝௬
𝑝௬
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Asymmetry of the Gross Substitute 
and Complement

• An increase in 𝑝௬ causes a decline in spending on 
𝑦
– Since 𝑝௫ and 𝑤 are unchanged, spending on 𝑥 must 

rise డ௫
డ௣೤

൐ 0 . 
� Hence, 𝑥 and 𝑦 are gross substitutes. 

– But spending on 𝑦 is independent of 𝑝௫
డ௬
డ௣ೣ

ൌ 0 . 
� Thus, 𝑥 and 𝑦 are neither gross substitutes nor gross 

complements. 
– This shows the asymmetry of gross substitute and 

complement definitions.
� While good 𝑦 is a gross substitute of 𝑥, good 𝑥 is neither a 

gross substitute or complement of 𝑦.
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Asymmetry of the Gross Substitute 
and Complement

• Depending on how we check for gross 
substitutability or complementarities between 
two goods, there is potential to obtain 
different results. 

• Can we use an alternative approach to check if 
two goods are complements or substitutes in 
consumption?
– Yes. We next present such approach.
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Net Substitutes and Net Complements

• The concepts of net substitutes and 
complements focus solely on SE. 
– Two goods are net (or Hicksian) substitutes if

߲ℎ௜
߲𝑝௝

൐ 0

– Two goods are net (or Hicksian) complements if
߲ℎ௜
߲𝑝௝

൏ 0

where ℎ௜ሺ𝑝௜, 𝑝௝, 𝑢ሻ is the Hicksian demand of good 𝑖.

Advanced Microeconomic Theory 22



Net Substitutes and Net Complements

• This definition looks only at the shape of the 
indifference curve.

• This definition is unambiguous because the 
definitions are perfectly symmetric

߲ℎ௜
߲𝑝௝

ൌ
߲ℎ௝
߲𝑝௜

– This implies that every element above the main 
diagonal in the Slutsky matrix is symmetric with 
respect to the corresponding element below the main 
diagonal.
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Net Substitutes and Net Complements
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Net Substitutes and Net Complements

• Proof: 
– Recall that, from Shephard s͛ lemma, ℎ௞ሺ𝑝, 𝑢ሻ ൌడ௘ሺ௣,௨ሻ

డ௣ೖ
.  Hence, 

߲ℎ௞ሺ𝑝, 𝑢ሻ
߲𝑝௝

ൌ
߲ଶ𝑒ሺ𝑝, 𝑢ሻ
߲𝑝௞߲𝑝௝

– Using Young s͛ theorem͕ we obtain
߲ଶ𝑒ሺ𝑝, 𝑢ሻ
߲𝑝௞߲𝑝௝

ൌ
߲ଶ𝑒ሺ𝑝, 𝑢ሻ
߲𝑝௝߲𝑝௞

which implies
߲ℎ௞ሺ𝑝, 𝑢ሻ

߲𝑝௝
ൌ
߲ℎ௝ሺ𝑝, 𝑢ሻ
߲𝑝௞

Advanced Microeconomic Theory 25



Net Substitutes and Net Complements

• Even though 𝑥 and 𝑦
are gross 
complements, they are 
net substitutes.

• Since MRS is 
diminishing, the own-
price SE must be 
negative ሺ𝑆𝐸 ൏ 0ሻ so 
the cross-price SE must 
be positive ሺ𝑇𝐸 ൐ 0ሻ .
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A Note on the Euler s͛ Theorem 

• We say that a function 𝑓ሺ𝑥ଵ, 𝑥ଶሻ is homogeneous 
of degree 𝑘 if

𝑓 𝑡𝑥ଵ, 𝑡𝑥ଶ ൌ 𝑡௞ ȉ 𝑓ሺ𝑥ଵ, 𝑥ଶሻ
• Differentiating this expression with respect to 𝑥ଵ, 

we obtain
߲𝑓 𝑡𝑥ଵ, 𝑡𝑥ଶ

߲𝑥ଵ
ȉ 𝑡 ൌ 𝑡௞ ȉ

߲𝑓 𝑥ଵ, 𝑥ଶ
߲𝑥ଵ

or, rearranging,
߲𝑓 𝑡𝑥ଵ, 𝑡𝑥ଶ

߲𝑥ଵ
ൌ 𝑡௞ିଵ ȉ

߲𝑓 𝑥ଵ, 𝑥ଶ
߲𝑥ଵ
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A Note on the Euler s͛ Theorem 

• Last, denoting 𝑓ଵ ≡
డ௙
డ௫భ

, we obtain

𝑓ଵ 𝑡𝑥ଵ, 𝑡𝑥ଶ ൌ 𝑡௞ିଵ ȉ 𝑓ଵሺ𝑥ଵ, 𝑥ଶሻ

• Hence, if a function is homogeneous of degree 𝑘, 
its first-order derivative must be homogeneous 
of degree 𝑘 െ 1. 
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A Note on the Euler s͛ Theorem 

• Differentiating the left-hand side of the definition 
of homogeneity, 𝑓 𝑡𝑥ଵ, 𝑡𝑥ଶ ൌ 𝑡௞ ȉ 𝑓ሺ𝑥ଵ, 𝑥ଶሻ, 
with respect to 𝑡 yields

߲ሺ𝑡𝑥ଵ, 𝑡𝑥ଶሻ
߲𝑡

ൌ 𝑓ଵ 𝑡𝑥ଵ, 𝑡𝑥ଶ 𝑥ଵ ൅ 𝑓ଶ 𝑡𝑥ଵ, 𝑡𝑥ଶ 𝑥ଶ

• Differentiating the right-hand side produces

߲ሺ𝑡௞ ⋅ 𝑓ሺ𝑥ଵ, 𝑥ଶሻ
߲𝑡

ൌ 𝑘 ⋅ 𝑡௞ିଵ𝑓ሺ𝑥ଵ, 𝑥ଶሻ
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A Note on the Euler s͛ Theorem 

• Combining the differentiation of LHS and RHS, 
𝑓ଵ 𝑡𝑥ଵ, 𝑡𝑥ଶ 𝑥ଵ ൅ 𝑓ଶ 𝑡𝑥ଵ, 𝑡𝑥ଶ 𝑥ଶ
ൌ 𝑘 ⋅ 𝑡௞ିଵ𝑓ሺ𝑥ଵ, 𝑥ଶሻ

• Setting 𝑡 ൌ 1, we obtain
𝑓ଵ 𝑥ଵ, 𝑥ଶ 𝑥ଵ ൅ 𝑓ଶ 𝑥ଵ, 𝑥ଶ 𝑥ଶ ൌ 𝑘 ⋅ 𝑓ሺ𝑥ଵ, 𝑥ଶሻ

where 𝑘 is the homogeneity order of the 
original function 𝑓ሺ𝑥ଵ, 𝑥ଶሻ.
– If 𝑘 ൌ 0, the above expression becomes 0.
– If 𝑘 ൌ 1, the above expression is 𝑓ሺ𝑥ଵ, 𝑥ଶሻ.
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A Note on the Euler s͛ Theorem 

• Application:
– The Hicksian demand is homogeneous of degree 

zero in prices, that is,
ℎ௞ 𝑡𝑝ଵ, 𝑡𝑝ଶ, … , 𝑡𝑝௡, 𝑢 ൌ ℎ௞ 𝑝ଵ, 𝑝ଶ, … , 𝑝௡, 𝑢

– Hence, multiplying  all prices by 𝑡 does not affect 
the value of the Hicksian demand.

– BǇ Euler s͛ theorem͕
߲ℎ௜
߲𝑝ଵ

𝑝ଵ ൅
߲ℎ௜
߲𝑝ଶ

𝑝ଶ ൅ ⋯൅
߲ℎ௜
߲𝑝௡

𝑝௡
ൌ 0 ⋅ 𝑡଴ିଵℎ௜ 𝑝ଵ, 𝑝ଶ, … , 𝑝௡, 𝑢 ൌ 0
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Substitutability with Many Goods
• Question: Is net substitutability or complementarity 

more prevalent in real life?
• To answer this question, we can start with the 

compensated demand function
ℎ௞ 𝑝ଵ, 𝑝ଶ, … , 𝑝௡, 𝑢

• ApplǇing Euler s͛ theorem Ǉields
߲ℎ௞
߲𝑝ଵ

𝑝ଵ ൅
߲ℎ௞
߲𝑝ଶ

𝑝ଶ ൅⋯൅
߲ℎ௞
߲𝑝௡

𝑝௡ ൌ 0

• Dividing both sides by ℎ௞, we can alternatively 
express the above result using compensated 
elasticities

ǁߝ௜ଵ ൅ ǁߝ௜ଶ ൅ ⋯൅ ǁߝ௜௡ ≡ 0
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Substitutability with Many Goods

• Since the negative sign of the SE implies that 
ǁߝ௜௜ ൑ 0, then the sum of Hicksian cross-price 

elasticities for all other 𝑗 ് 𝑖 goods should 
satisfy

෍
௝ஷ௜

ǁߝ௜௝ ൒ 0

• Hence͕ ͞most͟ goods must be substitutes͘
• This is referred to as HicŬ͛Ɛ ƐecŽŶd ůaǁ Žf 

demand.
Advanced Microeconomic Theory 33
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Chapter 3: Aggregate demand
































































Outline

• Welfare evaluation
– Compensating variation
– Equivalent variation

• Quasilinear preferences
• Slutsky equation revisited
• Income and substitution effects in labor 

markets
• Gross and net substitutability
• Aggregate demand
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Aggregate Demand
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Aggregate Demand
• We now move from individual demand, ݔ௜ሺ݌,  ,௜ሻݓ

to aggregate demand, 

෍
௜ୀଵ

ூ

,݌௜ሺݔ ௜ሻݓ

which denotes the total demand of a group of 
𝐼 consumers.

• Individual 𝑖 Ɛ͛ demaŶd ݔ௜ሺ݌, ௜ሻݓ still represents a 
vector of 𝐿 components, describing his demand 
for 𝐿 different goods.
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Aggregate Demand
• We know individual demand depends on prices 

aŶd iŶdiǀidƵal Ɛ͛ ǁealƚh͘
– When can we express aggregate demand as a function 

of prices and aggregate wealth?
– In other words, when can we guarantee that 

aggregate demand defined as 
ݔ ,ଵݓ,݌ ,ଶݓ … , ூݓ ൌ σ௜ୀଵ

ூ ,݌௜ሺݔ ௜ሻݓ
satisfies

෍
௜ୀଵ

ூ

,݌௜ሺݔ ௜ሻݓ ൌ ݔ ෍,݌
௜ୀଵ

ூ

௜ݓ
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Aggregate Demand
• This is satisfied if, for any two distributions of 

wealth, ሺݓଵ, …,ଶݓ ூሻݓ, and ሺݓଵᇱ, ଶݓ
ᇱ , … ூݓ,

ᇱሻ such 
that σ௜ୀଵ

ூ ௜ݓ ൌ σ௜ୀଵ
ூ ௜ݓ

ᇱ, we have 

෍
௜ୀଵ

ூ

,݌௜ሺݔ ௜ሻݓ ൌ෍
௜ୀଵ

ூ

,݌௜ሺݔ ௜ݓ
ᇱሻ

• FŽƌ ƐƵch cŽŶdiƚiŽŶ ƚŽ be ƐaƚiƐfied͕ leƚ Ɛ͛ Ɛƚaƌƚ ǁiƚh 
an initial distribution ሺݓଵ, …,ଶݓ ூሻݓ, and apply a 
differential change in wealth ሺ𝑑ݓଵ, 𝑑ݓଶ,… , 𝑑ݓூሻ
such that the aggregate wealth is unchanged, 
σ௜ୀଵ
ூ 𝑑ݓ௜ ൌ 0.
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Aggregate Demand

• If aggregate demand is just a function of aggregate 
wealth, then we must have that 

σ௜ୀଵ
ூ డ௫೔ሺ௣,௪೔ሻ

డ௪೔
𝑑ݓ௜ ൌ 0 for every good ݇

In words, the wealth effects of different individuals are 
compensated in the aggregate. That is, in the case of 
two individuals 𝑖 and ݆,

,݌௞௜ሺݔ߲ ௜ሻݓ
௜ݓ߲

ൌ
,݌௞௝ሺݔ߲ ௝ሻݓ

௝ݓ߲
for every good ݇.
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Aggregate Demand
• This result does not imply that 𝐼𝐸௜ ൐ 0 while 𝐼𝐸௝ ൏ 0.
• In addition, it indicates that its absolute values 

coincide, i.e., 𝐼𝐸௜ ൌ 𝐼𝐸௝ , which means that any 
redistribution of wealth from consumer 𝑖 to ݆ yields

,݌௞௜ሺݔ߲ ௜ሻݓ
௜ݓ߲

𝑑ݓ௜ ൅
,݌௞௝ሺݔ߲ ௝ሻݓ

௝ݓ߲
𝑑ݓ௝ ൌ 0

which can be rearranged as
,݌௞௜ሺݔ߲ ௜ሻݓ

௜ݓ߲
ต𝑑ݓ௜
ି

ൌ െ
,݌௞௝ሺݔ߲ ௝ሻݓ

௝ݓ߲ ต𝑑ݓ௝
ା

• Hence, డ௫ೖ೔ሺ௣,௪೔ሻ
డ௪೔

ൌ డ௫ೖೕሺ௣,௪ೕሻ
డ௪ೕ

, since  𝑑ݓ௜ ൌ 𝑑ݓ௝ .
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Aggregate Demand
• In summary, for any

– fixed price vector ݌,
– good ݇, and
– wealth level any two individuals 𝑖 and ݆

the wealth effect is the same across individuals.
• In other words, the wealth effects arising from the 

distribution of wealth across consumers cancel out.
• This means that we can express aggregate demand as a 

function of aggregate wealth

෍
௜ୀଵ

ூ

,݌௜ሺݔ ௜ሻݓ ൌ ݔ ෍,݌
௜ୀଵ

ூ

௜ݓ
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Aggregate Demand

• Graphically, this condition entails that all 
consumers exhibit parallel, straight wealth 
expansion paths. 
– Straight: wealth effects do not depend on the 

iŶdiǀidƵalƐ͛ ǁealƚh leǀel͘
– Parallel͗ iŶdiǀidƵalƐ͛ ǁealƚh effecƚƐ mƵƐƚ cŽiŶcide 

across individuals.
� Recall that wealth expansion paths just represent how 

an individual demand changes as he becomes richer.
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Aggregate Demand
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Straight wealth 
expansion path
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expansion path
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A given increase in wealth 
leads to changes in the 
consumption of good ݔ௜ that 
are dependent on the 
iŶdiǀidƵal Ɛ͛ ǁealƚh leǀel

A given increase in wealth 
leads the same change in the 
consumption of good ݔ௜, 
regardless of the initial wealth 
of the individual
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Aggregate Demand

• IŶdiǀidƵalƐ͛ ǁealƚh 
effects coincide.

• The wealth expansion 
path for consumers 1 
and 2 are parallel to 
each other
– bŽƚh iŶdiǀidƵalƐ͛ 

demands change 
similarly as they 
become richer.
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Aggregate Demand

• Preference relations that yield straight wealth 
expansion paths:
– Homothetic preferences
– Quasilinear preferences

• Can we embody all these cases as special 
cases of a particular type of preferences?
– Yes. We next present such cases.

Advanced Microeconomic Theory 13
































































Aggregate Demand: Gorman Form
• Gorman form. A necessary and sufficient condition for 

consumers to exhibit parallel, straight wealth 
eǆƉaŶƐiŽŶ ƉaƚhƐ iƐ ƚhaƚ eǀeƌǇ cŽŶƐƵmeƌ Ɛ͛ iŶdiƌecƚ 
utility function can be expressed as:

௜ݒ ,݌ ௜ݓ ൌ 𝑎௜ ݌ ൅ 𝑏 ݌ ௜ݓ

This indirect utility function is referred to as the 
Gorman form. 

• Indeed, in case of quasilinear preferences

௜ݒ ,݌ ௜ݓ ൌ 𝑎௜ ݌ ൅ ଵ
௣ೖ
௜ݓ so that 𝑏 ݌ ൌ ଵ

௣ೖ
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Aggregate Demand: Gorman Form
• Example (continued):

– The vertical intercept of this 
function is  ݌ሺ0ሻ ൌ ଵ

ଵ଴଴
.

– The slope of this function is

݌߲ ௜ݓ

௜ݓ߲
ൌ

1
10

൅
1

10 1 ൅ ௜ݓ40
൐ 0

and it is decreasing in ݓ௜ (concavity)

߲ଶ݌ ௜ݓ

௜ݓ߲
ଶ ൌ

2
ሺ1 ൅ ௜ሻଷ/ଶݓ40
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Aggregate Demand: Gorman Form
• Leƚ Ɛ͛ ƐhŽǁ ƚhaƚ͕ fŽƌ iŶdiƌecƚ ƵƚiliƚǇ fƵŶcƚiŽŶƐ Žf ƚhe 

Gorman form, we obtain 

෍
௜ୀଵ

ூ

,݌௜ሺݔ ௜ሻݓ ൌ ෍,݌ሺݔ
௜ୀଵ

ூ

௜ሻݓ

• FiƌƐƚ͕ ƵƐe RŽǇ Ɛ͛ ideŶƚiƚǇ ƚŽ fiŶd ƚhe WalƌaƐiaŶ demaŶd 
associated with this indirect utility function

െ

,݌௜ሺݒ߲ ௜ሻݓ
݌߲

,݌௜ሺݒ߲ ௜ሻݓ
ݓ߲

ൌ ,݌௜ሺݔ ௜ሻݓ
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Aggregate Demand: Gorman Form
• In particular, for good ݆,

െ

௜ݒ߲ ,݌ ௜ݓ
௝݌߲

௜ݒ߲ ,݌ ௜ݓ
ݓ߲

ൌ െ

߲𝑎௜ሺ݌ሻ
௝݌߲
𝑏ሺ݌ሻ

െ

߲𝑏ሺ݌ሻ
௝݌߲
𝑏ሺ݌ሻ

௜ݓ ൌ ௜ݔ
௝ሺ݌, ௜ሻݓ

• In matrix notation,

െ
௜ݒ௣ߘ ,݌ ௜ݓ

௜ݒ௪ߘ ,݌ ௜ݓ
ൌ െ

௣𝑎௜ߘ ݌
𝑏 ݌

െ
௣𝑏ߘ ݌
𝑏 ݌

௜ݓ ൌ ,݌௜ሺݔ ௜ሻݓ

for all goods.
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Aggregate Demand: Gorman Form

• We can compactly express ݔ௜ሺ݌, ௜ሻݓ as follows

െ
௜ݒ௣ߘ ,݌ ௜ݓ

௜ݒ௪ߘ ,݌ ௜ݓ
ൌ ௜ߙ ݌ ൅ ߚ ݌ ௜ݓ ൌ ,݌௜ሺݔ ௜ሻݓ

where െఇ೛௔೔ ௣
௕ ௣

≡ ௜ߙ ݌ and െఇ೛௕ ௣
௕ ௣

≡ ߚ ݌ .
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Aggregate Demand: Gorman Form
• Hence, aggregate demand can be obtained by 

summing individual demands
௜ߙ ݌ ൅ ߚ ݌ ௜ݓ ൌ ,݌௜ሺݔ ௜ሻݓ

across all 𝐼 consumers, which yields

෍
௜ୀଵ

ூ

,݌௜ሺݔ ௜ሻݓ ൌ෍
௜ୀଵ

ூ

௜ߙ ݌ ൅ ߚ ݌ ෍
௜ୀଵ

ூ

௜ݓ

ൌ෍
௜ୀଵ

ூ

௜ߙ ݌ ൅ ߚ ݌ ݓ ൌ ෍,݌ሺݔ
௜ୀଵ

ூ

௜ሻݓ

where  σ௜ୀଵ
ூ ௜ݓ ൌ .ݓ
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Firm to produce use some technologies.

They use inputs  that are factors of production that are combine in a production function (production 
process). And then after the input are combine in the production process they give and output.

To produce a car we will use capital (machinery) and Labor and then there will be a production process 
that give an output that is car. 

Production process can be approximated by a production function 















	 	 	 	 	 	 














































































FIRMS
G CUNCLC GIES

INPUTS Production Output
Process

Factors
OFproduction

capital production CARLABOUR FUNCTICN

PredictionFunction

—> process from input to 
output

Maximum amount of 
output possible from input 
bundle



Advanced Microeconomic 
Theory

Chapter 4: Production function and 
Profit Maximization Problem (PMP)




























































Outline

• Production sets and production functions
• Profit maximization and cost minimization
• Cost functions
• Aggregate supply
• Efficiency (1st and 2nd FTWE)
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Production Functions
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Technology

• A technology is a process by which inputs are 
converted to an output.

• E.g. labor, a computer, a projector, electricity, 
and software are being combined to produce 
this lecture.

• Usually several technologies will produce the 
same product -- a blackboard and chalk can be 
used instead of a computer and a projector.

• Which technology is “best”?
• How do we compare technologies?

Advanced Microeconomic Theory 4


























































Given quantity of output



Inputs

• xi denotes the amount used of input i; i.e. the 
level of input i.

• An input bundle is a vector of the input levels;     
(x1, x2, … , xn).

• E.g. (x1, x2, x3) = (6, 0, 9).
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When we have technologies we have 
inputs bundles. It is similar to 
consumption bundle but refers to the 
firm to produce certain output.



Output

• y denotes the output level.
• The technology’s production function states 

the maximum amount of output possible from 
an input bundle.

! = # $%, $', … . . $*

Advanced Microeconomic Theory 6


























































PRODUCTION Function

This is a scalar since we are considering only one good as output. 

You will have many technologies and 
production will give the most efficient 
way of producing y given x1, x2 ... xn 



Technology set

• A production plan is an input bundle and an 
output level; (x1, … , xn, y).

• A production plan is feasible if

! ≤ # $%, $', … . . $*
• The collection of all feasible production plans 

is the technology set.
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Feasible if this tech logic 
produce at least y.

So collection of this feasible 
production plan is called 
technology set.



Technology set - I
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x’ x
Input Level

y’

y”

• One input one output (simpler case)

y’ = f(x’) is the maximal 
output level obtainable 
from x’ input units.

y” = f(x’) is an output level 
that is feasible from x’ 
input units.
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Technology set - II
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Input Level

x’ x

Technically
inefficient
plans

Technically
efficient plans 
(frontier)

The technology
set

y
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Multiple inputs, one output
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Multiple inputs, one output

Isoquant: the set of all input bundles 
that yield at most the same output 
level y.



























































Many inputs and one output 
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Multiple inputs, one output


























































EKAMPLE

y
Evel orecursor

7

x L

Xn
This sections give the same 
level of production output. 

This production plan gives this 
level of production.
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Multiple inputs, one output

Isoquant: How is it obtained?
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Multiple inputs, one output

Isoquant: level map (like indifference 
curve for utility) – combination of 
inputs that give same output level


























































Soro or

Sozsururiou

Combination of factors that 
give the same level of 
output. We can notice that 
as the IC for the consumer 
were representing 
combination of good that 
gave the same level of utility.



Isoquant represent the 
combination of inputs that 
give the same level of 
output( or production)
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Multiple inputs, one output
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Multiple inputs, one output
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Multiple inputs, one output
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Multiple inputs, one output
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• We consider the following production function in 
which output depends on physical capital (,), 
such as machinery, and labour (-)

! = #(,, -)
with ,, - ≥ 0, 23 4

25 > 0 and decreasing, i.e. 
273 4
2525 < 0, where $ is the generic input.

The first derivative is called the marginal
productivity of input $ (= ,, -).

Advanced Microeconomic Theory 19

A simple production function






























































Example WITH
2 Mars

aenericinput

0 n Z
t I i

Slope of Isoquant is called the Marginal rate of technical substitution

N. Of workers or hours of works, 
It depends on the model

Inputs cannot be negative: 
positive capital and labour

Half worker is consider like a part-time worker. 
So we are not considering discrete case but 
continuous 

Derivative: If i 
increase small 
amount of capital 
how much 
production will 
increase? 















Same increase of the two firms but delta y’ < delta y. ==> marginal productivity is decreasing.



In agriculture you have an amount of land: initially production will increase if i put 2 worker instead of 1 
but if i put more worker in the same instance of land then worker will get a decreasing production since 
there is a lot of persons. 



“A firm uses intermediate goods before reach the production in reality”







Now define the MRTS.



Marginal rate of technical substitution (MRTS) 
Is the slope of the isoquant —> isoquant is the combination of inputs giving the same output level.



To find the MRTS we compute the total differential of the production function.









This is a production function in two variables. The total differential now is:






















































O n 2 3 noo ran

Sy Ar

Y Alk l

snortlov CE Y
Variation Suessdy at dk t H de o sure

Jk de

TOTAL variance MARG Productivity t Marco Prosuerrory
OF K OF L
www.ny UNIT OF CAPITAL a teenwentUNIT

Ct l
dy 0

i
scores or tours IsadurNT















































































MRTS is given by the ratio of the Marginal productivity. The MRTS is how much you have to substitute 
the two good to maintain the same level of production. 



According to the example the MRTS is increasing or decreasing moving to the right?

Increasing l the MRTS is decreasing. 
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Production function
• Along an isoquant !	is constant, therefore totally 

differentiating the production function

:! = 					;# !<
;, :, + ;# !<

;- :- = 0
solving

>?
> = −

"# $%
"&

"# $%
"'

,  where −
"# $%
"&

"# $%
"'

= ()*+?, !<
– ()*+?, !< is the Marginal Rate of Technical 

Substitution measures how much , must decrease 
(increase) if - increases (decreases) so as the maintain 
the same output [the book defines MRTS without the 
minus sign]
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Diminishing MRTS
• The slope of the firm’s isoquants is

()*+?, = > 
>? , where ()*+?, = − 3'

3&
	

(NB. K is in the vertical axes ointhe isoquant graph)

• Where #? = 23 4
2? is the marginal productivity of labour and 

#? = 23(4)
2? 	 is the marginal productivity of capital

• Differentiating ()*+?, with respect to labor and taking 
into account that along an isoquant , = , - i.e. capital is a 
function , . of labour yields
2|-./0',&|

2? = 3& 3''13'&∙3&3' 43' 3&'13&&∙3&3'
3& 7

(we apply the rule of a composite function)
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Diminishing MRTS

• Using the fact that > >? = − 3'
3&

(slope an isoquant) 

along an isoquant and Young’s theorem #? = # ?
(if f double differentiable than cross derivatives 
are symmetric),

;|()*+?, |
;- =

# #?? − #? ∙ #?# − #? # ? − #  ∙ #?# 
# '

=
# #?? − #? #? − #?# ? + #  ∙ #?

'
# 

# '
Advanced Microeconomic Theory 22
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Along and isoquant k is a function of l. There is a relationship between k and l. So computing 
derivative we have to keep in mind that k is function of l

















































Given a fix amount of workers if you increase capital the Marginal productivity of the worker will 
increase!
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Diminishing MRTS

• Multiplying numerator and denominator by # 
;()*+?, 

;- = # '5
1
#??6
4
+ #  5

4
#?'5
1
− 2#?# 

1
#? 5
4	891

# :

(I have used #? =# ? by Young’s theorem, if f twice 
differentiable, i.e. second derivatives exist.)

• Thus, 

– If #? > 0 (i.e., ↑ , ⟹	↑ (=?), then 2-./0',&2? < 0
– If #? < 0, then we have 

# '#?? + #  #?' 	 >< 	 2#?# #? ⟹ ;()*+?, 
;- 	 <> 	0
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If folk < 0 is like stundyting by your self give you a greater grade than also follow lectures.

If folk >0 following lectures and studying by your self gives you a greater grade










































































































Diminishing MRTS

Advanced Microeconomic Theory 24

#? > 0 (↑ , ⟹	↑ (=?), or 
#? < 0 (↑ , ⟹	↓ (=?) but 
small ↓ in (=?

#? < 0 (↑ , ⟹	↓↓ (=?)

:,
:- = − #?

# 
≡ − (=?

(= 


























































Isoarsur scar 4 Isavarr
Convex since WILL BE cwcs.VEscourvocative

We will use convex to be able to use the maximisation problem



Diminishing MRTS
• Example: Let us check if the production function # ,, - = ,- yields 

convex isoquants (i.e. decreasing MRTS). 
• Use the generic equation of an isoquant, i.e.

,- = @; i.e. , = A
?

• ()*+?, = 2 
2? = − A<

?7 = −@<-4', to check is if convex I compute the 

second derivative of the MRTS, i.e.

•
2-./0',&

2? = 27 
2?2? =

'A<
?B > 0

Thus isoquant is convex.
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Constant Returns to Scale

• If production function #(,, -) exhibits CRS, 
then increasing all inputs by a common factor 
C yields

# C,, C- = C# ,, -
• Hence, #(,, -) is homogenous of degree 1, 

thus implying that its first-order derivatives
# ,, - and  #? ,, -

are homogenous of degree zero.
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I can exactly replicate a 
technology. Double 
amount of capital and 
labour i also duplicate the 
production. 

So this is like homogeneous 
of degree 1 when production 
function exhibit constant 
return to scale



Constant Returns to Scale
• Therefore, 

(=? =
;#(,, -)
;- = ;#(C,, C-)

;-
= #? ,, - = #? C,, C-

• Setting C = %
? , we obtain

(=? = #? ,, - = #?
1
- ,,

-
- = #?

,
- , 1

• Hence, EFG only depends on the ratio HG , but not 
on the absolute levels of H and G that firm uses.

• A similar argument applies to (= .
Advanced Microeconomic Theory 27




























































Constant Returns to Scale

• Thus, ()*+ = − -I'
-I&only depends on the 

ratio of capital to 
labor.

• The slope of a firm’s 
isoquants coincides at 
any point along a ray 
from the origin.

• Firm’s production 
function is, hence, 
homothetic.
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L

K

q=4
q=3

q=2

Same MRTSl,k

Ray from the 
origin


























































Ti

lo zlo

Doubling the input also 
doubling the production

Fl fk do not depends on q (scale of 
production) so MRTS does not depend 
on q



Constant Returns to Scale

• # C,, C# $ C% &, #
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Increasing Returns to Scale

• % C&, C# ' C% &, #
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Increasing inputs by same 
proportion the amount of 
production increase more than 
proportion



Decreasing Returns to Scale

• % C&, C# ( C% &, #
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Increasing input by same 
proportion the amount of 
production increase less 
than proportion





Buying inputs is costly so we have some cost to achieve a certain amount of production.

Increasing return to scale: doubling the size of your plan you will receive a larger production than 
splitting the plan in half and double them by the same proportion.

rcc K

Gok Sok tone cast Sares BUT Achiever
MarcoPRODUCT
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INCREASING SCALE you WILL DECreerse Some cost



Elasticity of Substitution
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Elasticity of Substitution

• Elasticity of substitution (J) measures the 
proportionate change in the &/# ratio relative 
to the proportionate change in the ()*+/, 
along an isoquant:

J = %∆(,/-)
%|∆()*+| =

:(,/-)
:|()*+| ∙

|()*+|
,/- = ;ln	(,/-)

;ln	(|()*+|)
where J > 0 since ratio ,/- and	|()*+|
move in the same direction.
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Elasticity of Substitution

• Both	()*+ and ,/-
will change as we 
move from point P to 
point Q.

• J is the ratio of these 
changes.

• J measures the 
curvature of the 
isoquant.
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Elasticity of Substitution
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Elasticity of Substitution

• Elasticity of substitution (J) measures the 
proportionate change in the "/$ ratio relative 
to the proportionate change in the ()*+), 
along an isoquant:

J = %∆((/*)
%|∆()*+| =

1((/*)
1|()*+| ∙

|()*+|
(/* = 3ln	((/*)

3ln	(|()*+|)
where J > 0 since ratio (/* and	|()*+|
move in the same direction.
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Elasticity of Substitution

• Both	()*+ and (/*
will change as we 
move from point P to 
point Q.

• J is the ratio of these 
changes.

• J measures the 
curvature of the 
isoquant.
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Elasticity of Substitution

• If we define the elasticity of substitution 
between two inputs to be proportionate 
change in the ratio of the two inputs to the 
proportionate change in ()*+, we need to 
hold:
– output constant (so we move along the same 

isoquant), and 
– the levels of other inputs constant (in case we 

have more than two inputs). For instance, we fix 
the amount of other inputs, such as land.
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Elasticity of Substitution

• High elasticity of 
substitution (R): 
– ()*+ does not 

change substantially 
relative to "/$.

– Isoquant is relatively 
flat.
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Elasticity of Substitution

• Low elasticity of 
substitution (R):
– ()*+ changes 

substantially relative 
to "/$.

– Isoquant is relatively 
sharply curved.
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Elasticity of Substitution: 
Linear Production Function

• Suppose that the production function is
@ , -	 ", * = S( + T*

• This production function exhibits constant 
returns to scale
>	 C(, C* = SC( + TC* = C S( + T*

= C>((, *)
• Solving for ( in @, we get ( = A	  ,B

U − V
U *. 

– All isoquants are straight lines
– ( and * are perfect substitutes
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Elasticity of Substitution: 
Linear Production Function

• ()*+ (slope of the 
isoquant) is constant 
as (/* changes.

J = %∆((/*)
%∆()*+

W

= ∞

• Perfect substitutes
• This production 

function satisfies 
homotheticity. 
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Elasticity of Substitution:
Fixed Proportions Production Function
• Suppose that the production function is

@ , min S", T* 				S, T > 0
• Capital and labor must always be used in a fixed 

ratio (perfect complements)
– No substitution between " and $
– The firm will always operate along a ray where "/$ is 

constant (i.e., at the kink!).

• Because "/$ is constant (T/S), 

J , %∆("/$)
%∆()*+

[

, 0
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Elasticity of Substitution:
Fixed Proportions Production Function
• ()*+ , ∞ for $

before the kink of the 
isoquant.

• ()*+ , 0 for $ after 
the kink.

• The change in MRTS is 
infinite (perfect 
complements)

• This production 
function also satisfies 
homotheticity.
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Elasticity of Substitution:
Cobb-Douglas Production Function

• Suppose that the production function is
@ , - ", * = P(U*V				where		P, S, T > 0

(P is sometimes called the “efficiency” parameter)
• This production function can exhibit any returns to 

scale
> C(, C* = P(C()U(C*)V= PCU1V(U*V = CU1V>((, *)
– If S + T = 1 ⟹ constant returns to scale, 

- C", C* = C>((, *)
– If S + T > 1 ⟹ increasing returns to scale

- C", C* > C>((, *)
– If S + T = 1 ⟹ decreasing returns to scale

- C", C* < C>((, *)
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Elasticity of Substitution:
Cobb-Douglas Production Function

• The Cobb-Douglass production function is 
linear in logarithms

ln @ $ ln P + S ln ( + T ln *
– S is the elasticity of output with respect to (

`A, =
$ln	(@)
$ln	(+)

– T is the elasticity of output with respect to -
`A,0 =

$ln	(@)
$ln	(-)
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Elasticity of Substitution:
Cobb-Douglas Production Function

• The elasticity of substitution (J) for the Cobb-
Douglas production function:
– First, 

()*+ = (=B
(= 

=
3@
3*
3@
3(

= TP(U*V4R
SP(U4R*V =

T
S ∙

(
*

– Hence, 

ln	(|()*+|) = ln T
S + ln (

*
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Elasticity of Substitution:
Cobb-Douglas Production Function

– Solving for ln  
B ,

ln (
* = ln |()*+| − ln T

S
– Therefore, the elasticity of substitution between (

and * is

J =
1 ln (

*
1 ln |()*+| = 1
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Transformations of a degree 1  
homogenous Function

• Assume S = > (, * is homogeneous of degree one, i.e. 
> C(, C* = C> (, * i.e CRS.

• Then define the new production function
a (, * = > (, * b

Then the Returns to Scale (RTS) of this new function
depend on c. Indeed,
a C(, C* = > C(, C* b = C> (, * b = Cb > (, * b

= Cba (, *
That is the new function is homogenous of degree c, 
which also determines the RTS. If c A 1 IRS; if c , 1 CRS; 
if c = 1 DRS.
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Elasticity of Substitution:
CES Production Function

• Suppose that the production function is
@ , - ", * = (d + *d b/d

where e ≤ 1, e ≠ 0, c > 0. Applying what we just said:
– c = 1 ⟹ constant returns to scale
– c > 1 ⟹ increasing returns to scale
– c < 1 ⟹ decreasing returns to scale
This happens because  > (, * = (d + *d R/d is homogeneous of 
degree 1, i.e. > C(, C* = C (d + *d R/d [prove it!]

• Alternative representation of the CES function

> (, * = (
g4R
g + *

g4R
g

g4R
g

where J is the elasticity of substitution.
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Elasticity of Substitution:
CES Production Function

• The elasticity of substitution (J) for the CES 
production function:
– First, 

|()*+| = (=B
(= 

=
3@
3*
3@
3(

=
c
e (d + *d

b
d4R e*d4R

c
e (d + *d

b
d4R e(d4R

= *
(

d4R
= (

*
R4d
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Elasticity of Substitution:
CES Production Function

– Hence, 

ln	(|()*+|) = 1 − e ln (
*

– Solving for ln  
B ,

ln (
* = 1

1 − e ln |()*+|
– Therefore, the elasticity of substitution between (

and * is

J =
1 ln (

*
1 ln |()*+| = 1

1 − eAdvan|ced Microeconomic Theory 49
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Elasticity of Substitution:
CES Production Function

• Elasticity of Substitution in German Industries 
(Source: Kemfert, 1998):
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Industry J
Food 0.66
Iron 0.50
Chemicals 0.37
Motor Vehicles 0.10



Elasticity of Substitution

• The elasticity of 
substitution J
between " and $ is 
decreasing in scale 
(i.e., as @ increases).
– @W and @C have very 

high J
– @h and @i have very 

low J
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Elasticity of Substitution

• The elasticity of 
substitution J
between " and $ is 
increasing in scale 
(i.e., as @ increases).
– @W and @C have very 

low J
– @F and @: have very 

high J
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Elasticity of scale

• The elasticity of scale is the elasticity of output 
@ to increasing the scale of production (j), i.e.

kA,l ≡
L- j", j*
> (, *
3j
j

= 3> j(, j*
3j

j
>((, *)
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Relation btw returns to scale and 
elasticity of scale

• We have the production function @ = > *, ( and assume 
that is homogeneous of degree m.

• We take the total differential
1@ = >B1* + > 1(	

• Divide both sides by @
1@
@ = >B

@ 1* +
> 
@ 1(	

• Then multiply the first term of the RHS by BB and the second
term by   1@

@ = >B*
@
1*
* +

> (
@
1(
(
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Relation btw returns to scale and 
elasticity of scale - II

• Since we are considering a change in scale, all inputs increase by the
same proportion, i.e. `BB =

` 
 = `l

l and substituting in the previous
equation

1@
@ = 		 >B*

@ + > (
@

1j
j = (>B* + > ()

@
1j
j

• But by the Euler’s theorem, if f homogeneous of degree m, then
>B* + > ( = m@

• Thus `A
A = n	A	

A
`l
l = m `l

l , or 

kA,l ≡
M@
@
Mj
j
, m

• NB. Scale elasticity coincides with the production function degree of 
homogeneity.
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