Notes Advanced Microeconomics

In economics we make a lot of assumption —> Main reason is that economics model are just a
modellization of the reality. We need need something simpler and easier than the reality. Assumption
should help us to simplify the problem.

Economics model are useful because when we analise data, we need to have some background theory
to interpret the result.

Example

If i have some data on the sales or on the price of the good. Then we estimate a regression: you see
how sales depends on the price. What kind of relation we are going to expect? Positive or negative?
Negative.

How do we explain this negative relation? This relation is based on theory in which we assume we
receive some satisfation(utility) from a given good. You can’t compare satisfation with price that you're
paying for that good. If price increase you buy less! If you have an income you can buy less unit of the
good is lesser. Unit | can afford= Income/price. But there are example in which price increase and sells
increase. The based theory is like this but is based on assumptions.

Ch.1 - Consumer Theory

First lectures will be manly on consumer choices.

Main topics: Consumer theory explains how consumer decides what to buy and how much of a good
to buy.

In particolar, we will see the concept of preference and choice. We will main base the lecture on
preference based-approach compared with the choice approach. We will see utilty function also and
then introduce way to rationalise behaviours. In economics they care about their utilty but don’t care
about others so the concept of altruism will be implemented editing the concept of utilty function.

What is preference?

First, how consumer decides between two different goods.

Do you prefer an orange or an apple?

2 guys, one orange and one apple.

This choice are based on some preferences, so we will define is the preferences of individuals. This is
an element with which can make choice. We will see the so called consumption set that is indicate
with X.

Consumption set X: all set of alternatives that are available to the decision maker.
In this case the DM is the consumer.

So set of all possible choice means consumption set is very big. In the consumption set we will not
only goods to buy but all possible combinations of quantities of these goods. (1 apple, 2 orange or 2
apples, 1 orange). In our exercise we will be mainly two goods with quantities to buy.



Preference based-approach: assume that | know the preference of consumers so according to the
preference that i know i can predict what people will buy.

In the example i took i know she prefers oranges than apple and if i offer an orange or an apple she will
decises to buy and orange.

Choice-based approach: the second approach is the choice-based approach. According to this
approach i don’t know her preference but | make her an offer and i offer her 1 orange and 1 apple.
Based on the choice that she makes, she decides to buy the orange. So | infer that she prefer orange
to apple. So | build the preference based on preferences on my observation of her consumption here.
This is something closer to reality but it’s harder to treat it analiticlaly. Sometime to change preference
maybe. In the traditional theory we will use preference does not change over time. Main advantage of
the choice-based approach is based on behaviours which is something | can observe while preference
based approach rely on preferences we have to assume we know (even in the reality we don’t) as
assumption.

Preference-based approach

How preference defined? We should ask to the decision maker which are the possible alternatives
which are all in the consumption set X.

Given two alternatives x and y that belong to the consumption set (X) what kind of ranking can you do?
You can say that given this two, i can prefere an orange to an apple and the simple of preference is like
a greater sign. | can say i prefer an apple to an orange o i could say I’m indifference (tilde symble).

A preference relation is an operator that allows you to do this ranking and the kind of presence relation
we will be use must be complete.

Complete: Individuals must be able to compare every alternatives in the consumption set.
So for any two alternative you are able to choice between one of this.

Ex. | can compare even with good that i never bought.

In reality, If i ask you to compare one good to another you would say “i don’t know”.

A binary preference relation is a relation. In Mathematics a binary relation of a pair.
When we compare alternative we will compare what we called ordered pairs.

Binary relation: collection of ordered pairs(x,y) from a set x,y appartenete al consumption set X.

Esempio: this are two ordered pair.

(n.,2) (2.2)
AN

™ T
UIA":WJ n”éow,s Pt T Becnvsd | AV nerd VAWM /7

/’
( ) TS lean s 1€ AL Geeas AR BoTh — PeslumBes
2 7
(chleON Sneved ¢ ca.ss)
P;

Rrbs |



The symble of strict preferences.

Before we said that x is prefer to y but we don’t say that x is strictly preferred to y. We are introducing
the operator of strict preferences. Here we have three options: x strictly pref to y or y strictly pref to x
or x ind to y. | can only choose one between the three.

The same relation could be define using another operator which is called weak preference operator
where X is as good as y or x is weakly prefered to y.

Weak preference operator we will not have three options but only two. We could say that x is al least
as good as y ory is at least as good as x. In this case, the difference in respect to the strict preference
is that we can choose both. This mean the two goods could have the same value. In case you choice
both option this mean that the two good are indifferent.

The same preferences can be describe using the two symbles. So to say that x is ind to vy, in stric
preference we said only check x ind y, while with the weak preference i check the two boxes.

This part is about: a way to define how to make choice and we introduce this operator to define
preference between alternatives. So what is prefered to what and what is indifferent to what.

Reflexivity: any alternative x can be in a set of thing that | could buy and every alternative must be
indifference to itself. (X is as good as X —> it’s like a tautology.

Reflexivity implies that X ind to itself or using weak preference is as good as y.

In order to analise consumer behaviour we have to verify that relation is relational.

A preference relation if weak preference:

+ Completeness: we are able to compare (to rank) every alternatives.

+ Transitivity: implies 3 possible alternatives that are also referred as bundles of goods.

Bundle could be 2 orange and an apple. Or two oranges and two apples.
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If bundle like this we would have 3 goods:
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But for the majority we will thread pair of goods.



Transitivity implies that you weakly prefered x to y and you weakly prefer y to z then implies you weakly
prefer x to z. Even this is a stronger assumption so this mean if | ask you: you prefer orange to apple?
You say orange. Then, you prefer apple to strawberry ? Then we can conclude that orange is weakly
prefered to strawberries.

In theory holds but in the reality you may prefer strawberry to orange (but in the course we will use
transitivity).
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Rational preference mean that preference relation satisfy completeness (i can compare all possible
alternatives) and transitivity.

One bundle is prefered to another but we don’t say how to make choice so why x is prefered to y.
One possible way of define preferences is one of the following and this is how preferences are
described. X weakly prefered to y, we have to define a decision rule in which we can predic which
choice will be made by the consumer.

Xis weakly prefered to y if and only if:

| defined the components of the bundles. According to this decision rule, for this individual the first
bundle prefered to the second if summing the quantity of the goods in the bundle | obtain a sum that is
greater or equal to the sum of the components of the second bundles.
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Imaging the guys that we propose, choices the bundle with the highest quantity respected tot he two
goods. We have to prove wherever a preference satisfy some preferences.
How can we test if this relation is complete and transitive?

Let’s start with completeness. You have to be able to decide if x is weakly pref to y or y weakly pref to
x of both (indifferent)?

This preference relation satisfy completeness? If i give you two bundles, i will always be able to
compare this two bundle? This is the definition of completeness. Yes, it’'s complete because we can
always compare two real number.

Transitivity: this satisfy transitivity. If i found that x is weakly pref to vy, y strictly pref to z then x weakly
pref to z? YES.
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We can always compare real number. Just compare the quantity in a bundle to verify the preference
relation and verify is the preference relation is rational.

Although we did this assumption, there’s a branch of economics which is called experimental eco
monomials: takes individual and bring individuals to lab and test some assumption about
Microeconomics theory. There are quite a lot of examples that individuals choice violate this
assumptions.

There are potential source of intransitivity in preference:
1. Indistinguishable alternatives

2. framing effects

3. Aggregation of criteria

4. Change in preferences

This may violate the transitivity properties.

Example of framing effects.

Framing: phenomena in which your answer may depend on the order of the question.

Imaging that | bring you this and then ask you to decide this three alternative:

(Paris for $574)

We should actually say that a and b are the same because the holiday are the same. The holidays is a
week in Paris for $574 so same offer. So we change the way we presenting it. If i compare a with ¢ and
b with ¢, if a > c also b>c. Instead, in the lab many individuals that violate this properties.

Another example:

Coffee paradigm (Paradigma del caffe). How many spoon of sugar you want? Maybe you cannot
distinguished between 2 or 3 spoon maybe.

This is also violation of rationality!

If i giving you 70 orange and 70 apple and make you choose by majority. Then this violate transitivity.
This assumption help us to simplify the problems! But in reality is not like this.

The final goal is to define if a simple model can describe a reality and how well this can be predicted.



Ch. 2 - Utility function

Preference can be described in the way he showed before. We implicitly define a function for the
preference relation that was the sum of the components of the bundle.
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Utility function We can generalise:

Utility function is a function that is define the consumption set. So taking as input the bundle in the
consumption set it give us a real number. This function can be called utility function representing the
preferences if for any two alternatives we can say that x if weakly prefered to y if and of if the utility of

the x is greater or equal than the utility of y.
We assume that we know the preference of the individuals in a sense that we know the utility function

of the individuals.

So preference relation can be describe by utility function. If this is true, we can say if x weakly prefered

to y or viceversa.
An important thing is that for our consumption theory is that we are able to rank the alternatives.
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The utility of bundle is greater than utility of bundle of y. | will choose x. So we want to predict if we will
choose x instead of y. We don’t care about cardinality, so the number of the utility function but we just
care about the rank. So we want to allowed the consumer to rank (put in order) the different
alternatives.



Any strictly increasing transformation of the utility function also give a utility function that describe the
same preferences. If i apply an increasing transformation to the utility function which gives another

utility function that describe the same preference.

Describe the same preference since it’s a strictly increasing transformation.
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In the example that we take we assume that all goods are desiderable. We will speak about
monotonicity, strong monotonicity, satiation and non-satiation. We can include different goods in
combination of n goods in which a set of vector with n component in which every components is a real

number.
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Preference and Choice

* We begin our analysis of individual decision-
making in an abstract setting.

 Let X € RY be a set of possible alternatives for a
particular decision maker.

— It might include the consumption bundles that an
individual is considering to buy.
— Example:

X={xy2z2..}
X = {Apple, Orange, Banana, ... }



Preference and Choice

* Two ways to approach the decision making
process:

1)

2)

Preference-based approach: analyzing how the
individual uses his preferences to choose an
element(s) from the set of alternatives X.

Choice-based approach: analyzing the actual
choices the individual makes when he is called to
choose element(s) from the set of possible
alternatives.



Preference and Choice

* Advantages of the Choice-based approach:

— |t is based on observables (actual choices) rather
than on unobservables (individual preferences)

e Advantages of Preference-based approach:

— More tractable when the set of alternatives X has
many elements.



Preference and Choice

» After describing both approaches, and the
assumptions on each approach, we want to
understand:

Rational Preferences = Consistent Choice behavior
Rational Preferences < Consistent Choice behavior



Preference-Based Approach



Preference-Based Approach

* Preferences: “attitudes” of the decision-maker
towards a set of possible alternatives X.

* Foranyx,y € X, how do you compare x and y?
Q I preferxtoy (x > y)
U I prefer ytox (y > x)
O Iam indifferent (x ~ y)



Preference-Based Approach

By asking: We impose the assumption:

Tick one box Completeness: individuals must
(i.e., not refrain from compare any two alternatives,
answering) even the ones they don’t know.

Advanced Microeconomic Theory 10



Preference-Based Approach

e Completeness:

— For any pair of alternatives x, y € X, the individual
decision maker:
d x>y, or
Qy>x,or
O both,ie,x ~y
» (The decision maker is allowed to choose one, and
only one, of the above boxes).



Preference-Based Approach

* A binary relation is a collection of ordered pairs
(x,y) from a set x,y € X.

e Not all binary relations satisfy Completeness.

12



Preference-Based Approach

 Weak preferences:
— Consider the following questionnaire:

— Forall x,y € X, where x and y are not necessarily
distinct, is x at least as preferred to y?

dYes(x 2 y)
U No (y = x)
— Respondents must answer yes, no, or both

= Checking both boxes reveals that the individual is indifferent
between x and y.

= Note that the above statement relates to completeness, but
in the context of weak preference = rather than strict
preference >.

Advanced Microeconomic Theory 13



Preference-Based Approach

* Reflexivity: every alternative x is weakly preferred
to, at least, one alternative: itself.

* A preference relation satisfies reflexivity if for any
alternative x € X, we have that:
1) x ~ x:any bundle is indifferent to itself.
Z2) x Z x:any bundle is preferred or indifferent to itself.

3) x % x:any bundle belongs to at least one
indifference set (i.e. set of alternatives over which
the consumer is indifferent), namely, the set
containing itself if nothing else.

Advanced Microeconomic Theory 14



Preference-Based Approach

* The preference relation < is rational if it
possesses the following two properties:

a) Completeness: forall x,y € X,
either x £ y, or y Z x, or both.

b) Transitivity: forall x,y,z € X,
ifx £ yandy £ z, then it must be that x = z.

15



Preference-Based Approach

e Example 1.1.
Consider the preference relation

x 2y ifandonlyif Y, x; =YY y;
In words, the consumer prefers bundle x to y if

the total number of goods in bundle x is larger
than in bundle y.

In case of two goods x; +x, =y + V>

Advance d Microeconomic Theory
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Preference-Based Approach

 Example 1.1 (continues).
 Completeness:
— elther YN x; = YN y; (which implies x Z y), or
N yi=IN x (WhICh implies y Z x), or
— both, YN, x; = XN, y; (which implies x ~ y).

. Transitivity:
Ifx~y, = 1xl— = 1yu and

_ y~Z Zl 1yl Zl 1Zi
— Then it must be that X, x; = ¥~ , z; (which implies
X Z z,as required).

Advance d Microeconomic Theory 17



Preference-Based Approach

e The assumption of transitivity is understood as
that preferences should not cycle.

 Example violating transitivity:
apple Z banana banana Z orange
b applezorange '(by transitivity) ~
but orange > apple.

e Otherwise, we could start the cycle all over again,
and extract infinite amount of money from
individuals with intransitive preferences.

Advance d Microeconomic Theory 18



Preference-Based Approach

e Sources of intransitivity:
a) Indistinguishable alternatives
b) Framing effects
c) Aggregation of criteria
d) Change in preferences

19



Preference-Based Approach

* Example 1.2 (Indistinguishable alternatives):

— Take X = R as a share of pieand x > y if
x=2y—1x+1=2y)butx~yiflx —y| <1
(indistinguishable).

— Then,
1.5~0.8 since1.5-0.8=0.7< 1
0.8~0.3 since0.8—-0.3=05<1

— By transitivity, we would have 1.5~0.3, but in fact
1.5 > 0.3 (intransitive preference relation).

Advance d Microeconomic Theory 20



Preference-Based Approach

* Other examples:
— similar shades of gray paint
— milligrams of sugar in your coffee

21



Preference-Based Approach

* Example 1.3 (Framing effects):

— Transitivity might be violated because of the way
in which alternatives are presented to the
individual decision-maker.

— What holiday package do you prefer?

a) A weekend in Paris for $574 at a four star hotel.
b) A weekend in Paris at the four star hotel for S574.
c) A weekend in Rome at the five star hotel for $612.

— By transitivity, we should expect that if a ~ b and
b > c,thena > c.

Advance d Microeconomic Theory 22



Preference-Based Approach

* Example 1.3 (continued):
— However, this did not happen!
— More than 50% of the students responded ¢ > a.

— Such intransitive preference relation is induced by
the framing of the options.

Advance d Microeconomic Theory 23



Preference-Based Approach

* Example 1.4 (Aggregation of criteria):

— Aggregation of several individual preferences
might violate transitivity.

— Consider X = {MIT,WSU, Home University}

— When considering which university to attend, you
might compare:
a) Academic prestige (criterion #1)
>1: MIT > WSU >; Home Univ.
b) City size/congestion (criterion #2)
>, WSU >, Home Univ. >, MIT

c) Proximity to family and friends (criterion #3)
>2: Home Univ. >3 MIT >3 WSU

Advanced Microeconomic Theory
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Preference-Based Approach

* Example 1.4 (continued):

— By majority of these considerations:
MIT z WSU z Home Univ z MIT

Nt et et
criterial &3 criterial &2 criteria2 & 3

— Transitivity is violated due to a cycle.

— A similar argument can be used for the
aggregation of individual preferences in group
decision-making:

= Every person in the group has a different (transitive)

preference relation but the group preferences are not
necessarily transitive (“Condorcet paradox”).

Advanced Microeconomic Theory 25



Preference-Based Approach

 Intransitivity due to a change in preferences
— When you start smoking
One cigarette Z No smoking Z Smoking heavily
By transitivity,
One cigarette Z Smoking heavily
— Once you started
Smoking heavily Z One cigarette Z No smoking
By transitivity,
Smoking heavily Z One cigarette

— But this contradicts the individual’s past
preferences when he started to smoke.

Advanced Microeconomic Theory 26



Desirability

* monotonicity

+ Strong monotonicity
* Non-satiation

+ Local non-satiation

All x1,x2,x3 are defined on the set of real numbers.

Now we are going to define the first property.

Monotonicity

If i take any two bundles x and y and x !=y.

If xk >=yk (quantity of good k in bundle x and y) then implies that x pref y.
If xk > yk then implies that x strictly pref to y.

1. Soincreasing the amount of some commodores cannot hurt x>=y.
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Strong monotonicity
Two bundles in consumption set if xk >= yk for every good k then we conclude that x strictly pref to y
(before was weakly preferred).

In the last example are monotone in which add eps only to x1 then we obtain a bundle strictly
preference to x.

==> this means that is strong because we got a stronger condition. Even increasing the quantity of 1
good then you obtain a bundle that is strictly pref.

Also for the second in which we add eps to x1 and x2 then it hold because y>x comprende y>=x

Now we wander how this monotonicity can be translated in the characteristic of the utility function?
Monotonicity in preference implies that utility function is weakly monotonicity in its arguments.
If we increase all arguments we obtain a value that it is strictly increases its value.

If i have x1 and x2 and if ai multiply by a scalar alpha > 1.
Alpha x1 > x1 so is greater or equal than the initial utility of the bundle u(x1,x2).
Increasing quantity of x1 i get a greater utility so if weakly pref to the original one.

If alpha x1 and alpha x2 then the utility is strictly preferred than the original one.
If we change and we want to see what strong monotonicity imply in the utility function.

In case you increase only one good you obtain a strictly greater than the original one. U(ax1, x2) >
u(x1,x2).
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rational —> complete reflexives and transitivity. Transitivity assume completeness ??

Non-satiation
You are never happy. You always find a bundle that is strictly pref than the original one. So this is not
very usable. We will use more frequently local non-satiation

local non-satiation
We always find a bundle that is close to the original one, but we pref the original one.

We always have an Euclidean distance < eps.

Euclidean distance is computed as

x = (x1,x2) Y(x1, x2)

take difference power of two and then rad.

So we compute the distance we got a point the in circle by increase for a small quantity. This must
happen for any distance eps.

For instance you can compare very close alternatives that differ for a very small amount.

Application of definition of local association.

Two goods.

[slide cerchio]

In x1 we have quantity of first good in bundle x. In y we have the second quantity of bundle x (which is
x2). The bundle (2,2) can be represented by a point, also for y.

Y2 contain a small quantity of x2 and y1 larger than x1. So the distance

In case we have two bad good [called bads](pollutions of water and air)

The more we are close to the origin
The more we are happy.

(0,0) can we find another bundle close to this and

Preferred to the original one?

We can’t have negative pollution.

Drawing small circle x we don’t find any bundle pref to the original one
So this violate the LNS.

Another situation is the thick indifference sets (or curve).
An indifference set is the set of all bundle that are indifferent to the consumer (same level of utility)
Imagine now we have an area then, so this mean we cannot draw arbitrarialy small circle, because all



circle in this area of the indifference curve are indifference. So we will not consider this case.
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Indifference set

A bundle x and the indifference bundle in the consumption sets are indifference to the respect to x.
Y ind to X
IND(x)

The upper-counter set

The set of all bundle in the consumption set such that bundle are strictly preferred to x
UCS(x)

Lower-counter set

The set of all bundle in the consumption set such that bundle are strictly preferred to x Such that x is
strictly pref to y

LCS(x)



Graphically we can show it in this example in the following way.
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We saw properties of preference relation. Now we will see properties in indifference set (or curves)

Strong monotonicity
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We will have curve that decrease???

Convexity of preferences
A preference relation is convex if for every two bundle in consumption set such that
X weak pref y ==> ax + (1-a) y >= y —> like a weighted average a+(1-a) = 1
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You can say another property of convexity with upper counter set (UCS).
So UCS(x) = {y app X: y>= x}

< b
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Y in the UCS and if i have another bundle and if i have z also, then convex combination of the two
good. So any bundle in this line is strictly pref to the original bundle. Not only weak but also strictly
pref.

fyq X
2

_\Y;;.ﬂ

All bundle in the strictly line are preferred.

co stawly Ml o e

Ay Nilse Lite TMS -

2
P

Convexity 1 we need just 2 bundles. For convexity 2 we need 3 bundles.
Strict convexity if you take x,y,z app X

If x weak pref z

If y weak pref to z

Then convex combination is strictly preferred.

The only example strictly convex (have a shape like a curve)

Imagine an UCS like a straigh line
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Taking two point x and y that are weak pref to z. Which mean z is in the indifference set.

Any points are indifferent to z and not strictly pref to z. So straight indifference curve (rette) represent
preference that are not strictly convex but weakly convex. This correspond with linear utilty function
which is the example of perfect substitutes goods.
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In this case pref relation is not strictly convex. But in most of our example the curve will no have this
shape.

Try to do example 1.7 as an exercise applying the definition that this u satisfy both convexity and strict
convexity.

Interpretation of convexity

You consume a lot of good 1 and a small quantity of good2. The coordinate of y is high and the
second is low. You don't like the bundles unbalance to the two good. We pref to consume a little bit of
everything. Are weakly preferred.



Advanced Microeconomics
(EPS)

Chapter 1: Utility functions,
indifference sets, quasi-concavity



Utility Function

* Afunctionu: X — Ris a utility function
representing preference relations < if, for every
pair of alternatives x,y € X,

xZy < ulx)=u(y)



Utility Function

* Two points:
1) Only the ranking of alternatives matters.
— That is, it does not matter if
u(x) = 14 orif u(x) = 2000
u(y) =10 orif u(y) =3

— We do not care about cardinality (the number
that the utility function associates with each
alternative) but instead care about ordinality
(ranking of utility values among alternatives).



Utility Function

2) If we apply any strictly increasing function f ()
onu(x),i.e.,

f: R—= R suchthat v(x) = f(u(x))

the new function keeps the ranking of
alternatives intact and, therefore, the new
function still represents the same preference
relation.
— Example:
v(x) = 3u(x)
v(x) = 5u(x) + 8

Advance d Microeconomic Theory



Desirability

* We can express desirability in different ways.
— Monotonicity
— Strong monotonicity
— Non-satiation
— Local non-satiation

* |n all the above definitions, consider that x is an n-
dimensional bundle

n ; —
x € R" ie., x = (xq1, X9, e, Xp)

where its k" component represents the amount of
good (or service) k, x;, € R.

Advanced Microeconomic Theory



Desirability

* Monotonicity:
— A preference relations satisfies monotonicity if, for
all x,y € X, where x # v,
a) x, =y, forevery good k impliesx = y
b) x; >y, for every good k implies x >y

— That is,

" increasing the amounts of some commodities (without
reducing the amount of any other commodity) cannot
hurt, x = y; and

" increasing the amounts of all commodities is strictly
preferred, x > y.

Advanced Microeconomic Theory 6



Desirability

e Strong Monotonicity.

— A preference relation satisfies strong monotonicity
if, for all x,y € X, where x # vy,

X = Yy for every good k implies x >y

— That is, even if we increase the amounts of only
one of the commodities, we make the consumer
strictly better off.

Advanced Microeconomic Theory 7



Desirability

* Relationship between monotonicity and utility
function:
— Monotonicity in preferences implies that the

utility function is weakly monotonic (weakly
increasing) in its arguments

= That is, increasing some of its arguments weakly
increases the value of the utility function, and
increasing all its arguments strictly increases its value.

— Forany scalara > 1,
u(axy, xy) = u(xq,x,)
u(axqy, ax,) > u(xq,xy)



Desirability

e Relationship between strong monotonicity and
utility function:

— Strong monotonicity in preferences implies that
the utility function is strictly monotonic (strictly
increasing) in all its arguments.

= That is, increasing some of its arguments strictly
increases the value of the utility function.

— For any scalara > 1,
u(axy, xz) > u(xq, x3)



Desirability

* Example 1.5: u(x41,x,) = min{xy, x,}
— Monotone, since
min{x; + §,x, + §} > min{x;, x,}
forall 6 > 0.

— Not strongly monotone, since
min{x1 + 5, xZ} p min{xl, XZ}
if min{x,,x,} = x,.

10



Desirability

* Example 1.6: u(x{,x,) = x1 + x5

— Monotone, since
(3(1+5)+(X2+6) >x1+x2
forall 6 > 0.

— Strongly monotone, since
(.7C1+5)+X2 >X1+XZ

* Hence, strong monotonicity implies monotonicity,
but the converse is not necessarily true.

Advanced Microeconomic Theory
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Desirability

* Non-satiation (NS):
— A preference relation satisfies NS if, for every
x € X, there is another bundleinset X, y € X,
which is strictly preferred to x, i.e., y > x.

= NS is too general, since we could think about a bundle
y containing extremely larger amounts of some goods
than x.

"= How far away are y and x?

Advanced Microeconomic Theory
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Desirability

* Local non-satiation (LNS):

— A preference relation satisfies LNS if, for every
bundle x € X and every € > 0, there is another
bundle y € X which is less than g-away from x,
ly — x|| < €, and for which y > x.

* ly — x|l = V(1 — x1)2 + (y, — x2)? is the Euclidean
distance between x and y, where x,y € R2.

= [n words, for every bundle x, and for every distance ¢
from x, we can find a more preferred bundle y.

Advanced Microeconomic Theory
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Desirability

— A preference relation
satisfies y > x even if
bundle y contains less
of good 2 (but more of
good 1) than bundle x.

4
Xy

rd

V)

Distance between x aﬁd y

X N Xy

Advanced Microeconomic Theory 14



Desirability

— A preference relation
satisfies y > x even if
bundle y contains less
of both goods than
bundle x. = - -

~
X;

X

Advanced Microeconomic Theory 15



Desirability

* Violation of LNS

— LNS rules out the case
in which the decision- /
maker regards all
goods as bads.

— Althoughy > x, y is yeR:
unfeasible given that it
lies away from the N X,
consumption set, i.e.,

y & RE.




Desirability

* Violation of LNS X,

— LNS also rules out
“thick” indifference
sets.

— Bundles y and x lie on
the same indifference
curve.

— Hence, decision maker Thick indifference curve

is indifferent between
xandy,ie.,y~ x.

Advanced Microeconomic Theory
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Desirability

* Note:

— If a preference relation satisfies monotonicity, it
must also satisfy LNS.
* Given a bundle x = (x4, x,), increasing all of its
components yields a bundle (x; + 6, x, + 9§),

which is strictly preferred to bundle (x4, x,) by
monotonicity.

= Hence, there isa bundle y = (x; + §,x, + §) such
thaty > x and ||y — x|| < e.

Advanced Microeconomic Theory 18



Indifference sets

19



Indifference sets

 The indifference set of a bundle x € X is the set
of all bundles y € X, such that y ~ x.

IND(x) ={y e X:y ~ x}

* The upper-contour set of bundle x is the set of all
bundles y € X, such thaty = x.

UCS(x)={y€eX:y =z x}

* The lower-contour set of bundle x is the set of all
bundles y € X, such thatx = y.

LCS(x)={yeX:x vy}



Indifference sets

Upper contour set (UCS)
{(reRf yz x}

Indifference set
{yERE: y~ x}

Lower contour set (LCS)
{(yER?:: y< x}

A\ 4

X1

Advanced Microeconomic Theory 21



Indifference sets

e Strong monotonicity implies that indifference
curves must be negatively sloped.

Xy

y>>x




Indifference sets

* Note:

— Strong monotonicity implies that indifference
curves must be negatively sloped.

— In contrast, if an individual preference relation
satisfies LNS, indifference curves can be upward
sloping.

* This can happen if, for instance, the individual regards
good 2 as desirable but good 1 as a bad.

Advanced Microeconomic Theory 23



Convexity of Preferences
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Convexity of Preferences

e Convexity 1: A preference relation satisfies
convexity if, forall x,y € X,

xZy = ax+(1—-—a)yzy

foralla € (0,1).

25



Convexity of Preferences

* Convexity 1

X |

ax+(l-a)y

S




Convexity of Preferences

* Convexity 2: A preference relation satisfies
convexity if, for every bundle x, its upper contour
set is convex.

UCS(x) ={y € X:y Z x}is convex
* That is, for every two bundles y and z,

=
{i;jﬁ = Ay+(1-ADzzx

forany A € [0,1].

* Hence, points y, z, and their convex combination
belongs to the UCS of x.

Advance d Microeconomic Theory 27



Convexity of Preferences

* Convexity 2

~
X;

Ay+(1-2)z

X

28



Convexity of Preferences

» Strict convexity: A preference relation satisfies
strict convexity if, for every x,y € X where x # y,

X = Z
{y%z = Ax+0-Dy >z

forallA € [0,1].



Convexity of Preferences

 Strictly convex preferences

X2

N

Ax+ (1=-ADy>z

UCS

Advance d Microeconomic Theory
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Convexity of Preferences

* Convex but not strict convex preferences

—Ax+ (1 —-ADy~z

— This type of preference
relation is represented
by linear utility )
functions such as

u(xqy, x,) = ax; + bx, ,

where x; and x, are

regarded as substitutes.

Advance d Microeconom ic Theory

31



Convexity of Preferences

* Convex but not strict convex preferences

— Other example: If a
preference relation is
represented by utility
functions such as

u(xq, x,) = min{axq, bx,} v

where a,b > 0, then
the pref. relation
satisfies convexity, but %
not strict convexity.

Advanced Microeconomic Theory 32



Convexity of Preferences

 Example 1.7

Satisfies convexity | Satisfies strict convexity

ax, + bx, v X
min{ax,, bx,} v X
1 1 V V
axZbx?
ax? + bxs X X

Do the last two for exercise

Advanced Microeconomic Theory
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Convexity of Preferences

 Interpretation of convexity

1) Taste for
diversification:

— An individual with
convex preferences
prefers the convex
combination of
bundles x and y,

Indifference sets can be
interpreted as the bundles that
give the same level of utility (i.e.
the same value of the utility
function). In the case below it is an
indifference curve

than either of those
bundles alone.

Advanced Microeconomic Theory
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MRS is the slope of this indifference curve. Now we will see how to compute the marginal rate of

substitution.
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Marginal Rate of Substitution (MRS)

e Remark:

— Let us show that the slope of the indifference curve is
given by the MRS.

— Consider a continuous and differentiable utility
function u(xy, x5, ..., X5,).

— Totally differentiating, we obtain
du = 2% dx +—dx2 + - +—dxn

- 0xq 0xn

— But since we move along the same indifference curve,

ou
du = 0. o is called the marginal utility of x;.
l

Advanced Microeconomic Theory 35



Convexity of Preferences

72

k

— Inserting du = 0, and taking any two goods > .
0——d i+ ]d] t"’(f/‘.'/ﬁ)')
_0u L Sigme | ES
or = o, —dx; P

— If we want to analyze the rate at which the consumer
substitutes units of good i for good j, we must solve for

dx; .
——J to obtain
d

Xi

dx
For instance if ——L
dx;

Maae U (S POSITWY

(F( LevSur (W' 7 I)
e Bgrren

= 2/1 = 2 you have to replace 2 units of

good j for one unit of good i to remain in the same

indifference curve.

Advanced Microeconomic Theory
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Convexity of Preferences

 Interpretation of convexity

2) Diminishing marginal rate of substitution:
. dxy ou/dxq
MRSLZ - dxq o ou/dx,

— MRS describes the additional amount of good 2
that the consumer needs to receive in order to
keep her utility level unaffected, when the amount
of good 1 is reduced by one unit.

— Hence, a diminishing MRS implies that the
consumer needs to receive increasingly larger
amounts of good 2 in order to accept further
reductions of good 1.

Advanced Microeconomic Theory 37



One properties of MRS:
Since we are using convex Ind curve.

IND set or ind set is decreasing. So IND curve decreasing, slope is negative and then the slope is
decreasing. What does it mean?

Slope of a curve in one point, if the slope of the angle in this point.



Convexity of Preferences

e Diminishing marginal rate of substitution

/N
X2

Small slope means slope 4

IS ..

Alternative explanation: The increase in x1
needed to compensate the same decrease in x2,

1 unit=Vx,

/7 is increasing in the quantity consumed of x1
Imagine having variation — (’0-\/ vE & —7 Uy
C

jump. O\)M\f

1 unit=Vx,

from x1 to x2 this vertical | :L _____ NN (/a,p,-y\)

v

Vxi VVx; X1
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Amount of x1 you need to mantain(mantenere) utilty invariance is larger.

Implication of marginal rate of substitution...
[25]

Indifferent curve decreasing mean slope < 0 and the slope is decreasing. The slope is the Marginal rate
of substitution.

So this are all thing we are using in the next lectures.



Quasiconcavity

39



A utility function is concave if UCS is convex.

Quasiconcavity

A utility function u(-) is quasiconcave if, for every
bundle y € X, the set of all bundles for which the
consumer experiences a higher utility, i.e., the

UCS(x) ={y € X |u(y) = u(x)}is convex.

 The following three properties are equivalent:

Convexity of preferences < UCS(x) is convex < u(*) is quasiconcave

Advanced Microeconomic Theory 40



In the example before the UCS is convex. SO if we take two point in the set and link it with a straight
line then they depends on the set.

%

Function convex, UCS convex ==> u(°) is quasiconcave.



Quasiconcavity

 Alternative definition of quasiconcavity:.

— A utility function u(*) satisfies quasiconcavity if,
for every two bundles x, y € X, the utility of
consuming the convex combination of these two
bundles, u(ax + (1 — a)y), is weakly higher than
the minimal utility from consuming each bundle
separately, min{u(x), u(y)}:

u(ax + (1 — a)y) = min{u(x),u(y)}






Quasiconcavity

* Quasiconcavity (second definition)

X, 1

Co'\) U<
Convypurs) /v

ax+(L—an’/

u(x)
u(ax+(1-a)y)
y u(y)

X1

Advanced Microeconomic Theory 42
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Quasiconcavity

» Strict quasiconcavity:.

— A utility function u(+) satisfies strict
quasiconcavity if, for every two bundles x,y € X,
the utility of consuming the convex combination
of these two bundles, u(ax + (1 — a)y), is
strictly higher than the minimal utility from
consuming each bundle separately,

min{u(x),u(y)}:
u(ax + (1 — a)y) > min{u(x),u(y)}



Quasiconcavity

* What if bundles x and
y lie on the same X;
indifference curve?

e Then, u(x) = u(y).

* Since indifference curves
are strictly convex, u(*)
satisfies quasiconcavity.




Quasiconcavity

* What if indifference
curves are linear? 1,

* u(-) satisfies the
definition of a
quasiconcavity since

u(ax + (1 —a)y)
= min{u(x), u(y)}

ax+(l-a)y

/

u(x)=u(y)=u(ex+(1-a)y)

e But u() does not satisfy

strict quasiconcavity. ]
Moy olde |,
Pe iy
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Quasiconcavity

* Relationship between concavity and
quasiconcavity:

Concavity o Quasiconcavity

— If a function f () is concave, then for any two points

X,y € X,
flax+ (1 -a)y) 2 af(x) + (1 —a)f(y)
= min{f(x)' f(y)} Since it is a weighted
foralla € (0,1) average of the two

= The first inequality follows from the definition of concavity,
while the second holds true for all concave functions.

= Hence, quasiconcavity is a weaker condition than

concavity.
\ Advanced Microeconomic Theory 46
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Quasiconcavity
* Concavity implies quasiconcavity

7)) T —
f(ax+(1—a)y) ——————

f(x)=min{f(x), f(»)}}-

VAO)

-
AN e - ————
<

ax+(1-a)y
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Quasiconcavity

* A concave u(-) exhibits diminishing marginal
utility.
— That is, for an increase in the consumption bundle,

the increase in utility is smaller as we move away
from the origin.

* The “jump” from one indifference curve to
another requires:

— a slight increase in the amount of x; and x, when we
are close to the origin

— a large increase in the amount of x; and x, as we get
further away from the origin



Quasiconcavity

e Concave and quasiconcave utility function (3D)

11

U YUK
)

/}oT/FUQ‘J/‘

CenvuTue Mars
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Quasiconcavity

e Concave and quasiconcave utility function (2D)

"l

\vﬂ; L G tUR

ME A N

UT LYy
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Quasiconcavity

* A convex u(-) exhibits increasing marginal utility.

— That is, for an increase in the consumption bundle,
the increase in utility is larger as we move away from
the origin.

* The “jump” from one indifference curve to
another requires:

— a large increase in the amount of x; and x, when we
are close to the origin, but...

— a small increase in the amount of x; and x, as we get
further away from the origin

Advanced Microeconomic Theory
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Quasiconcavity

e Convex but quasiconcave utility function (3D)

Advanced Microeconomic Theory
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Quasiconcavity

e Convex but quasiconcave utility function (2D)

Advanced Microeconomic Theory
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Cobb-Douglas utility function



Quasiconcavity

 Note:

6 6

— Utility function v(xq, x,) = xfxg is a strictly
1 1

monotonic transformation of u(x4, x;) = x7x3,
 Thatis, v(xq,x;) = f(u(xy,x3)), where f(u) = u®.

— Therefore, utility functions u(x4, x,) and v(x4, x,)
represent the same preference relation.

— Both utility functions are quasiconcave although one
of them is concave and the other is convex.

— Hence, we normally require utility functions to
satisfy quasiconcavity alone.

Al
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Quasiconcavity

 Example 1.8 (Testing properties of preference
relations):

— Consider an individual decision maker who consumes
bundles in RX%.

— Informally, he “prefers more of everything”

— Formally, for two bundles x,y € R%, bundle x is
weakly preferred to bundle y, x = y, iff bundle x
contains more units of every good than bundle y
does, i.e., x;, = y; for every good k.

— Let us check if this preference relation satisfies: (a)
completeness, (b) transitivity, (c) strong monotonicity,
(d) strict convexity, and (e) local non-satiation.

Advanced Microeconomic Theory 55



Quasiconcavity

* Example 1.8 (continued):

— Let us consider the case of only two goods, L = 2.

— Then, an individual prefers a bundle x = (x4, x,)
to another bundle y = (y4, y,) iff x contains more
units of both goods than bundle y, i.e.,, x; = y4
and x, = y,.

— For illustration purposes, let us take bundle such
as (2,1).

Advance d Microeconomic Theory 56



Quasiconcavity

* Example 1.8 (continued):

X,

Advanced Microeconomic Theory 57



Quasiconcavity

* Example 1.8 (continued):
1) UCS:

— The upper contour set of bundle (2,1) contains
bundles (x4, x,) with weakly more than 2 units
of good 1 and/or weakly more than 1 unit of
good 2:

UCS(2,1) ={(x1,x) =2 (21) & x; = 2,x, = 1}

— The frontiers of the UCS region also represent
bundles preferred to (2,1).

Advance d Microeconomic Theory 58



Quasiconcavity

* Example 1.8 (continued):
2) LCS:

— The bundles in the lower contour set of bundle
(2,1) contain fewer units of both goods:

LCS(Z,l) — {(271) ’% (xli xZ) = X1 < 21x2 = 1}

— The frontiers of the LCS region also represent
bundles with fewer unis of either good 1 or
good 2.
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Quasiconcavity

* Example 1.8 (continued):
3) IND:

— The indifference set comprising bundles
(x4, x5) for which the consumer is indifferent
between (x1,x,) and (2,1) is empty:

IND(2,1) ={(2,1) ~ (xy,x,)} =0

— No region for which the upper contour set and
the lower contour set overlap.

60



Quasiconcavity

* Example 1.8 (continued):

4) Regions A and B:

— Region A contains bundles with more units of
good 2 but fewer units of good 1 (the opposite
argument applies to region B).

— The consumer cannot compare bundles in
either of these regions against bundle (2,1).

— For him to be able to rank one bundle against
another, one of the bundles must contain the
same or more units of all goods.

Advance d Microeconomic Theory
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Quasiconcavity

* Example 1.8 (continued):

5) Preference relation is not complete:

— Completeness requires for every pair x and vy,
eitherx = yory Z x (or both).

— Consider two bundles x,y € R% with bundle x
containing more units of good 1 than bundle y
but fewer units of good 2, i.e., x; > y; and
X, < Yy, (as in Region B)

— Then, we have neither x Z y (UCS) nory £ x
(LCS).
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Quasiconcavity

* Example 1.8 (continued):

6) Preference relation is transitive:

— Transitivity requires that, for any three bundles
x,yandz, ifx Zy andy = zthenx = z.

— Nowx £y and y = z means x;, = y; and
Yi = Zj for all k goods.

— Then, x;, = z;, implies x = z.



Quasiconcavity

* Example 1.8 (continued):

7) Preference relation is strongly monotone:

— Strong monotonicity requires that if we
increase one of the goods in a given bundle vy,
then the newly created bundle x must be
strictly preferred to the original bundle.

— Now x = y and x # y implies that x; = vy, for

all good [ and x;, > y, for at least one good k.

— Thus, x = y and x # y implies x £ y and not
yZX.
— Thus, we can conclude that x > y.

Advance d Microeconomic Theory
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Quasiconcavity

* Example 1.8 (continued):

8) Preference relation is strictly convex:

— Strict convexity requires thatifx £ zandy £ z
and x # y, then ax + (1 — a)y > z for all
a € (0,1).

— Now x £ zand y £ z implies that x; = y; and
y; = z; for all good L.

— x # z implies, for some good k, we must have
Xk > Zy .



Quasiconcavity

* Example 1.8 (continued):
— Hence, for any a € (0,1), we must have that
ax; + (1 — a)y, = z; for every good [
ax, + (1 — a)y, > z, forsome k
— Thus, we have that ax + (1 — @)y = z and
ax + (1 —a)y # z,and so
ax+(1—a)y =z
andnotzzZ ax+ (1 —a)y

— Therefore, ax + (1 — a)y > z.

Advance d Microeconomic Theory
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Quasiconcavity

* Example 1.8 (continued):
9) Preference relation satisfies LNS:

— Take any bundle (x4, x,) and a scalar € > 0.

— Let us define a new bundle (y4, y,) where

&

(Y1, ¥2) = (x1 + ;xz + E)
so that y; > x4 and y, > x,.

— Hence, y = x but not x = y, which implies
y > X.

Advance d Microeconomic Theory
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Quasiconcavity

* Example 1.8 (continued):

— Let us know check if bundle y is within an e-ball
around x.

— The Cartesian distance between x and y is

b=y = e~ (e + )+ o= (e + ) =

which is smaller than ¢ for all € > 0.




Advanced Microeconomics
(EPS)

Chapter 1: Common utility functions



Common Utility Functions

e Cobb-Douglas utility functions:

— In the case of two goods, x; and x,,

U(xg,x3) = Axfxf

where 4,a, > 0.
— Applying logs on both sides
logu =logA + alogx; + [flogx,
— Hence, the exponents in the original u(:) can be
interpreted as elasticities:

. ou(xq,x2) . X1

a—1..B X1
gu,xl _

= aAx X = Q
0x4 u(xq,x2) 1 2 Axfxf

Advance d Microeconom ic Theory 2



Compute marginal derivative.
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Common Utility Functions

— Intuitively, a one-percent increase in the amount
of good x; increases individual utility by a
percent.

— Similarly, &, ., = B.

— Special cases:

"q+f =1 u(xy, x5) = Axffx; =@
"4 =1 u(xy, x,) = xfxf

mA=a=8=1: u(xy,x,) = x1%,



Common Utility Functions

— Marginal utilities:

ou ou

6—961 > (0 and a—xz >0

— Diminishing MRS, since
aAxE1xh

MRS, = ,BAxlo‘xﬁ_1 By
2

which is decreasing in x;.

ax,

" Hence, indifference curves become flatter as x4
increases.



Common Utility Functions

e Cobb-Douglas preference

x2/\

VvV

n x,

Vx, |




Common Utility Functions

* Perfect substitutes:
— In the case of two goods, x; and x,,
u(xq,x,) = Axy + Bx,

where A,B > 0.
— Hence, the marginal utility of every good is
constant:
ou ou
o A and o B
. . A
— MRS is also constant, i.e.,, MRS, ., = -

= Therefore, indifference curves are straight lines with a
A
slope of ——.

B Advanced Microeconomic Theory



Utility depends on x1 and x2 but they enter separately in the utility function. A and B must be greater
than 0.

/LT,/)
(5~ 4

D Kot

Marginal utility of this ?

Marginal of x1 is A and marginal of x2 is B.

In this case marginal utility is a constant and don’t depend on x1 and x2. In the linear utilty function,
MU is constant. What does this imply for MRS (rateo of MU)? If the MU are constant then MRS is
constant.

mas A
0



Common Utility Functions

e Perfect substitutes

sz

24

Codl SranT Seprd

/

W72S ror Duincasy

Sreds (S n (wgrn'?’!

/ Errata: slope is with x; axes

slope = ——
T P B

B 2B X,
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Common Utility Functions

" e o : A
— Intuitively, the individual is willing to give up =

units of x, to obtain one more unit of x; and keep
his utility level unaffected.

— Unlike in the Cobb-Douglas case, such willingness
is independent in the relative abundance of the
two goods.

— Examples: butter and margarine, coffee and black
tea, or two brands of unflavored mineral water



Common Utility Functions

* Perfect Complements:
— In the case of two goods, x; and x,,

u(x4,x,) = A-min{ax,, Bx,}
where A,a,B > 0.

— Intuitively, increasing one of the goods without
increasing the amount of the other good entails
no increase in utility.

= The amounts of both goods must increase for the utility
to go up.

— The indifference curve is right angle with a kink at
axy; = fx, thatisx, = (a/f) x4

Advanced Microeconomic Theory



Common Utility Functions

* Perfect complements

a
Errata: x, = Exl

Advanced Microeconomic Theory
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Common Utility Functions

a a
— x4, —, indicates the rate
g7V p

at which goods x; and x, must be consumed in
order to achieve utility gains.

— The slopeofaray x, =

— Special case:a = f3
u(xq,x,) = A-min{ax,, ax,}
= Aa - min{xq, x, }
= B -min{x,,x,} if B = A«
— Examples: cars and gasoline, or peanut butter and
jelly.



Common Utility Functions

* CES utility function:
— In the case of two goods, x; and x,,

(o)
—_ (o) o
u(xq,x3) = [ax1 + bx, ]

where o measures the elasticity of substitution
between goods x; and x,.

— In particular,

6(’;—?) MRS,

~ OMRSy, i—z
1

Advanced Microeconomic Theory

12



Common Utility Functions

e CES preferences

Xy

Errata: Cobb Douglas if
oc=1

o = ()Perfect complement

o=02

o=1 Cobb-Douglas

=0 o=8

?

Xy

Perfect substitutes

Advanced Microeconomic Theory 13



Common Utility Functions

— CES utility function is often presented as
1

u(xl,xz) = [axf + bxé)]E

_o-1
where p = —

14



Common Utility Functions

* Quasilinear utility function:

— In the case of two goods, x; and x5,
u(xq,x5) =v(xy) + bx,
where x, enters linearly, b > 0, and v(x;) is a
nonlinear function of x;.

= For example, v(x;) = alnx; or v(x;) = axf, where
a>0anda # 1.

— The MRS is constant in the good that enters
linearly in the utility function (x, in our case).

Advanced Microeconomic Theory
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Common Utility Functions

* MRS of quasilinear preferences

N
Xz

16



Common Utility Functions

— For u(xq4, x,) = v(xy) + bx,, the marginal utilities are

ou ou ov
a_xz B b and 6x1 B axl
which implies
v
_ 0x1
MRSy, x, = b

which is constant in the good entering linearly, x,

— Quasilinear preferences are often used to represent
the consumption of goods that are relatively
insensitive to income.

— Examples: garlic, toothpaste, etc.

Advanced Microeconomic Theory 17



Summary

Perfect substitutes. A and B positive.

Last time introduce the concept of marginal utility = increase in the utility derived in infinitesima of x1.
MU of first good is der of u / der of x1 = A.

MRS is the slope of the indifference curve. In mathematics how do we compute? Ratio of the two MU.
If MU are constant also the ratio is constant. This mean that the slope is constant.



Common Utility Functions

* Perfect substitutes:
— In the case of two goods, x; and x,,
u(xq,x,) = Ax; + Bx,

where 4,B > 0.
— Hence, the marginal utility of every good is
constant:
ou ou
a_x1 = A and E =B

. . A
— MRS is also constant, i.e., MRSy, = -

= Therefore, indifference curves are straight lines with a
A
slope of ——.

B Advanced Microeconomic Theory 101



Common Utility Functions

e Perfect substitutes

x2 2
24 slope = —é
P B
A

Advance d Microeconomic Theory 102



How can you draw IC in a graph giving the utility function? (Fcﬂ' Py el &S50 r&%)
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Common Utility Functions

. e . : A
— Intuitively, the individual is willing to give up =

units of x, to obtain one more unit of x; and keep
his utility level unaffected.

— Unlike in the Cobb-Douglas case, such willingness
is independent in the relative abundance of the
two goods.

— Examples: butter and margarine, coffee and black
tea, or two brands of unflavored mineral water

Advanced Microeconomic Theory 103



Common Utility Functions

* Perfect Complements:
— In the case of two goods, x; and x,,

u(xy,x2) = A-min{axy, fx,}
where 4,a,B > 0.

— Intuitively, increasing one of the goods without

increasing the amount of the other good entails
no increase in utility.

= The amounts of both goods must increase for the utility
to go up.
— The indifference curve is right angle with a kink at
axl — ﬁXz. _ [?}%A

Advanced Microeconomic Theory 104



Common Utility Functions

* Perfect complements Poe (ompstS spi

£ (o Lrons

1
2 Y ﬂ /
R X, =—X,
L a
2B Z
. u, =2 Aa
A | )
u = Ao
(04 ﬂ bd 1
4 >
1 2 x1
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In the case the slope is not decreasing. Slope is infinite in a vertical line, in orizzontal line slope is 0. In
the point of corners the slope is not define.

Another function more complex that is called the constant elasticity of substitution.



Common Utility Functions

— The slope of aray x, = §x1; g , indicates the rate

at which goods x; and x, must be consumed in
order to achieve utility gains.

— Special case: a = 8

u(xq,x,) = A-min{ax,, ax,}
= Aa - min{x{, x,}

= B - min{x, x,} if B = A«
— Examples: cars and gasoline, or peanut butter and
jelly.

Advanced Microeconomic Theory 106



Common Utility Functions

* CES utility function:
— In the case of two goods, x; and x,,

o

o-1 97 110-1
—_— () o
u(xq,x5) = [ax1 + bx, ]

where o measures the elasticity of substitution
between goods x; and x,.

— In particular,

X2
_ a(961) , MRS, 2
MRS, ; j‘c—z
1

Advanced Microeconomic Theory//1 107



This form of the utility function that is called CES. A combin
one good. We get a constant elasticity substitution.
This elasticity is define d in this way.

ion of cobddouglas function with only

Elasticity is percentage change of one variable of the percentage change in the other

)

»a

N

? MR
M4

Graphical representation in the next slide.
Depending on value of sigma you can get all the utility functions that we have already introduce. If
elasticity 1 we get cob Douglas, if 0 we obtain leonthief, if infinity you get a linear function.

Elasticity of substitution is infinity is that for me the two good are totally indifferent. So | don’t care
which of the two good consume.

On Ariel he will put the proof (not necessary).



Common Utility Functions

* CES preferences

X2

o= O Perfect complement

c=0.2

o=1 Cobb-Douglas

= =8’
Perfect substitutes xl

Advanced Microeconomic Theory 108



Common Utility Functions

— CES utility function is often presented as
1

u(xl, xz) = [axf + bxg]E

_o-1
where p = —

Sometimes the CES is indicated in this way, using rho that is a function of sigma. Still
remain constant.

Advanced Microeconomic Theory 109



Last utility function we consider is the quasi linear utilty function. This depend on the quantity
consumed of two good. Quasilinear mean that one of the two good enter linearly in the utility function.
X2 is linear.

Log function and cob double.

MRS of substitution (ratio of the two MU).

MU%,, = é& oV éL :/6‘ Mits < 2
é’(/l };:q b;(?' Kasy T ﬁ
§Z8

So M S DeEs NeT D e,EVD o <o (5

¢

//V M/MQ/ L//W”Q K’l//véf/{)/\/

So this is the overview of all utility function we will consider.



Common Utility Functions

* Quasilinear utility function:

— In the case of two goods, x; and x,,
u(xy, x3) = v(x1) + bx,
where x, enters linearly, b > 0, and v(x;) is a
nonlinear function of x;.

» For example, v(x;) = alnx; or v(x;) = ax{, where
a>0anda # 1.

— The MRS is constant in the good that enters
linearly in the utility function (x, in our case).

Advanced Microeconomic Theory 110



Common Utility Functions

MRS of quasilinear preferences

Advance d Microeconomic Theory 111



Common Utility Functions

— For u(xq, x5) = v(xq) + bx,, the marginal utilities are

ou ou v
—_— = N =
0x, b and dxq dxq
which implies
v
_ 0x1
MRleer _ b

which is constant in the good entering linearly, x5

— Quasilinear preferences are often used to represent
the consumption of goods that are relatively
insensitive to income.

— Examples: garlic, toothpaste, etc.

Advanced Microeconomic Theory 112



Properties of Preference
Relations

Advance d Microeconomic Theory 113



We go on with another section of the chapter and we will introduce other properties of preference
relation.

Rational preference: completeness, transitivity.

Completeness: DM can define for any two bundle you are able to compare each goods in the bundle
Transitivity: 1° > 2° and 2°>3° then 1°> 3°

Now we define a bundle that is a combination of good in a given points.
We define other feature in the preference relation.

One is the definition of homogeneity: utility function is homogeneous, if you take utility and multiply
each argument by alpha then utility function is equal to utility multiply by a”k (with alpha > 0)
If 0<a<1 we are decreasing quantity of the original bundle.

If this happen we define the utility function as homogenous of degree k.
Weis, o Coprrernst™
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If a function if utilty of degree k, then the first derivative is homogeneous of degree k-1.
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Properties of Preference Relations

* Homogeneity:

— A utility function is homogeneous of degree k if
varying the amounts of all goods by a common
factor & > 0 produces an increase in the utility
level by a*.

— That is, for the case of two goods,
u(axy, axy) = au(xg, x;)
where a > 0. This allows for:

= ¢ > 1 in the case of a common increase
" ) < a<1inthecase of acommon decrease

Advanced Microeconomic Theory 114



Properties of Preference Relations

— Three properties:
1) The first-order derivative of a function u(x4, x,)
which is homogeneous of degree k is
homogeneous of degree k — 1.

= Given u(axy, ax,) = a®u(xy, x,), we can take
derivatives of both sides with respect to x; thatis

ou(axy, ax,) e oulxq, x3)
ex=q" —m8m
d(ax;) 0x;

and re-arranging
/ — k=17
u;(axqy, ax;) = a u;(xq, x2)
Where u; denotes partial derivative w.r.t. i argument.

Advanced Microeconomic Theory 3

. If function is homogeneous the IC has a specific shape. In particular is radial expansion of one

another. If we increase with the same quantity the two bundle then they lie on the same indifference

curve. Radial expaction because with increase the value by the same proportion of alpha.

. If we compute the MRS along radial expansion the slope of first IC is equal to the slope of the
second IC. So marginal rate of substitution is constant then IC are parallel curve.



Properties of Preference Relations

2) The indifference curves of homogeneous

functions are radial expansions of one
another.

* Thatis, if two bundles y and z lie on the same
indifference curve, i.e., u(y) = u(z), bundles ay
and az also lie on the same indifference curve,
i.e., u(ay) = u(az).

Advanced Microeconomic Theory 116



Properties of Preference Relations

 Homogenous preference

X,

Along a radial expansion slope

L/ of indifference curve is the
same (constant), i.e. MRS is the
same.

\
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Properties of Preference Relations

3) The MRS of a homogeneous function is constant
for all points along each ray from the origin.

= That s, the slope of the indifference curve at point y
coincides with the slope at a “scaled-up version” of

point y, ay, where a > 1. any DPeold 1T
= The MRS at bundle x = (x4, x5) is

ou(xq,xo)

0x
MRS 5(x1, %) = — au(xllxz)

d0x,

Advanced Microeconomic Theory 118



Properties of Preference Relations

=" The MRS at (axq1, ax,) is Since is
ou (“xp axz) homogeneous the
) derivative is equal to u
X1 time a~k-1 degree

MRS 5 (axq, ax;) =

-~ Ju(axy, axy)

dx, >
o1 du(xy, xp) erxz)

_ axl . { axl
ak—1 du(xy, xp) du(xq,x;)
dx, dx,

where the second equality uses the first property.

= Hence, the MRS is unaffected along all the points
crossed by a ray from the origin.

Along radial expansion we prove MRS is the

same since has degree K Advanced Microeconomic Theory 119



Properties of Preference Relations

* Properties:

— If u(x) is homothetic, and two bundles y and z lie on the
same indifference curve, i.e., u(y) = u(z), bundles ay
and az also lie on the same indifference curve, i.e.,

u(ay) = u(az) foralla > 0.
— Proof: if u(y) = u(z) = g(v(y)) = g(v(z)) and being
g(.) monotonic then v(y) = v(z) (two arguments cannot

have the same value of the function. From homogeneity of
degree k of v (. ) we know that

u(ay) = g(wv(ay)) = g(@® v(y))
u(az) = g(v(az)) = g(a* v(2))

Hence, a® v(y)= a* v(z) and u(ay)= u(az).

Advanced Microeconomic Theory 9

Increasing transformation of (similar to say monotonic transformation ) this new utilty function is
called homothetic.

Monotonic preserve the ordering of the arguments.



Properties of Preference Relations

* Properties:

— If u(x) is homothetic, and two bundles y and z lie on the

same indifference curve, i.e., u(y) = u(z), bundles ay
and az also lie on the same indifference curve, i.e.,

u(ay) = u(az) foralla > 0.

— Proof: ifu(y) = u(z) = g(v(y)) = g(v(z)) and being
g(.) monotonic then v(y) = v(z) (two arguments cannot
have the same value of the function. From homogeneity of
degree k of v (. ) we know that

u(ay) = g(w(ay)) = g(@* v(y))
u(az) = g(v(az)) = g(a* v(2))

Hence, a* v(y)= a® v(z) and u(ay)=u(az).

Advanced Microeconomic Theory 9
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I AR
Properties of Preference Relations

— The MRS of a homothetic function is homogeneous of

degree zero.
. Slope of IC will be equal. So along expaction,
— In particular, MRsisequal.

Ju(ax1,ax) 0g ov(axy,axy)

. dxq __du 9xq S b
MRSl 2 (axli axZ) ou(axq,axy) 'Qg'av(axl,axz)
dxo ou dx>
\> D (C(rzx

where u(xy, x3) = g(v(xy, x2)).

: 0 , .
— Canceling the a—g terms yields (vis homogeneous of degree k)
u

Snce V- Ao . off ov(ax1,axy) c&’zl ov(x1,x2)
6x1 6x1

ov(axq,axp) ~ 1.0v(x1,%2)
axz / axz

oJorve V=
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Properties of Preference Relations

— The MRS of a homothetic function is homogeneous
of degree zero.

Proof.
Ju(axq,axy) dg ov(axq,axy)
_ 0x1 __0v d(axq1)
|MR51,2 (C(Xl, C(Xz)l — ou(axq,axy) — 0g ov(axq,axy)
0x2p ov d(axy)
where u(x1, x2) = g(v(xy, x2)).
. 0 . .
— Canceling the ﬁ a terms yields (v is homogeneous of
degree k)
dv(axq,ax2) k—1 0v(x1,X2)
d(axq) _ a 0x1
ov(axq,axz) —  g—q 9v(x1,X2)
d(axzp) a 0x>y

Advanced Microeconomic Theory 1
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Properties of Preference Relations

— Canceling the a*~1 terms yields

dv(x1,%2)
axl

dv(x1,X2)
axz

— In summary, \

ou(axy, axy)

0x
MRS ,(ax,, ax,) = L = { =
o e TWist v Ju(axy, ax,) ‘
0x,
Eau(gli xZ) fgu [ <, %]
= X1 _
— GU(Xl,Xz) — MRSl,Z(xl;xZ) dx4
axz @w J%(Xa/%&,)

Advance d Microeconomic Theory 123
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Graph 1. If we increase by 2 both arguments also the value of the function
doblued. So this IC will correspond with twice the level of utilty.

In homothetic actually the level of utilty does not doble in some case. So all the
thing i notice graphically are summarised in the slide (homogeneous function are
homothetic.. but homothetic function are not necessary homogeneous).



Properties of Preference Relations

— Canceling the a®~1 terms yields

ov(axq,axy) dv(x1,x2)
d(axq) _ dx1
ov(axq,axp) ~ 0v(x1,x3)
d(ax2) dxoy
— In summary,
Jdu(axq,axy) ov(x1,x2)
|MR51»2 (axl’ axZ)l — du(axq,axy) — 0v(x1,x3)
0x2 0x2
du(x1,X2) Ov(x1,X2)
- axl — _ ax1
~u(xyxz) — |[MRS; , (x1,x2)|= Bv(x1,%2) (do the proof
axz axz

in this line for exercise, proof in the following slide)

Advanced Microeconomic Theory 11
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Properties of Preference Relations

e But we also have

IMRS; 5 (%1, %2)| =
du(xy,x2) dg 0v(x1,X2)
ax1 _ ﬁ 6x1 _
ou(xq,x2) ~ 0g 0v(x1,x2)
axz E axz
ov(x1,x2)
ax1
Iv(x1,x2)
axz

Hence |MRS]_’2(C(.X1, aX2)|= |MRS]_,2(X1, X2)|
i.e. MRS is the same along radial expansions.



Properties of Preference Relations

 Homotheticity (graphical interpretation)

— A preference relation on X = R% is homothetic if
all indifference sets are related to proportional
expansions along the rays.

— That is, if the consumer is indifferent between
bundles x and y, i.e., x~7y, he must also be
indifferent between a common scaling in these
two bundles, i.e., ax~ay, for every scalar a = 0.
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Properties of Preference Relations

— For a given ray from the origin, the slope of the
indifference curves (i.e., the MRS) that the ray crosses
coincides.

" The ratio between the two goods x; /x, remains
constant along all points in the ray.

— Intuitively, the rate at which a consumer is willing to
substitute one good for another (his MRS) only
depends on:

* the rate at which he consumes the two goods, i.e., x{ /x5,
but does not depend on the utility level he obtains.

— But it is independent in the volume of goods he
consumes, and in the utility he achieves.
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Properties of Preference Relations

FACTOR 2 FACTOR 2
2x 2x
2x' 2X'
X' !
f(x) =2y fix) =2y
fix)=y fix)=y
FACTOR 1 FACTOR 1
N A B
Homogeneous of Homothethic
degree k=1
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Properties of Preference Relations

 Homogeneity and homotheticity:

— Homogeneous functions are homothetic.

= We only need to apply a monotonic transformation
g() onv(xq, xz), i.e., ulxy, x2) = g(v(xy, x2)).

— But homothetic functions are not necessarily
homogeneous.
= Take a homogeneous (of degree one) function
v(X1,X3) = X1 X3.
= Apply a monotonic transformation g(y) = y + a,
where a > 0, to obtain homothetic function
u(xy,x,) = x1%, + a
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Properties of Preference Relations

= This function is not homogeneous, since increasing
all arguments by « yields
u(axy, axy) = (axy)(ax,) + a
= a’v(xy,x,) +a

# o5, 52

= Other monotonic transformations yielding non-
homogeneous utility functions are

g(y) =(ay¥)+ by, wherea,b,y >0, or
Do as an exercise: prove g(y) — Cl(ln Y} Where a > O

that the two function are

homogeneous. N~ mo (odws =S ol Mﬁﬂy\\// N
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Properties of Preference Relations

M(W"‘ cer) = L (ara) & frlem) = (onkn iz Y e
* Utility functions that satisfy homotheticity: (rors [

Se Neohoor 1
— Linear utility function u(xq, x,) = ax; + bx,, where
a,b > O h[é/n,tr&).,c‘[g,q) +,(,(t,,)

. w:\::w:’ af 0w 7e Ko
" Goods x; and x, are perfect substitutes’ \ 4t
a at a
= — = — = — ez »
= MRS (x4, x5) - and MRS (txq,tx,) b =i
— The Leontief utility function u(xy, X5) = A + N s s o= s

min{axy, bx,}, where A > 0 s s -
Kaq <
K1 =BAe Goods x1 and x, are perfect complements

“2= Z ">u We cannot define the MRS along all the points of the
T indifference curves
M L o
m‘;‘f;"a = However, the slope of the indifference curves coincide for
qual! those points where these curves are crossed by a ray from

the Orlgln- Advanced Microeconomic Theory 128



Properties of Preference Relations

» Perfect complements and homotheticity

xZ" Same slope
\
X IEX
~ a
=
~
~
/
- u, =2Aa
~
-
u, = Ao
a \ AN
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Properties of Preference Relations

 Homotheticity:

— A utility function u(x) is homothetic if itis a
monotonic transformation of a homogeneous
function.

—That is, u(x) = g(v(x)), where

* g:R - Ris a strictly increasing function, and
 v: R™ - R is homogeneous of degree k.
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Properties of Preference Relations

* Properties:

— If u(x) is homothetic, and two bundles y and z lie
on the same indifference curve, i.e., u(y) = u(2),
bundles ay and az also lie on the same

indifference curve, i.e., u(ay) = u(az) for all a >
0.

" |n particular,
u(ay) = gw(ay)) = g(a* v(y))
u(az) = g(v(az)) = g(a* v(2))

Advance d Microeconomic Theory 121



Properties of Preference Relations

— The MRS of a homothetic function is homogeneous of
degree zero.

— In particular,

Ju(ax1,ax) dg ov(axy,axy)

_ 0xq1 __du 0x1
MRSLZ (axl' C(XZ) T du(axq.axp) T dg dv(axi,axy)
dxo du 0xo

where u(xy, x3) = g(v(xy, x2)).
— Canceling the g—‘z terms yields

ov(axq1,ax2) o k—1.9v(*1,%2)
6x1 _ 6x1

ov(axq,axp) ~ k-1 0v(xy,x2)
axz axz
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Properties of Preference Relations

— Canceling the a*~1 terms yields

ov(x1,%2)
axl
o0v(x1,%X2)
axz
— In summary,
ou(axy, ax,)
0x4
MRS, ,(ax, ax,) = =
1,2( 1 2) dulaxy, ax,)
0x,
u(xyq, x,)
d0x4
= = MRS, -,(x{,x
OU(xl,Xz) 1,2( 1, 2)

axz
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Properties of Preference Relations

 Homotheticity (graphical interpretation)

— A preference relation on X = R% is homothetic if
all indifference sets are related to proportional
expansions along the rays.

— That is, if the consumer is indifferent between
bundles x and y, i.e., x~7y, he must also be
indifferent between a common scaling in these
two bundles, i.e., ax~ay, for every scalar a = 0.
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Properties of Preference Relations

— For a given ray from the origin, the slope of the
indifference curves (i.e., the MRS) that the ray crosses
coincides.

" The ratio between the two goods x; /x, remains
constant along all points in the ray.

— Intuitively, the rate at which a consumer is willing to
substitute one good for another (his MRS) only
depends on:

* the rate at which he consumes the two goods, i.e., x{ /x5,
but does not depend on the utility level he obtains.

— But it is independent in the volume of goods he
consumes, and in the utility he achieves.
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Properties of Preference Relations

 Homogeneity and homotheticity:

— Homogeneous functions are homothetic.

= We only need to apply a monotonic transformation
g(-) onv(xy, x3), i.e., ulxg, x2) = g(w(xq, x2)).

— But homothetic functions are not necessarily
homogeneous.
= Take a homogeneous (of degree one) function
v(X1,X3) = X1 X3.
= Apply a monotonic transformation g(y) =y + a,
where a > 0, to obtain homothetic function
u(xy,x,) = x1%x, + a
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Properties of Preference Relations

= This function is not homogeneous, since increasing
all arguments by « yields
u(axy, axy) = (axy)(ax,) + a
= a’v(xy,x,) +a

= Other monotonic transformations yielding non-
homogeneous utility functions are

g(y) = ay¥ + by, wherea,b,y >0, or
g(y) =alny, wherea >0
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Properties of Preference Relations

e Utility functions that satisfy homotheticity:

— Linear utility function u(x4,x,) = ax; + bx,, where
ab>0

" Goods x; and x, are perfect substitutes
at

" MRS(xq,%;) = % and MRS(txq,tx,) = = %
— The Leontief utility function u(x{,x,) = A -

min{axq, bx,}, where A > 0
= Goods x; and x, are perfect complements

= We cannot define the MRS along all the points of the
indifference curves

= However, the slope of the indifference curves coincide for
those points where these curves are crossed by a ray from

the Orlgln- Advanced Microeconomic Theory 128



Properties of Preference Relations

* Perfect complements and homotheticity

x2A

Same slope

129



Properties of Preference Relations

* Example 1.9 (Testing for quasiconcavity and
homotheticity):

— Let us determine if u(xy, x;) = In(x2>3x5-2) is
guasiconcave, homothetic, both or neither.

— Quasiconcavity:

= Note that In(x-3x3¢) is a monotonic transformation of

the Cobb-Douglas function x{-3x3-°.

= Since x{3x5° is a Cobb-Douglas function, where a +

B = 0.3+ 0.6 < 1, it must be a concave function.

= Hence, x{-3x3° is also quasiconcave, which implies

In(x-3x3©) is quasiconcave (as quasiconcavity is
preserved through a monotonic transformation).
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Properties of Preference Relations

* Example 1.9 (continued):
— Homogeneity:
= |ncreasing all arguments by a common factor «,
()03 (ax,) %6 = a03x03¢06x06 = 09503,0.6

= Hence, x{-3x3° is homogeneous of degree 0.9

— Homotheticity:

= Therefore, x{-3x2-¢ is also homothetic.

= As a consequence, its transformation, In(x9-3x3-¢), is also
homothetic (as homotheticity is preserved through a
monotonic transformation).
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Properties of Preference Relations

* Quasilinear preference relations:

— The preference relation on X = (—o0, ©)
x € R~ is quasilinear with respect to good 1 if:

1) All indifference sets are parallel displacements of
each other along the axis of good 1.

" Thatis, if x~y, then (x + ae)~(y + aey), where e; =
(1,0, ...,0).

2) Good 1 is desirable.

* Thatis, x + ae; > x forall x and a > 0.
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Properties of Preference Relations

* Quasilinear preference-|

N
X2

X1
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Properties of Preference Relations

* Notes:

— No lower bound on the consumption of good 1,
i.e., xq € (—o0, ).

—Ifx > y,then (x + aey) > (y + aeq).
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Properties of Preference Relations

* Quasilinear preference-ll

N
X2

X —> ¢ X+ ae

y & —» oyt ae

X1
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Properties of Preference Relations

* Example 1.9 (Testing for quasiconcavity and
homotheticity):

— Let us determine if u(xy, x;) = In(x2>3x5-2) is
guasiconcave, homothetic, both or neither.

— Quasiconcavity:

= Note that In(x-3x3¢) is a monotonic transformation of

the Cobb-Douglas function x{-3x3-°.

= Since x{3x5° is a Cobb-Douglas function, where a +

B = 0.3+ 0.6 < 1, it must be a concave function.

= Hence, x{-3x3° is also quasiconcave, which implies

In(x-3x3©) is quasiconcave (as quasiconcavity is
preserved through a monotonic transformation).
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Social preferences

u(x1, x2) is utility function of an individual. Is not indexed by individual i.



Social and Reference-Dependent
Preferences
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Social Preferences

* We now examine social, as opposed to individual,
preferences.

* Consider additively separable utility functions of
the form

ui(x;,x) = f(x;) + gi(x)
where

— f(x;) captures individual i’s utility from the
monetary amount that he receives, x;;

— g;(x) measures the utility/disutility he derives from
the distribution of payoffs x = (x4, x5,...,Xy)
among all N individuals.



This is a case in which is indexed by individual. Utility of individual is define by his consumption Xi but
also the consumption of all other people. So f(xi) is the egoistic part, and gi(x) is the consumption of all
other people. Gi mean that can be some sort of altruism.

In this example we don’t take average consumption. In x we have all bundle of consumption of all
individual (kindy absurd to have all consumption so we have average). X is a vector of consumption of
all the other individual. Xi could be a vector and also x2, x3 ... could be a vector.

Usually we will take much simpler utility function.



Social Preferences

* Fehr and Schmidt (1999):

— For the case of two players,
Eyvy
w;(x;, x;) = x; — max{xj — X, O} — [ max{xi - Xj, O}

ﬁ&f’b(/ VeV

where x; is player i's payoff and j # i.

— Parameter «; represents player i’s disutility from
envy

" When x; < x;, max{xj — X, 0} = x; — x; > 0 but
max{xi — X, 0} = 0.
" Hence, u;(x;, x;) = x; — a;(x; — x;).
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Fehr and Schmidt we assume we have only two individuals, so we have only two consumption of the
two individual. We also have consumption of j.

Xi is your consumption and the from this level of utility we subtract something: ai max(xk-xi, 0) if i
consume less than xj i get a max of 0. Else if you consuming more than the other guy you take in the
utility function Bi (xi-xj). So which between the two are altruistic consort. If you consume more Than the
other guys you are not happy. a is for envy.

In this model we assume that player envy is stronger than their guilt. So alpha >= bi. You don’t want to
be the poor one.



Social Preferences

— Parameter ; = 0 captures player i's disutility
from guilt
" When x; > x;, max{xi — Xj, 0} = x; — xj > 0 but
max{xj — X, O} = 0.

" Hence, ui(xi,xj) = x; — Bi(x; — x5).

— Players’ envy is stronger than their guilt, i.e., a; =
f;for0 < p; < 1.

" |ntuitively, players (weakly) suffer more from inequality
directed at them than inequality directed at others.
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Social Preferences

— Thus players exhibit “concerns for fairness” (or
“social preferences”) in the distribution of payoffs.

—If a; = B; = 0 for every player i, individuals only
care about their material payoff u; (x;, x;) = x;.

= Preferences coincide with the individual
preferences.
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Social Preferences

— Let’s depict the indifference curves of this utility

function.
— Fix the utility level at u

1-

u. Solving for x; yields
-B

T x; if x; > x;
1-a .

Xj _E_ Tx'ilf Xi < Xj
— Hence each indifference curve has two segments:

1_
" one with slope Tﬁabove the 45-degree line
1_
= another with slope TQbeIow 45-degree line

— Note that (x;, x;)-pairs to the northeast yield larger
utility levels for individual i.

Advanced Microeconomic Theory
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Social Preferences

* Fehr and Schmidt’s (1999) preferences

X
450°-]ine
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Advanced Microeconomic
Theory

Chapter 2: Demand Theory



Consumption Sets
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Consumption Sets

* Consumption set: a subset of the commodity
space RY, denoted by x € RY, whose elements
are the consumption bundles that the individual
can conceivably consume, given the physical
constraints imposed by his environment.

* Let us denote a commodity bundle x as a vector
of L components.
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Consumption Set

Set of all possible alternatives (which are bundles)

sometime some bundle are not feasible, so we cannot consume it because there are constrained

imposed by his environment.
A bundle is a vector of L components.



Consumption Sets

* Physical constraint on the labor market

Leisure &

24 h

194



How people decide labour supply ( so how many hours they work). Leisure can also be called as house
work. If we consider leisure as a good and bread. People don’t want to work all day but you want to
have some leisure. You have to sleep, what are the main free activity. Studying working and having fun.
Even if you don’t sleep any hour you do not consume any bread, the maximum amount of leisure is

24h. It’s physical constraint on the environment.
If you have pleasure you don’t work, if you work you have more income and more pleasure.



Consumption Sets

 Consumption at two different locations

Beer in
Seattle
atnoon

\

Beer in 7

Barcelona
atnoon
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Imagine this two goods are beer in Seattle and Barcellona at the same day. So there’s a physical
constraint. The consumption set is in the axes. Since Barcellona is 0 if I’'m in Seattle and vice versa.
Not convex, if i take point in a straight line they are not in the consumption set.



Consumption Sets

» Convex consumption sets:

— A consumption set X is convex if, for two
consumption bundles x, x' € X, the bundle
s X' =ax+ (1—a)x’
is also an element of X forany a € (0,1).
— Intuitively, a consumption set is convex if, for any
two bundles that belong to the set, we can

construct a straight line connecting them that lies
completely within the set.
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Consumption Sets: Economic Constraints

 Assumptions on the price vector in R":

1) All commodities can be traded in a market, at
prices that are publicly observable.

— This is the principle of completeness of markets

— |t discards the possibility that some goods cannot
be traded, such as pollution.

2) Prices are strictly positive for all L goods, i.e.,
p > 0 for every good k.

— Some prices could be negative, such as pollution.
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Economic constraint —> we do some additional assumption that characterise perfect competition.
All commodities can be traded in a marker and all good has a price in the market. This is called a

market completeness.
For instance, we do not consider pollution because cannot be traded. Even though expert create

market with pollution.
[Let’s say 100 firm, each one 100 and then sell certificate and trade the right to pollute. The reason to

create a market is that if you have a cost to pollute. You sell the right to pollute. ]

Also price is positive. If something is free i can ask for infinite amount of the good??



Consumption Sets: Economic Constraints

3) Price taking assumption: a consumer’s demand
for all L goods represents a small fraction of the
total demand for the good.

Consumer cannot affect the price.
In some situation consumer can affect the price. Big enterprise in the retail distribution and you

supply all shop and then you go to people working on agriculture if price is this, then i get it else
i will go to another one.
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Consumption Sets: Economic Constraints
/;,mfg((%&v'“
 Bundle x € R% is affordable if
P1X1 + P2Xp + o+ PLX, S W
or, in vector notation,p - x < w.

* Note that p - x is the total cost of buying bundle
x = (x1,Xo, ..., X7 ) at market prices p =
(p1, P2, ..., P), and w is the total wealth of the
consumer.

« When x € R% then the set of feasible consumption
bundles consists of the elements of the set:

Byw ={x €ERi:p-x <w}
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Consumer have some wealth and cannot spend more on this wealth. So consumer cannot borrow
money to his consumption (??7?) [56.00]

Amount of goods that are consumed and income is endogenous (variables explained in the model).
Endogenous decision are about x1, x2 so the amount of consumed.

The budget inequality is saying that you expenditure must be less or equal than your income.

So this define the so called budget set.

B is a set gand then the budget set depend on price and wealth in which components are positive for
which the product of price vector moltiply by good vector is less or equal of w (amount of wealth that
you have, it’s a scalar! Not a vector like p and x).

How is budget set represented? In the following way.



Consumption Sets: Economic Constraints

 Example for two goods:

Bpw = {x € R%: p1xq + poxp, < w)

The budget line is
P1X1 t P2Xy =W
Hence, solving for the
good on the vertical
axis, x,, we obtain

W D
P2

xz — x1

Advanced Microeconomic Theory

N
X2

Spending all income

b1
-2 (sl

7 (slope)
Not spending all
income

(xER?:p-x= w}

X1
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Two components. How do you represent graphically a budget set?
You see you have inequality and you can take this inequality as equality and define the graph of the
function of p1x1 +p2x2 = w.

Do b #Pary Tl >Xe T — P, Z}Enmé*ef Linnd
Py P2
e Sa=<e yon w o X5 hax Aveyu T oh‘l/;

P2
Moge %y = 21 MEX Auast (4 W

Pu

Set of all feasible bundle depending on your income and the price.



Consumption Sets: Economic Constraints

 Example for three goods:
Byw = {x € R3: p1x1 + poxy + p3xz < w)

— The surface p1x1 + pox, + p3x3 = wis referred to
as the “Budget hyperplane”

In case of three goods
you will have the budget
set is 3D.
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Consumption Sets: Economic Constraints

* Price vector p is orthogonal (perpendicular) to

the budget line B, .
— Note that p - x = w holds for any bundle x on the
budget line.

— Take any other bundle x" which also lies on B, .
Hence, p - x' = w.
— Then,
px' =p-x=w
p-(x'—x)=0o0orp-Ax=0
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Consumption Sets: Economic Constraints

— Since this is valid for any two bundles on the
budget line, then p must be perpendicular to
Ax on By .

— This implies that the price vector is perpendicular
(orthogonal) to B, ,,,.
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Price vector is orthogonal to the budget line Bp,w.

6)4,]); ) (><n //L\:F" Xt fru,



Consumption Sets: Economic Constraints

* The budget set B), ,, is convex.

— We need that, for any two bundles x, x' € By w
their convex combination
x"=ax+ (1 —a)x
also belongs to the B, ,, where a € (0,1).

(W T4 —
—Sincep-x < wandp-x < w,then

p-x"=pax+p(1l—a)x
= apx + (1&— a)px <w

W) (9 < wy 7
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Advanced Microeconomic
Theory

Chapter 2: Utility Maximization
Problem (UMP), Walrasian demand,
indirect utility function



Outline

Utility maximization problem (UMP)
Walrasian demand and indirect utility function
WARP and Walrasian demand (no, skip)

Income and substitution effects (Slutsky
equation)

Duality between UMP and expenditure
minimization problem (EMP)

Hicksian demand and expenditure function
Connections



Utility Maximization Problem



Utility Maximization Problem

 Consumer maximizes his utility level by selecting
a bundle x (where x can be a vector) subject to
his budget constraint:
max u(x)

x=0 A
s.t. p-x<w-—

/7 { (&5 GTC[Z

Covstrny T

* Weierstrass Theorem: for optimization problems
defined on the reals, if the objective function is
continuous and constraints define a closed and
bounded set, then the solution to such
optimization problem exists.



Vector is the quantity of goods. Max u(x) is a vector. Quantity must be positive. This is a constraint that
we see last time.

P1x1 +p2 x2 ... is what you spend for good one and w is the total wealth.

y=rn
Jov Cam ANy Eumy tar X
D
=%, Lo N
‘ X
tHE areA CorTrri Mo 2Sard5aay
V4

Cies e B Beumoes 26T




Utility Maximization Problem

* Existence:ifp > 0Oandw > 0 (i.e., if By, is closed
and bounded), and if u() is continuous, then there
exists at least one solution to the UMP.

— If, in addition, preferences are strictly convex, then the

solution to the UMP is unique. @7 o % MesmTe  Hnd
rel/~ ctsad

* We denote the solution of the UMP as the argmax of
the UMP (the argument, x, that solves the optimization
problem), and we denote it as x(p, w). X"=6x? 7

— x(p,w) is the Walrasian demand correspondence, which

specifies a demand of every good in R} for every possible
price vector, p, and every possible wealth level, w.

Advanced Microeconomic Theory 5



\We can show that solution is unique if preferences are strictly convex and u(°) continuous.

/
N )
Depends on prices and wealth!
So it’s why opt solution depend on w and p.



Utility Maximization Problem

Budget line

* Walrasian demand x(p, w)
at bundle A is optimal, as
the consumer reaches a
utility level of u, by
exhausting all his wealth.

* Bundles B and C are not
optimal, despite exhausting
the consumer’s wealth.
They yield a lower utility
level u{, where u; < u,.

e Bundle D is unaffordable

and, hence, it cannot be the S %
argmax of the UMP given a  Budget constraint
wealth level of w. £ e (%) R° Preovrapis TS ¥

i G Max

Advanced Microeconomic Theory wewe reasd m02¢ 1S T 46T \ 6
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Properties of Walrasian Demand

* If the utility function is continuous and preferences
satisfy LNS over the consumption set X = R%, then the
Walrasian demand x(p, w) satisfies:

1) Homogeneity of degree zero:
x(p,w) = x(ap, aw) for all p, w, and for all a > 4 1
That is, the budget set is unchanged!
xeRi:p-x<w}={xeRi: ap-x < aw}
Note that we don’t need any assumption on the

preference relation to show this. We only rely on the
budget set being affected.

Advanced Microeconomic Theory 7



We will assume this properties for any problem of utility maximisation problem.

1. Homogeneity —> moltiply by alpha doesn’t change the value of the function.

Why increasing prices and wealth by same alpha we obtain a solution that is the same also for the
MUP? Is easy to demonstrate with the graphical solution before.

If we increase everything by alpha.



If i multiply for alpha i obtain the same solution.

Properties of Walrasian Demand

X2
— Note that the

preference relation
can be linear, and
homog(0) would
still hold.

A _w

“p, D,

x(p,w) is unaffected

X % pre, Mek

tw(2?) wax va pur g vouy

UTl2 1t ¥
/('UV\M/FG'_D n /(\44(\4&()

cw W w xl

«p b
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Properties of Walrasian Demand

2) Walras’ Law:
p-x=w forallx = x(p,w)

It follows from LNS: if the consumer selects a
Walrasian demand x € x(p,w), wherep - x < w,
then it means we can still find other bundle vy,
which is e—close to x, where consumer can improve

his utility level.

If the bundle the consumer chooses lies on the
budget line, i.e., p - x' = w, we could then identify
bundles that are strictly preferred to x’, but these
bundles would be unaffordable to the consumer.

Advanced Microeconomic Theory



Walras’ law. In the opt solution the consumer spends all income. Consume cannot remain with income
not spent. It’s irrational. In graphical term is intuitive because we must be in the budget line. In the opt
solution you are in the tangency point and this define the walras law. In opt you don’t have any unspent

income. This depend on the fact that the utilty function satisfy LNS: you can find very close point that
give you the same utility.

a) If Preferences are weakly convex then walrasian demand correspondence deifines a convex set.
b) if preference are strictly convex, then walrasian demand correspondence cointain a single element.



Properties of Walrasian Demand

— For x € x(p,w), there is
a bundle y, e—close to x,
such that y > x. Then,

x & x(p,w).

But not affordable

Xy

Advanced Microeconomic Theory 10



Properties of Walrasian Demand

3) Convexity/Uniqueness:

a) If the preferences are convex, then the
Walrasian demand correspondence x(p, w)
defines a convex set, i.e., a continuum of
bundles are utility maximizingForagiven p and a given w)

b) If the preferences are strictly convex, then the
Walrasian demand correspondence x(p, w)
contains a Single element. (For a given p and a given w)

Advanced Microeconomic Theory 11



Properties of Walrasian Demand

\» €Avz
Convex preferences Strictly convex preferences
X2 Sciurioy UMD X2 Levuriow UMP 15
1S st P iy onsd Bowm &
Gunns v
» »
P b

Unique x(p,w)

/

— X1 — X1

Netr Jonvovwey ‘Fd\(NT; )2 P,

Advanced Microeconomic Theory
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UMP: Necessary Condition

. SowTiew MY
AONTIW
maxu(x) s.t.p-x<w
x>0
* We solve it using Kuhn-Tucker conditions over the
Lagrangian L = u(x) + A(w —p - x),

oL D) p. <O0forallk, = 0ifxf >0

ox ox
Cuno aLk “ . wlinsmy €A[wrtm _p, #2Y So
a=w—p-x =0

Kye T

deL Cnprormsvear )y

LAt s
du(x™)

axk

 Thatiis, in a interior optimum,

good k, which implies

ou(x™) ou(x™) ou(x™)
9] d 0
ad M 0} < MRS Lk = Pu L= 2L = Tk

ou(xt) Pk Pk D1 Pk
axk

= Ap,, for every

Advanced Microeconomic Theory 13
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UMP: Sufficient Condition

 When are Kuhn-Tucker (necessary) conditions,
also sufficient?

— That is, when can we guarantee that x(p, w) is the
max of the UMP and not the min?



UMP: Sufficient Condition

ou(x™) ou(x™)

. 0x 0x
* Interpretation of —-— = —%—
pi Pk

The marginal utility of the last dollar (“marginal”
euro) spent in good [ must produce the same utility
of the last euro spent in good k. [Hint. With one
dollar you buy 1/p;units of good [ and 1/p;units of
good k)

 When are Kuhn-Tucker (necessary) conditions,
also sufficient?

— That is, when can we guarantee that x(p, w) is the
max of the UMP and not the min?

Advanced Microeconomic Theory 14



UMP: Sufficient Condition

Se¢Cenvgy R Masn Coud il 0w

e Kuhn-Tucker
conditions are
sufficient for a max if:

1) u(x) is quasiconcave,
l.e., convex upper
contour set (UCS).

2) u(x) is monotone.
3) Vu(x) # 0 for x € RE.
—If Vu(x) = 0 for some x,

then we would be at the
“top of the mountain” (i.e.,
blissing point), which
violates both LNS and
monotonicity.

N
X2

SIS

AEX@,VV)

vesS

/ / Ind. Curve
P

1 =-—
slope D

Advanced Microeconomic Theory
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UMP: Violations of Sufficient Condition

VL nrian of= Mecetg rC (70 = Br/SSie Ponr

Lot e

N Nwus Onecriep,

1) u(-) is non-monotone: cccs

Xy 8 Uy u

U

— The consumer chooses
bundle A (at a corner)
since it yields the highest »
utility level given his ..
budget constraint. ="

e

— At point A, however, the

tangency condition R
p.W
MRS 1, = 21 does not :
D2 7 8o

hold. W wite  cw T n
Clandr GCeeVl/On oo Opn o
s‘)’&&\'a Uy~ 16

Advanced Microeconomic Theory



UMP: Violations of Sufficient Condition

2) u(-) is not quasiconcave:

— The upper contour sets
(UCS) are not convex. % g
—MRSL2=% is not a Py

2
sufficient condition for a
max.

— A point of tangency (C)
gives a lower utility level

than a point of non- v
N C Inwvvr~vcy

tangency (B). PUF erv (S Uax e The craia
— True maximum is at point A<, Veurev o gues cvirae
A.

{x € RE: pyxy + pox, = w}

X1

Advanced Microeconomic Theory 17



UMP: Corner Solution

Analyzing differential changes in x; and x;, that keep individual’s
utility unchanged, du = 0,

Q) x; + du(x) dx}lc = 0 (total diff.)
dx
Rearranging,
du(x)
dxk dxl
T, duto) - MBSk
dxk
du(x™) du(x™)
Corner Solution: MRS, > PL or alternatively, dxl > C;xk Ji.e.,
k

Pk
the consumer prefers to consume more of good l

: BNne =~

Advanced Microeconomic Theory 18



UMP: Corner Solution

* In the FOCs, this implies:

a) ag;x ) < Apy for the goods whose consumption is
k

zero, x,= 0, and

b) al;(;*) = Ap,; for the good whose consumption is

positive, x; > 0.

* Intuition: the marginal utility per dollar spent on
good [ is still larger than that on good k.

ou(x™) ou(x™)
axl — A > axk
D1 Pk BN

<

Advanced Microeconomic Theory

19



UMP: Corner Solution

CNYYE O €EvnaS? Coc v /7O

« Consumer seeks to consume WY EmynsT [Rre Taruen el conilie

good 1 alone (o TAncuncs T > S 13 )

X2/
e At the corner solution, the
indifference curve is steeper
than the budget line, i.e., w
Py MU MU P2 slope of the B.L. —-%
MRS;, >t or =2 > =2
p2 P1 P2
* Intuitively, the consumer slope of the 1.C. = MRS, ,
would like to consume more
of good 1, even after
spending his entire wealth .
on good 1 alone. , auwwr W\~ Wewaas x
/7 b1 LA (4w g
GiePU IE e BCC
Sewns (§ O W e thw o Xz == ra=
fea
(Mn—Sl P V’ Advanced Microeconomic Theory 20
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UMP: Lagrange Multiplier - A

A is referred to as the
“marginal values of relaxing the
constraint” in the UMP (a.k.a.
“shadow price of wealth”).

If we provide more wealth to

the consumer, he is capable of

reaching a higher indifference

curve and, as a consequence,

obtaining a higher utility level.
— We want to measure the

change in utility resulting from
a marginal increase in wealth.

wl
p2
wo
P2

{x€ R? u(x) = ul}

{x€ R% u(x) = u%

0 1
w w X1
JZ! b1
—

Advanced Microeconomic Theory 21



HEXT 13 e

UMP: Lagrange Multiplier

* Let us take u(x(p,w)), and analyze the change in
utility from change in wealth. Using the chain rule
yields,

Vu(x(p,w)) - Dy,x(p, w)
* Substituting Vu(x(p,w)) = Ap (in interior solutions),

/1}9 ) Dwx(p: W)

NB. V means differential with respect to a vector,
x = (xq, %5, ... Xp,) the result is a vector

Advanced Microeconomic Theory 22
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UMP: Lagrange Multiplier

* From Walras’ Law, p - x(p,w) = w, the change in
expenditure from an increase in wealth is given by
p-Dyx(p,w) =Dylp-x(p,w)] =D,(w) =1

* Hence,

Vu(x(p, W)) -Dyx(p,w) = AE ) DW)'C(p' Wz = A
1

* Intuition: If A = 5, then a S1 increase in wealth
implies an increase in 5 units of utility. Atthe maximum this must

be the same for all goods, otherwise we are not at the maximum
Advanced Microeconomic Theory 23



Walrasian Demand: Wealth Effects

PAATING DN . (N CLyS
S/ MM L= D> oM

 Normal vs. Inferior goods
(= <« INZ

dx(p,w) {>} 0 { normal }
ow < inferior
//\/Cﬂ«j/\'bl(d O /N Cons

Beo/SAS T Mvee you TRy

CRAN / IS

 Examples of inferior goods:
— Two-buck chuck (a really cheap wineL :“;w L

— Walmart during the economic crisis z.-wa  vonw
= PeTnAfbeES

— 1 Oonp ?7(/\/\13 (reap) ivs
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An increase in the wealth level
produces an outward shift in
the budget line.

dx,(p,w)

X, is normal as oy 0, while Ax
- . ox(p,w
x4 is inferior as ELW) <0.

Mo somed NS (2 et VAN

Wealth expansion path: £

— connects the optimal consumption

bundle for different levels of
wealth

indicates how the consumption of
a good changes as a consequence
of changes in the wealth level

5

Ve

Walrasian Demand: Wealth Effects
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Walrasian Demand: Wealth Effects

* Engel curve depicts the
consumption of a particular
good in the horizontal axis and
wealth on the vertical axis.

* The slope of the Engel curve is:
— positive if the good is normal
— negative if the good is inferior

* Engel curve can be positively
slopped for low wealth levels
and become negatively slopped
afterwards.

Wealth, w

Advanced Microeconomic Theory

Engel curve for a normal good
(up toincome w), but inferior
good for all w> w

e

Engel curve of a normal
good, for all w

. |
AN

LN (PN Hn (\;'W\\ X
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If price for sugar increase, then you demand less coffe. If prime derivative is positive

Walrasian Demand: Price Effects

* Own price effect:

020, (p, W)
55 1510 {iften)

* Cross-price effect:

dxy(p, W) {>}O { Substitutes }
op; < Complements

— Examples of Substitutes: two brands of mineral water, such
as Sant’Anna vs. Acqua Panna (Disclaimer: | did not receive
money from any of the two....)

— Examples of Complements: coffee and sugar.

Advanced Microeconomic Theory



Walrasian Demand: Price Effects

 Own price effect (inverse demand is graphed, i.e. P
in vertical axis and the good in horizontal axis)

I:)k1 Pkﬂ

N

X (p,w)

X Xi
Usual good Giffen good

(law of price holds, if P (law of price does not hold)
increases quantity decreases)
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Vertical axis is the demand. We have said that if price increases the quantity increase and the walras’
demand is positively sloped.

What if we want to see graphically if demand for one good is the same as the second good?
We want to see how demand depends. On another wealth. We can’t use this curve because represent
the realtion between quiantity of k and price of k.



Walrasian Demand: Price Effects

* Cross-price effect

pkﬂ

ox, (p,w)
p,

> 0( Substitutes )

% (pkapjaw)

——

(piopw)

Substitutes

® Two-dimensions graph: change
in p; means moving to
another demand curve, while
changes in p;, means moving
along the same demand curve

ox, (p,w)
\ p,

<0 ( Complements )

Complements
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Warla’s demand. Level 0 of price pk. Walras demand. If other two variable, like price in the other good

change, the curves could change up or down. If good increase and the goods are substitute the curve
moves up.

For a given pk do you demand more or less pk. So curve goes up right.

Complements good is the opposite. If the price of the other good increase the second one will
decrease.

Different goods can be classified using walras’ demand.



Indirect Utilityr Function

* The Walrasian demand function, x(p, w), is the
solution to the UMP (i.e., argmayg, i.e. value of
the argument that maximizes utility).

 What would be the utility function evaluated at
the solution of the UMP, i.e., x(p, w)?

— This is the indirect utility function (i.e., the highest
utility level), v(p,w) € R, associated with the UMP.

— It is the “value function” of this optimization problem.

(I.e the function evaluated at the maximum)

Advanced Microeconomic Theory 30



If good normal or inferior we expect demand of the good will increase or decreases.

After solving the UMP getting the argmax yesterday, the solution of this problem is called walras
demand. We have found this solution called x(p,w). Now we can compute the utilty function of this
argument. If we compute utilty function at the optimal level.

W( o I"l"“))?— WO ULty [Ingriov

W\ < wl %)

X256 suom T x.PL

Degree of homogeneity of the indirect utilty function?

What happened to the value function if the prices and the wealth increase by the same proportion?
[value alpha]. And we want to see what happen to the maximum likehood. What we have found?
Walra’s demeaned is homogeneous of degree 0 since the budget constraint the solution will be the
same.

What happen to the utility function if p and w change for the small propotion of alpha. The value of
utility doesn’t change so | directed utility function is homogeneous of degree 0.

The indirect utilty function is homogeneous of degree 0.



Properties of Indirect Utility Function

* |f the utility function is continuous and
preferences satisfy LNS over the consumption
set X = R%, then the indirect utility function
v(p, w) satisfies:

1) Homogenous of degree zero: Increasing p and w
by a common factor @ > 0 does not modify the
consumer’s optimal consumption bundle,

x(p, w), nor his maximal utility level, measured

by v(p,w).



Properties of Indirect Utility Function

X2

W = v(apaw

x(pw)=x(apaw)

e

Nothing change

graphically: same IC,
walras demand ecc..

WV

ap =E

Advanced Microeconomic Theory

X1

32



Properties of Indirect Utility Function

If wealth increase, i will get more

2) Strictly increasing in w: 3) non-increasing (i.e., weakly

A~
X

S

==

v(p,w") > v(p,w) forw’ > w.

decreasing) in p;,

Utilty cannot be
x, | higher, since budget
now is a subset of
the previous one

x(p,w')

IC, < v(p,w'") 1€,
x(p,w
IC1<_v(p>W) IC2
w W ﬁXl w w X
2 b, p' )2
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Imagine corner solution, the demand remain the same (x2), the supply will decrease. So is not
increasing in pk\



el 50 \Mpgranr  FaL &
Properties of Indirect Utility Function
o
4) Quasiconvex: The set {(p,w): v(p,w) < ¥} is convex for
any v.

- Ipteérpretation]I: S U2
~ Dw?);i.e.,ifAZ" B, thend =* C.

v(ipi.w)=v,

v(p,w) =y,
w +(1=A)w,

w1

|
p. Ap+(1=-A)p] pi P,
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Properties of Indirect Utility Function

- Interpretation Il: v(p, w) is quasiconvex if the set of
(p, w) pairs for which v(p,w) < v(p*,w") is convex.

W/\ OCo s (w\/'» X
v(ip,w) = v, LWS - CWCﬂ\/L;

U= g X

Coty CAYC O iy d /
v(p, < *, *

*
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Properties of Indirect Utility Function

- Interpretation Ill: Using x; and x, in the axis, perform

following steps:

1)
2)
3)

4)

5)

When B, ,,,, then x(p, w)
When B/ .1, then x(p',w')

p ’W ,
Both x(p,w) and x(p’,w’) induce
ofv(p,w) =v(p,w')=1u
Construct a linear combinati

indirect utility

n of prices and wealth:

e UMP given B, ,,» must lie on a
rence curve (i.e., lower utility)
U(p”,W”) <1

Any solution t
lower indi
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Properties of Indirect Utility Function

N
X2

N Ind. Curve {x €R?:u(x) = i}
X (W)

AN /

LN

\

By B,

\

Bp’. w’
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Substitution and Income Effects:
Normal Goods

* Decrease in the price of the
good in the horizontal axis (i.e.,
food).

* The substitution effect (SE)
moves in the opposite direction
as the price change.

— Areduction in the price of
food implies a positive
substitution effect.

Clothing

 The income effect (IE) is
positive (thus it reinforces the

SE).
) e — Food

— The good is normal.

Advanced Microeconomic Theory 70



Substitution and Income Effects:
Inferior Goods

Decrease in the price of the
good in the horizontal axis (i.e.,
fOOd). Clothing

The SE still moves in the
opposite direction as the price
change.

The income effect (IE) is now
negative (which partially
offsets the increase in the
guantity demanded associated
with the SE).

S

— The good is inferior. T -|f— Food

Note: the SE is larger than the
IE.
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Substitution and Income Effects:
Giffen Goods

Decrease in the price of the X
good in the horizontal axis (i.e., ;
fOOd) Clothing

The SE still moves in the
opposite direction as the price
change.

The income effect (IE) is still
negative but now completely
offsets the increase in the
guantity demanded associated
with the SE.

— The good is Giffen good.
Note: the SE is less than the IE.
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Substitution and Income Effects

_“-__ {

Normal Good + +
Inferior Good + - +
Giffen Good + - -

* Not Giffen: Demand curve is negatively sloped (as usual)
e Giffen: Demand curve is positively sloped

Advanced Microeconomic Theory 73
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Expenditure Minimization
Problem

and connection between functions

75



Expenditure Minimization Problem

* Expenditure minimization problem (EMP):

min X
x=0 P

st. u(x) = u
(i.,e. u(x) —u = 0)

* Alternative to utility maximization problem

* NB. mmp X =max — (p - x)lcansetup thisasa
x=2

20
maximization problem, and use what we already
know.
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In the previous problem we have the budget constraint and we have ...

If you want to translate this problem in a optimization problem we can maximise the opposite of the

max.
\é \ Wt gy

A | N T

/u\/o "{W

/s YR

9




Expenditure Minimization Problem

w Wwhdr o Py Quoéer

.- Ceus menwr
* Consumer seeks a utility level

associated with a particular
indifference curve, while X
spending as little as possible.

* Bundles strictly above x* cannot
be a solution to the EMP:

— They reach the utility level u

— But, they do not minimize total
expenditure

/ /)

UCS(x )/

* Bundles on the budget line
strictly below x™ cannot be the
solution to the EMP problem:

— They are cheaper than x*

— But, they do not reach the ,
utility level u PEINT  perwadiy (ov S T Ang

LasAa Pawy 'S Trd Tamewwey X
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Expenditure Minimization Problem

vsctle 8 Avob Pradped” P x4 PR

/ AN
. Lagrangian / , ‘M%l;)cppcyémﬁ
L = —p X + ‘Ll u(x) — u] =Ca 7y -Co K, -\—wEU(f-rK;):S
> o { SeRunrys
-Pa W <o
* FOCs (necessary conditions) s

oL au(x*) AGK LA(ead®S  Coup

— = Pk + U <0 [ = 0 for interior
/ axk axk \: solutions ]
F=a,2 J], N =% [ Aese
—=ux*)—u=0 o
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Take the opposite of the maximal function.

The second is the constraint and i add the la grangian multiplier (mu) which multiply the budget
constrain.
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Expenditure Minimization Problem

* For interior solutions, K =22
ou(x™)
{pk=,u or —= cCepe Ta N
o 0xg u Pk N
for any good k. This implies, st NES | be
ou(x™) du(x*) e du(x®) |w T 24
SAtMe CoM> oxp _ 0x Pk __  Oxp o * et
of nE oot T =TT OF SRSy | oo % e
GOCO ruuN | WYY 1 ax; w — Swv

SPell> Ng (N CTran GO . . e .
 The consumer allocates his consumption across goods until

the point in which the marginal utility per dollar spent on

each good is equal across all goods (i.e., same “bang for the
buck”).

* That is, the slope of indifference curve is equal to the slope
of the budget line. (j.e, the “usual tangency condition”



EMP: Hicksian Demand

* The bundle x™ € argmin p - x (the argument that
solves the EMP) is the Hicksian demand, which

depends on p and u (while Walrasian demand
depends on p and w),

x* € h(p,u)

e Recall that if such bundle x™ is unique, we denote

itas x* = h(p,u) (i.e. it is a function not a
correspondance).



Walras demand is the solution of maximisation problem. Similar we get the same with minimum
problem and is called the Hicksian demand.

Walras demand depends on the price and the wealth that are the parameter in the budget constraint.
While x is the choice variable.

x( 0 w) X~> et
< AN
o wlnLT)

Parameters appearing? Price parameter, is u parameter? Yes.
Hicksian depend on price and utility! So it’s different.

Solution is unique.... set of bundle???
[24]

If both price and u increase by alpha then ratio between price doesn’t change. Bundle does’t change
but expenditure does change! P X* —> alpha P X*.
To reach that utilty level you spend more!



Properties of Hicksian Demand

* Suppose that u(-) is a continuous function,
satisfying LNS defined on X = R%. Then for p >
O h(p, U) SatISerS is just increasing p not u

1) Homog(0) in p, i.e., h(p,u) = h(ap,u) forany p, u
and a > t 1

= |fx* € h(p,u) is a solution to the problem

min X
x=0 P

then it is also a solution to the problem

minap - x
x=0 P

= |ntuition: a common change in all prices does not alter the
slope of the consumer’s budget line.

Advanced Microeconomic Theory 81



Properties of Hicksian Demand

x™* is a solution to the EMP when
the price vectorisp = (py, p3).

Increase all prices by factor a
p' = (p1,p2) = (apy, ap,)
Downward (parallel) shift in the

budget line, i.e., the slope of the
budget line is unchanged.

But | have to reach utility level u to
satisfy the constraint of the EMP!

Spend more to buy bundle
x*(x1,x3),i.e.,

p1X1 + PaX3 > DX + P2,
Hence, h(p,u) = h(ap,u)

Advanced Microeconomic Theory

X2

w/p,

w/p'

w/p,' w/ p,

X1
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Properties of Hicksian Demand

2) No excess utility:

N
X2

for any optimal
consumption bundle
x € h(p,u), utility
level satisfies

u(x) = u.

SIS

xX€ h(pu)

(That is the level of utility ul
fixed in the constraint)

w gs
b1
NB. Equivalent of Walras’ Law in UMP
(constraint holds with equality)
Advance d Microeconom ic Theory 83



Properties of Hicksian Demand

Intuition: Suppose there exists a bundle X € h(p,u) for which the
consumer obtains a utility level u(x) = u! > u, which is higher
than the utility level u he must reach when solvmg EMP.

But we can then find another bundle x" = xa, where a € (0,1),
very close to x (@ = 1), for which u(x") > wu.

Bundle x':
— is cheaper than x since it contains fewer units of all goods; and

— exceeds the minimal utility level u that the consumer must reach in his
EMP.

We can repeat that argument until reaching bundle x.

In summary, for a given utility level u that you seek to reach in the
EMP, bundle h(p,u) does not exceed u. Otherwise you can find a
cheaper bundle that exactly reaches wu.

v
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Properties of Hicksian Demand

Cely [ s Patst?I ™S
3) Convexity:

X, | (V AL L Tis o™
WNVIMIST Bl &

CO/U?JS VEU@JNI.

If the preference
relation is convex, 7.
then h(p,u) is a

e h(p,
convex set. wehp.

w Xl
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Properties of Hicksian Demand

IF Coww™ |, Sciurrom

S UnNniew v

4) Uniqueness:

If the preference
relation is strictly
convex, then h(p, u)
contains a single
element.

b,
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Properties of Hicksian Demand

* Compensated Law of Demand: for any change in prices p

and p’,
(»'-p) - [h(p’,u) —h(p,uw)] <0

— Implication: for every good k,

(Pr —px) * [he (@', w) — h(p, W] <0
— This is true for Hicksian (also named “compensated”) demand,
but not necessarily true for Walrasian demand (which is
uncompensated). This means that movements in prices and
movements in quantities must go in opposite direction.

* The following will be clear later, when we introduce income and
substitution effects:

* Recall the figures on Giffen goods, where a decrease in p;, in fact
decreases x; (p, u) when wealth was left uncompensated.

* Meaning: changes in prices and changes in compensate demand
always go in opposite directions (if price increases demand falls, if
price falls demand increases)

Advanced Microeconomic Theory
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ISV P Olecd
> < . .
7....-he Expenditure Function
X/l( \7/ \ ST
* Plugging the result from the EMP, h(p, u), into
the objective function, p - x, we obtain the value

function of this optimization problem,
i ¢S CA tadd

p - h(p, u) — e(p' u) QN | ) 20
where e(p, u) represents the minimal ~ “*"""

expenditure that the consumer needs to incur in
order to reach utility level u when prices are p.

This is called expenditure function.



Properties of Expenditure Function

* Suppose that u(+) is a continuous function, satisfying
LNS defined on X = RL. Then forp > 0, e(p, u)

satisfies: 5 ]
clep ) = los v} Aferwy=e v Ll

-, \ /("
z '6(Q,W) > Tms (S viemee OF OCC-

1) Homog(1) inp,

ASA - - : - :
e(ap,u) = (ap)h(ap,u) = alp - h(p,w)] = a - e(p,u)
forany p, u,and a > 0.

=  We know that the optimal bundle is not changed when all
prices change, since the optimal consumption bundle in
h(p,u) satisfies homogeneity of degree zero.

= Such a price change just makes it more or less expensive to
buy the same bundle.
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Properties of Expenditure Function

 Ivers UTILTY o M

2) Strictly increasing in u: e o .G Se BunGLT
For a given price vector, ey RS U
reaching a higher utility
requires higher
expenditure:

D1X1 + DXy > P1X1 + Dax;

where (x1,x,) = h(p,u)
and (x1,x5) = h(p,u’).

Then,
e(p,u’) >e(p,u)

X1

‘e ; MV Ma e TXP X
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Properties of Expenditure Function

3) Non-decreasing in py, for every good k:

Higher prices mean higher expenditure to reach a
given utility level.

e Letp’' = (p1, 02, ) Pi» o
(plr P2, ) Pki~ pL); whe
e Letx' = h(p',u) a = h(p,u) from EMP under
prices p’ and p, respectively.

* Then,p’ - x' ’ x=e(p,u). ™
’ O Me
e(p =e(p,u)

— 1stinequalityduetop’ = p
— 2"dinequality: at prices p, bundle x minimizes EMP.
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Properties

4) Concave in p:

letx’ € h(p',u) = p'x' <p'x
Vx #x',eg,p'x' <p'x
and

..

u)=>p'x" <p'x

14
)

w)

of Expenditure Function

XQ‘

w/p,"

w/ p,

wp'
N oM 09“7?2/0”

ae(p,'u) + (1 - a)e(p ) < e(ﬁ! ’Ll)

as required by concavity
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Connections
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Relationship between the Expenditure
and Hicksian Demand

* Let’s assume that u(-) is a continuous function,
representing preferences that satisfy LNS and are
strictly convex and defined on X = R%. For all p and u,

wg COAN
e W On G PR ae(p,u)

i ZY—0 ghonné apk

This identity is “Shepard’s lemma”: if we want to find

hy (p,u) and we know e(p, u), we just have to
differentiate e(p, u) with respect to prices.

v & XenrRQQSES (Y s
* Proof: three different approaches 6w vs gwoonaipuns (v

= h; (p, u) for every good k

1) the support function MIVINOM 5 T Can Coro T
2) first-order conditions  '*'™wsinnv  Ugines b (N

. ST
3) the envelope theorem (See Appendix 2.2) T

<
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Proof of Shephard’s lemma (using
“Envelope theorem”)

e(p,u) = minp - x
x=0

st. u(x) = u

To see how e(.) changes when a parameter p; changes we can use the
Langrangian

L=—(p-x)+u(u(x) — u) (remember we set it as a max problem)
In particular
de(p,u)  [oL _0[=p - x@)+uu(x(p)) —u]
Op;. - [a_pk x=x*(p)] - 0. |x=x"(p)
dx du dx

But —p + ﬂg—z = 0 from FOCs then aea(gl’{u)= xk(P)|x=x*(p) = hi(p,u)

u 0x .
(NB.p, x(p), Pl Vu(x('p)) ' apr = D, x(p) are vectors, while u a scalar)
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+ Take opposite
+ Write lagrangian

The opt will be x* so computing minimum deriving la grandina in respect of pk. The values of the
problem computed in the opt should be the same. | take der of Exp in respect to pk that will be der of L
with respect to pk.

Next i take a minus since | translated the min problem in the max problem.
X is a function of p since if we change p then will change the opt solution that is x*. We write x as a
function of p. Also x is a function in p computing the derivative.

With a composite function we have first to derive in respect to the second function moltiply by the
derive the second function in respect with the parameter par.

2 (x(-'S-L/’\

5%(9) E-»)
>
M v Wiy O =N
Q¥ I cown o F ® w o<
Ste (P

V) 114
kel (-'\'7 “\’\—b) M (0n)
ore (g M

N

(s 2 ©

If we have opt problem you can forget all the der involving the constraint, you can just derive in the
Expednciture function the part that is related to the objective function.



Relationship between Hicksian and
Walrasian Demand

* We can formally relate the Hicksian and Walrasian demand
as follows:

o Consider u(+) is a continuous function, representing preferences
\m*/ that satisfy LNS and are strictly convex and defined on X = RL.

v — Consider a consumer facing (p, w) and attaining utility level u
~F & (i.e. solution of UMP) [ Scceovae ©  (Hup
!

""A Note that w = e(p, 1), i.e. the min expenditure that the
1 consumer bear to reach utility 4 is w. In addition, we know
— that for any (p,u), h;(p,u) = x;(p, e(p, u)). Differentiating this

. . w . - —
expression with respect to py, and evaluating it at (p, ), we

get: Coures\ PUwCT Iow
o u) _9x,(p, e u)) N dx;(p, e(p,u))|de(p, u)
Pk dpx de(p,u)) a_Pk
\
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Utilty maximisation problem: How much consumer spend in opt solution in this UMP?  GaRw2s

i ity E AN
W (barrato). So.u(pgr) is the max utility in UMP. . . TV s
To reach u maximising u and the level of wealth then it must be the case is the w(bar) Maga,

| have p bar and w bar. Reach level of utilty b bar and w bar. What is the expenditure of this walras
demand? Is the w bar. Now I’m saying, what is the min exp to reach

he 15 2N - s -
CUE) = e (5,6 (VD))
WatmS putvmy oo © puo W . Rimacy Wi TN (RGNS BT
NS g V)
W Wang GAOPT G LeM - I GIMe T SoWVE M@

GWING  paMh Qo tars 5 ureT &

L~
A A



Relationship between Hicksian and
Walrasian Demand

de(p,u)

* Using the fact that P h,(p,u)
k
) \ (A(‘/
(S(Iggrzpril:xgcs I?@W& = Ten UJW

I T

On@B) _ 0xPle@m) | X EPD.D)) hie (D, 1) s sy
5 Vo

Opk 0Pk de(p,u))

* Finally, sincew = e(p,u) and hy(p,u) =
xk(ﬁ, e(p, ﬂ)) = x;(p,w), then
dhy(pu) _ Oxi(pw) , 0x1(p,w) -
= + X (p, W
e Ve N\ (AICs v > wh
( CnRn ‘?.C)\A(/lyr % Ww\"n (e AdvancedMicrﬁke@go?LcTi;‘elsry \}\Z)QW’S DWNQ 23




Slutsky equation correspond to total effect and income effect. So

oh(pu) _ dxi(pw) | 9x(p,w) —
= X w
Pk Pk + ow k(z.?’ )

S AN [ Y




Relationship between Hicksian and
Walrasian Demand

* This is the so called Slutsky equation: The
total effect of a price change on Walrasian
demand can be decomposed into a
substitution effect and an income effect:

P _ 0x(pw) | 9xiDw)

x; (P, W)Or more

apk apk - ow
N —— h_/
SE IE

compactly, SE TE 4+ IE orTE=SE-IE
Where SE = substitution effect

TE = total effect

IE = income effect

Advance d Microeconomic Theory

24



TE, IE, SE

Total Effect: measures how the quantity demanded is affected
by a change in the price of good [, when we leave the wealth
uncompensated (Walras demand is also called
uncompensated demand).

* Substitution Effect: measures how the quantity demanded is

affected by a change in the price of good [, after the wealth
adjustment which allows the consumer to reach the same
utility as before the price change. Is given by Hicksian demand

that is also called compensated demand.

— That is, the substitution effect only captures the change in demand due to variation
in the price ratio, but abstracts from the larger (smaller) purchasing power that the
consumer experiences after a decrease (increase, respectively) in prices.

Income Effect: measures the change in the quantity
demanded as a result of the wealth adjustment.

Advanced Microeconomic Theory 25



14\7 O/ ey WY F2 o
TUT VI /e B 2@ Loy Goand

Rent increase I’ll go to the second house, i consume a little bit houses. This means that we are left with
less income to buy less good. So increasing price of one good will reduce the consumption of others
good even if you don’t change the consumption of one good.

Inflation is an exemple. If i consume the same bundle ...[1.31]
So this is the income effect.

Substitution effect relate to the fact of compensate the Hicksian demand. When computing Hicksian
demand we gave a utilty level .. to the price before. How the bundle changes when we keep the
consumer in the same IC as the prices changes. So neutralising the effect on well. Slutsky ...



This is the slutsky equation. In the left wee have SE that is the change in Hicksian demand. The
change in the Hicksian demand depend in the price change = TE + IE.

We can compute this effect for each good: der first good with respect to price of first good or der in the
quantity and changing price. With 2 good we have 4 derivatives. This 4 can be put in a matrix called
Slutsky matrix.

A generic term slk(p,w)



Slutsky matrix

e All these derivatives can be collected into a matrix, the
so called Slutsky (or substitution) matrix

511(}9, W) SlL(p; W)
S(p’ W) - Cross price
suw) o suw)]
where each element in the matrixis
Dy Lo oereen
dx;(p,w) 0x;(p,w
si(p,w) = la(;?k ) + l;ﬁ} )xk(p, w)
> by

o P

Advanced Microeconomic Theory 26



Implications of WARP: Slutsky Matrix

Just know this
about WARP

* Proposition: If preferences satisfy LNS and strict
convexity, and they are represented with a continuous
utility function, then the Walrasian demand x(p, w)
generates a Slutsky matrix, S(p, w), which is
symmetric.

 The above assumptions are really common.
— Hence, the Slutsky matrix will then be symmetric.

 However, the above assumptions are not satisfied in
the case of preferences over perfect substitutes (i.e.,
preferences are convex, but not strictly convex).
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Implications of WARP: Slutsky Equation

_ox(.w)  dx(p,w)

su(p,w) = + x;1(p, w)
A e D, ow
substitution effect —_— v

* Total Effect: measures how the quantity demanded is affected
by a change in the price of good [, when we leave the wealth
uncompensated.

* Income Effect: measures the change in the quantity
demanded as a result of the wealth adjustment.

* Substitution Effect: measures how the quantity demanded is
affected by a change in the price of good [, after the wealth

adjustment.

— That is, the substitution effect only captures the change in demand due to variation
in the price ratio, but abstracts from the larger (smaller) purchasing power that the
consumer experiences after a decrease (increase, respectively) in prices.

Advanced Microeconomic Theory 28



Why is useful to decompose total effect changing? We see how quantity changes depending on the
characteristics of the goods.



Implications of WARP: Slutsky Matrix

If weak (WARP) .. holds then substitution effect is negative —> Hicksian demand decrease

Let us focus now on the signs of the IE and SE (implied by
WARP, i.e. of the utilities that we will use) in case of P; T

Non-positive substitution effect, s;; < 0:

le/-\[ﬂ/l’ﬁwu 4 (_\) R
el +rECnr S
SE al iti
always non positive B axl (p, W) axl (p’ W)
§ su(p, w) = + x;1(p,w)
—_— op; dw
substitution effect (—) ~ . _ ~ y —
Total effect: Income effect:
(-) usual good (+) normal good
(+) Giffen good (-) inferior good

Giffen: if price increase, demand increases so this derivative increase
Substitution Effect = Total Effect + Income Effect
= Total Effect = Substitution Effect - Income Effect

Advanced Microeconomic Theory
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If SE decrease and TE positive mean that |IE should be negative and greater than TE. So x(p,w) should
be > 0 so derivative is negative. Giffen good can only be inferior good by definition. But not only inferior
good are Giffen. If income increase i call it normal.



Decompose the two effect graphically.

Graphical representation: Slutsky Equation

X2

e Reduction in the price of x;. w/p

— It enlarges consumer’s set of feasible
bundles. \

— He can reach an indifference curve
further away from the origin. 5

I,
* The Walrasian demand curve indicates v

that a decrease in the price of x; leads
to an increase in the quantity
demanded.

— This induces a negatively sloped

Walrasian demand curve (so the good
is “normal”). P A

w/ p, wipy o,

Vp,

* The increase in the quantity
demanded of x; as a result of a
decrease in its price represents the ST N IV
total effect (TE).

0

X
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We start from a given budget constraint with price p1. The solution of consumer problem is the
tangency point between the IC and the budget constraint. We call this point A.

c\E el b,

—_ )(/» (/S Ve Gecos Siaes erf

[AMCr2

It € wdw Tape PUNT , Toww W & Mmuws GIFfesN
e
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Graphical representation: Slutsky Equation

no Wi v sran
5/\M~" ¢ [ CU«:P )-> tasn B“ i QM ere Fa
\¢) W *2 were
e :
Reduction in the price of x;. , fm»;/pz o Cmere S.¢ 7
— Hicksian wealth compensation (i.e., Fancdrep BE Wit Sams Siend W Swer
“constant utility” demand curve)? Petnst Pown ®.C .
) . ) - o L'b PointT A are B us
The consumer’s wealth level is adjusted on Tws “’"’w“op
so that she can still reach her initial utility ¢ IR 2 Ls Sand O wmarr
. . . c o
level (i.e., the same indifference curve I; \ \vg:j’“ -~
as before the price change). \ W e
— The Hicksian demand curve reflects that, for wilp ol
a given decrease in p,, the consumer slightly - P
increases her consumption of good one. * 4 — v,
. . . A - ¢ se
In summary, a given decrease in p; P Y cma 1€
produces: A8 4.
— Asmallincrease in the Hicksian demand for pi 2
the good, i.e., from x? to x{. vp
— (neglect CCP) i b
.. . . 4
— Asubstantial increase in the Walrasian L B %02:4':”3
demand for the product, i.e., from x? to x2. P (3] T Xw)
I CPP demand
Hicksian demand

Advanced Microeconomic Theory
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Implications of WARP: Slutsky Equation

* A decrease in price of x; leads the consumer
to increase his consumption of this good, Ax,
but:

— The Ax; which is solely due to the price effect
(measured by the Hicksian demand curve) is
smaller than the Ax; measured by the Walrasian
demand, x(p, w), which also captures wealth
effects.
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Relationship between Hicksian and
Walrasian Demand b,y . wx >

* When income effects
are positive (normal
goods), then the
Walrasian demand
x(p,w) is above the
Hicksian demand
h(p,u) .

— The Hicksian demand
is steeper than the
Walrasian demand.

x(pw) >.&

h(pd) 3.&

1
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|
Relationship between Hicksian and

Walrasian Demand

N> cCc 0OGuaw
USvune raccs % n /VCr

* When income effectsl pesar (vews | S
are negative (inferior N /
3 A

Swap

goods), thenthe %2 . ., |\
Walrasian demand °%
x(p,w) is below the ¥ .o wese|

Hicksian demand ~ °~ 1
h(p, u) - Wme P DT Se »
— The Hicksian demand i

is flatter than the ’“}L

Walrasian demand.

1
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Substitution and Income Effects:
Normal Goods

* Decrease in the price of the
good in the horizontal axis (i.e.,
food).

* The substitution effect (SE)
moves in the opposite direction
as the price change.

Clothing

— A reduction in the price of
food implies a positive
substitution effect.

 The income effect (IE) is
positive (thus it reinforces the

SE). : R
) —SE TE IE Food

— Th is normal. :
e good is norma S¢ I¥ S and Dol /oM
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Substitution and Income Effects:
Inferior Goods

Decrease in the price of the
good in the horizontal axis (i.e.,
fOOd). Clothing

The SE still moves in the
opposite direction as the price
change.

The income effect (IE) is now
negative (which partially
offsets the increase in the
quantity demanded associated
with the SE).

——S

— The good is inferior. —TE—am|f— Food

Note: the SE is larger than the Ye zse
IE (Law of price still holds)
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Substitution and Income Effects:

1 iV 7D A
Giffen Goods — = 7= ™ -
\
Decrease in the price of the o LoV .

good in the horizontal axis (i.e.,
food).

The SE still moves in the
opposite direction as the price
change.

r
Clothing

The income effect (IE) is still
negative but now completely
offsets the increase in the
quantity demanded associated | BL,
with the SE.

— The good is Giffen good.

Food

) i FooS> (o O kpen oo IV PunT B Coongnt (v
Note: the SE is less in absolute = BoMan

. T Monanve |
value than the IE (LaW OAEVQ]EégSicroeconomic Theory wine /M} Gor @rove

does not hold) (& usni CCw

WCW“/
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Substitution and Income Effects
(e.g. effects P, on x;) v«

| e | | TE
N N

Normal Good T
Inferior Good T l T
Giffen Good T J, J

* Not Giffen: Demand curve is negatively sloped (as usual)
e Giffen: Demand curve is positively sloped



Substitution and Income Effects

Summary:

1) SEis negative (since | p; = T x4, they move in opposite directions)

» SE < 0does notimply | x; justimplies that the two move in opposite
directions

2) If goodis inferior, IE < 0. Then,
TE=SE—IE = if |IE|{Z}|SEI,then {

TE(+)
10

For a price decrease | pq, this implies

TE(+) b x; Giffen good
e = 11%)
TE(—) T x;) Non-Giffen good

3) Hence,
a) A good can be inferior, but not necessarily be Giffen
b) But all Giffen goods must be inferior.

NB. The signs of SE and IE are opposite if we consider | p; or T p;

Advanced Microeconomic Theory x 39



Relationship between the Expenditure

and Hicksian Demand

The relatiaonship between the Hicksian demand and the expenditure
function eou) _ hy (p,u) can be further developed by computing
the second derivative. That is,

d%e(p,u)  dhi(p,u)
OpK 0Pk dpx

or
Dﬁe(P, u) = Dph(p; u)

Since Dy, h(p, u) provides the Slutsky matrix, S(p, w), then
S(p,w) = Dje(p,u)

Thus the Slutsky matrix can be obtained from the observable
Walrasian demand (rather than from the unobservable Hicksian or
compensated demand). )<
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Relationship between Walrasian
Demand and Indirect Utility Function

* Let’s assume that u(-) is a continuous function,
representing preferences that satisfy LNS and are strictly
convex and defined on X = R%. Suppose also that
v(p, w) is differentiable at any (p,w) > 0. Then,

av(p,w) t:,:uul’ )
—apk . LA N
— o] = xk(p’ W) for every gOOd k 1> oM

ow
* This is Roy’s identity (| don’t do this proof, is ex. 28 Ch. 2)

* Powerful result, since in many cases it is easier to
compute the derivatives of v(p, w) than solving the UMP
with the system of FOCs. Hint. Having the indirect utility
function allows you to derive the Walrasian demand
functions.

[Utilty is walrasian demand on maximum.
Roy identity to derive walrasian demand just computation ratio of the two derivative.
[1 .02 Advanced Microeconomic Theory 42






Taking stock: Summary of
Relationships

* The Walrasian demand, x(p, w), is the
solution of the UMP.
— |ts value function is the indirect utility function,
v(p,w).
* The Hicksian demand, h(p, u), is the
solution of the EMP.

— |ts value function is the expenditure function,
e(p,u).

43



Summary of Relationships

The UMP

xX(p,w)

The EMP

(D

h(p,u)

o

(1)

(o)

44



v

Summary of Relationships

Relationship between the value functions of the
UMP and the EMP (lower part of figure):

S AP N/ . « . .
— e(p,v(p, W)) = w, i.e., the minimal expenditure

needed in order to reach a utility level equal to the
maximal utility that the individual reaches at her UMP,
u = v(p,w), must be w.

W v(p, 8(1;\,/11)) = u, i.e., the indirect utility that can be
reached when the consumer is endowed with a wealth

level w equal to the minimal expenditure she optimally
bearin the EMP, i.e., w = e(p, u), is exactly u.
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In the expenditure prices and utilty in constraint. Since EMP the expenditure function will be function of
price and utilty.

IUF depends on wealth and price.

What maximise price p and wealth w. When we give max utilty level in price p and wealth w and by
definition is w.

We can do the same with Indirect utilty function.



Summary of Relationships

The UMP The EMP
x(p,w) h(p,u)
(1) (1)
Wpw) = - - e(pu)

e(p, v(p,w))=w
v(p, e(p,w))=u

Advanced Microeconomic Theory
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Summary of Relationships

* Relationship between the argmax of the UMP
(the Walrasian demand) and the argmin of the
EMP (the Hicksian demand):

— x(p,e(p,u)) = h(p,u), i.e., the (uncompensated)
Walrasian demand of a consumer endowed with an
adjusted wealth level w (equal to the expenditure she
optimally bear in the EMP), w = e(p, u), coincides
with his Hicksian demand, h(p, u).

— h(p,v(p,w)) = x(p,w), i.e., the (compensated)
Hicksian demand of a consumer reaching the
maximum utility of the UMP, u = v (p, w), coincides

with his Walrasian demand, x(p,w). . _ . e O

Wz (a (1 oW



Summary of Relationships

The UMP The EMP
x(p,w) h(p,u)
} )
| N 3(a) 3(b) ~ |
) N =
| N : |
. N 7
1 N | (1)
W] -
. RN |
| % N |
I nd S |
: d N N |
! P 4 N
Y |- (2) N d v
V(p,W) ) g e(pau)

e(p, v(p,w))=w
v(p, e(p,w))=u
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Summary of Relationships

Finally, we can also use:

— The Slutsky equation:
o) _oa@w)  oxpw) o
Ipr P ow P

to relate the derivatives of the Hicksian and|the Walrasian demanpl.

— Shepard’s lemma:

de(p,u)
= h,(p,u)
D k\D

to obtain the Hicksian demand from the|expenditure function.
— Roy’s identity:

ov(p,w)
__Opk
dv(p,w)
ow
to obtain the Walrasian demand from the|indirect utility function.

= xk(p, W)

Advanced Microeconomic Theory
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Summary of Relationships

The UMP The EMP
4(a) Slutsky equation
- >
x(p,w) (Using derivatives) h(p,u)
T ;
S )
(1) (1
\J (2) v
V(p,W) ) g e(p:“)
e(p, v(p,w))=w
v(p, e(p,w))=u
Advanced Microeconomic Theory
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3

4(a) Slutsky equation

Summary of Relationships

The EMP

The UMP
x(p,w) T
4(b)
Roy’s (1)
Identity

v(p,w)

(Using derivatives)

@ )

2)

\

h(p,u)

A

e(p, v(p,w))=w
v(p, e(p,w))=u

Advanced Microeconomic Theory
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Take away
* |tistime to study hard guys!!!

 To defuse Micro:

A physicist, a chemist and an economist are stranded on
an 1sland, with nothing to eat. A can of soup washes
ashore.

The physicist says, "Lets smash the can open with a rock."
The chemist says, "Lets build a fire and heat the can first."
The economist says, "Lets assume that we have a can-
opener..."
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Advanced Microeconomic
Theory

Chapter 3: Welfare evaluation



Outline

Welfare evaluation
— Compensating variation
— Equivalent variation

Quasilinear preferences
Slutsky equation revisited

Income and substitution effects in labor
markets

Gross and net substitutability
Aggregate demand



Measuring the Welfare Effects of
a Price Change



Measuring the Welfare Effects of a
Price Change

* How can we measure the welfare effects of:

— a price decrease/increase
— the introduction of a@/su%idy

 Why not use the difference in the individual’s
utility level, i.e., from u to u!?

— Two problems:

1) Within a subject criticism: Only ranking matters
(ordinality), not the difference;

2) Between a subject criticism: Utility measures would not be
comparable among different individuals.

* Instead, we will pursue monetary evaluations of
such price/tax changes.

Advanced Microeconomic Theory



How to evaluate the welfare with different level of utilty? In reality different guys have different utilty
function.

2) utility may be different between individuals.

We use money to evaluate welfare



Measuring the Welfare Effects of a
Price Change

* Consider a prlce
decrease from pY to

P1 &

. We cannot compare
u? to ul.

* Instead, we will find a
money-metric
measure of the
consumer’s welfare
change due to the
price change.

Advance d Microeconomic Theory 5



Measuring the Welfare Effects of a
Price Change e e omsimer

after a price change(decrease
or increase) to be as well off

 Compensating Variation (CV): s uveiore the price change

— How much money a consumer would be willing to
give up after a reduction in prices to be just as
well off as before the price decrease (After-Before,
AB) Sy Sawas UFIEIES ERSL

* Equivalent Variation (EV):

— How much money a consumer would need before
a reduction in prices to be just as well off as after
the price decrease (Before-After, BA)

Advanced Microeconomic Theory 6



We could use Hicksian demand or expenditure function

Hoping with Lower price is better than with higher prices. This means that after price decrease we have

higher utility level. After price change utility level was lower.
To let the guy reach the same utility level before the price decrease the guy should have more or less

income? We have to reduce the income.

If we consider a increase in price is the opposite. Willing to give up is only fro reduction in price.
Transfer can be positive or negative. Positive mean increasing income, negative decreasing income.



Measuring the Welfare Effects of a
Price Change
 Two approaches:

1) Using expenditure function
2) Using the Hicksian demand



CV using Expenditure Function

PX = w

g{(,a/ l&‘:): AU

° CV (po’ pl’ W) using e(p’ u): Utilty level solving the UMP
=W

CV(p®,ptw) =

e(pt,ut)

—e(pt,u?)

* The amount of money the consumer is willing
to give up after the price decrease (after price
level is p! and her utility level has improved to
ul) to be just as well off as before the price
decrease (reaching utility level u?).



CV is new price and new unity level - new price and old utilty level.
The vector of prices goes from p0 to p1, so wealth remain the same. So BC remain the same.



1)
2)

3)

4)

e S(rY ( OMPNSATICN
(
AoV

CV using Expenditure Function

Wow wen pow/ you wicl tmniRea T
CovSuhra  ACTER  On ey e’ P [r &

When B0, , x(p°, w) e bt e
Vp; and x(pt, w) under

Byiw

Adjust final wealth (after

the price change) to make "¢
the consumer as well off ~ “*~ ’W){
as before the price change

Difference in expenditure:
CV(p®, pt,w)=

e(p',u) = e(p*,u’)

atB. 1 dashed line —> yeCion [ o
pow e DRSS | (\ " P2) -

Pa .

This is Hicksian wealth (P, ,7)
compensation!

Advanced Microeconomic Theory



e »WOh (NS ) TYWWRFEY Ryrond PRI (¥ Gancs
To B Wwiste COFF afZ7% ppev MAVCY

EV using Expenditure Function

EV(p°,pt, w) using e(p, u): Nt G, s

WThn cep P?euws

EV(p°,ptw) =le(p°,u") —a“,::ff

So L T re EINA T\l 8 7. » Pics omrwess

The amount of money the consumer needs to
receive before the price decrease (at the initial
price level p® when her utility level is still u°)
to be just as well off as after the price
decrease (reaching utility level ut).

Loww Www Fins € (V°/ u“)_z Se (T OunPavea Lok

Advanced Microeconomic Theory 10



1)
2)

4)

EV using Expenditure Function

When B_o ,, , x(p°, w)

pow
Vp; and x(pt, w) under
Byiw
Adjust initial wealth
(before the price change)
to make the consumer as

well off as after the price
change

Difference in expenditure:

EV(p°,pt,w)=
e(@’,u') —e(®® u’)
dashed line at B;90,W

ANN

P b

Advanced Microeconomic Theory
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CV using Hicksian Demand

) oLn
/ /
* From the previous definitions we know that, if p} < pf and
px = pp forall k # 1, then Goos 17
S
Eon T::M,.N CV(pO,pl,W) — e(pl,ul) _ e(p1,u0)
Gero P 2 1 0
s A =W—8(p ,U)

C(@“,w") e 1 ,,1\= 0 ,,0Y=
UTie) Ty Fomn  SecuinG UMe (Smce e(p yu )_ e(p y U )—W)
(

= e(p®, u%) — e(p,u®) () rrmoine

Wit (Pe o - 3 e / U LM (W
P1 ae(plrp—ltu ) k % o¢ UT¥P FuretioV
= )1 dpy (**)
bi op1
(since (**) is the solution of (*))
p? Dsnriprine TN
—_ — 0 1S Wislz Sian
= | hi(Pr,P-1,U) AP1 couvumprrs
p% S EMWA ML

GMPnien ¢e? S Ansn UNRIN

WitmSan Comer  Denann

Advanced Microeconomic Theory 12




CV using Hicksian Demand

N ORAA C c’°°b,, Wn, msinn SuMm
* Thecaseis: 15C rren Tan

— Normal good pt '/‘wwsm,u
— Price decrease

hl(plaﬁ—lauo) h(p, Dy, u)

e Graphically, CVis
represented by the areato »1 [/ N
the left of the Hicksian l %
demand curve forgood1 j//___ A\
assouated with utility level '

u®, and Iylng between
pr|ces pi and p?.

X, (P, P, W)

O o o o v v ——

. . & FPTCA
* The welfare gain is o e x|
represented by the shaded o
region. Se UG |

1S laacéfe 1AV WMOnsa

Advanced Microeconomic Theory 13



EV using Hicksian Demand

* From the previous definitions we know that, if p{ < p3
and p; = py, forall k # 1, then

EV(p° ptw) = e(p®ut) —e(p° u®)|*
=e(@ul) —ws— w- glpow)
= e, u!) — e(p',u) 7

fpg de(py, P—1,u")

= d
Jpt Ip1 .
rp(1) ~ |

:J hi(p1, P-1,u™) dp;
pi



EV using Hicksian Demand

The case is: C wionsine Y
x/(,vu/ Aresg,
— Normal good Iy(py.Dyut") -
] 1 1* F-1"
— Price decrease

h(p,.py.u’)

Graphically, EV is PN
represented by the areato |’ 7
the left of the Hicksian 1

demand curve forgood1  p, 74~
assouated with utility level

ul, and Iymg between
pr|ces pland p?.

. . | 24 W e
The welfare gain is Powe e e e

represented by the shaded

: we Covsinuayyn & ML, ~
region. - <Sinn (M
Sridd npn Few CrCnr

UTiciry (OHMC “w.>uwe So

Advanced Microeconomic Theory 15



What about a price increase?

* The Hicksian demand associated with initial
utility level u® (before the price increase, or
before the introduction of a tax) experiences
an inward shift when the price increases, or
when the tax is introduced, since the
consumer’s utility level is now u!, where u® >
ul. Hence,

hl (le ﬁ—li uO) > hl (P1, ﬁ—li ul)



What about a price increase?

 The definitions of CV and EV would now be:

— CV: the amount of money that a consumer would
need after a price increase to be as well off as before
the price increase.

— EV: the amount of money that a consumer would be
willing to give up before a price increase to be as well
off as after the price increase.

e Graphically, it looks like the CV and EV areas have
been reversed:

— CV is associated to the area below h{(py, p_1,u®) as
usual

— EV is associated with the area below h{(p{, p_1, ut).

Advanced Microeconomic Theory 17



What about a price increase?

wa dire

APTUA Carns
/MW-N%J

 CVis always associated
with h’l (le ﬁ—li uO)

P1 hl(ppﬁfpul) hl(pviflruo)

. CV(pO,pt,w) = |
1
fppgl hi(py, P-1,u°) dp;




What about a price increase?

 EVis always associated
with h’l (le ﬁ—li ul)

A
P1 hl(pp]_)_pul) ]’ﬁ(ppﬁfpuo)

P

. EV(p°,pl,w) = I

P,

1
fppgl hi(py, P—1,u') dp;

19



f e Nas UseFRLLL Fche MTLPARE ANAL) SIS (NTANCLING Tax

Introduction of a Tax

* The introduction of a tax can be analyzed as a
price increase.

 The main difference: we are interested in the area
of CV and EV that is not related to tax revenue.

hWow WU Gracd \ReCENE W T TaAss

e Tax revenue is: Do o7 Thr

T = [(p? +t) —p?] - h(p1, P-1,u’) (using CV)

) - —
) g

t

T =[® + 1) —pi] - h(p1, P-1,u’) (using EV)
t

Advanced Microeconomic Theory 20



Introduction of a Tax

 CVis measured by the large
shaded area to the left of pit h(p Byt

h(pl' ﬁ—lr uO):
CV(p°, pt,w)

= L:gﬂhﬂppﬁ—puo) dp, zjf’ Z}/%///

* Welfare loss (DWL) is the
area of the CV not

DWL

transferred to the o eI e .

o gMw D

government via tax
revenue: PRV

DWL=¢cV-T"~

. Lesianv
7 = Tm¥ w
MN‘/" -

Advanced Microeconomic Theory
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Introduction of a Tax

EV is measured by the large
shaded area to the left of
h(pl' ﬁ—lrul):

EV(p° p',w)

p

Welfare loss (DWL) is the
area of the EV not
transferred to the
government via tax
revenue:

DWL =EV —-T

0
1

p+t
J hi(p1, P-1, ul) dp, T

D1

r h1(p19]_7_1:u1) hl(pl,}_?_l,uo)

p10+t__ e

0

P

X1

Advanced Microeconomic Theory 22



Why not use the Walrasian demand?

 Walrasian demand is easier to observe, so we could
use the variation in consumer’s surplus as an
approximation of welfare changes.

e This is only valid when income effects are zero:

— Recall that the Walrasian demand measures both income
and substitution effects resulting from a price change,
while

— The Hicksian demand measures only substitution effects
from such a price change.

 Hence, there will be a difference between CV and
Consumer Surplus (CS), and between EV and CS (area
under the Walrasian demand, between prices).

Advanced Microeconomic Theory 23



Why not use the Walrasian demand?

* Normal goods (i.e. W-demand flatter than H-demand)

Pl}

hl(plaﬁq’uo)

h(p,, ')

C ovoumsn sunPus > CN

X

CV <CS

Advanced Microeconomic Theory

D

A

hl(plal_’—lsuo) hl(phﬁ—l’ul)

xl (pla]_llaw)

CS < EV

24
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Why not use the Walrasian demand?

* Inferior goods: (i.e. H-demand flatter than W-demand)

dN/ﬁ"I‘g 57 gunin

r
Wa s’ D

x(py PsW) I NNV [rimann D{U\N"Q %(Prs PpsW)
P1 p1 ‘r
I Py
P P
Cs 1 hl(ppl_’—puo) C S h1(p1:ﬁ_1au0)
h‘l(pl’l_)—vu ) hl(ppﬁfpul)

EV < CS CS <CV

Advanced Microeconomic Theory 25



S OMMARISE

Why not use the Walrasian demand?

* For normal goods:
— Price decrease: CV < CS < EV
— Priceincrease: CV > CS > EV

* For inferior goods we find the opposite ranking:
— Price decrease: CV > CS > EV
— Priceincrease: CV < CS < EV

e NOTE: consumer surplus is also referred to as the
area variation (AV).
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When can we use the Walrasian
demand?

* When the price change is
small (using AV):

Area under demand

—CV=A+B+C+D+E
—CS=A+B+E

— Measurement error from
using CS (or AV)is C + D

Advanced Microeconomic Theory 27



When can we use the Walrasian
demand?

* The measurement difference between CV (and
EV) and CS, C + D, is relatively small:

1) When income effects are small:

— Graphically, x(p, w) and h(p, u) almost coincide.
— The welfare change using the CV and EV coincide too.

2) When the price change is very small:

— The error involved in using AV, i.e., areas C + D, as a

fraction of the true welfare change, becomes small.
That is,

C+D

lim ——=0
wi-pH-0 CV
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When can we use the Walrasian
demand?

 However, if we measure the approximation

error by ?—MI;, where DW = D + E, then

y C+D
1m
(ri-pH)-0 DW

does not necessarily converge to zero.

29



Application of IE and SE

TE=s.+v 12

* From the Slutsky equation, we know

Oh(pu) _dxnpw)  dnpw)

- Se¢cT te-/¢

x1(p, W)
apl apl ow (;*.nf* PiLd
. . 121 s’
 Multiplying both terms by o
1
dhi(p,u) [p1| dx1(p,w)|[p1| Ox1(p,w) P1
= + x1(p, W) —
opy %1 op1 % ow X1
And multiplying all terms by% =1,
dhyi(p,u) p1 _ dx1(p,w) p1 |0x1(p,w) p1 W
= + x1(p, W) ——
apl le apl le _ aW X1 Vlj
Substitution Price Price el'asticity ?
elasticity of demand of demand
ép,Q €p,Q RN

J"‘ w >Xa P
Elasticity of walrasian demand with respect to dw  bxa w

pI’iCdeanced Microeconomic Theory

SMar, ew M Bupss

2
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Elasticity is the percentage change of a variable divided by the percentage in a second variable.
4=
Q = = _— % . ﬁ —
Ze 40 X de .
I

9K P

To get elasticity we moltiply both side by the same ratio (p1/x1)
Also then multiply by w/w for the last term ( w/w which is 1) but convenient.

For elasticity
then, we can
write this in this
way




Application of IE and SE

* Rearranging the last term, we have

0x1(p,w) 20%

5y v W
. axl(p' W) w . p1x1(P, W)
B 5 ow X1 w

Income elasticity ~ Share of budget

of demand spent on good 1'
EW,Q

 We can then rewrite the Slutsky equation in terms of
elasticities as follows
po = o Téwe 0 L—

‘& W5
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If income very close to 0 then SE = TE. So if eps is 0 no income effect or if income effect is very small.
So this one case we can use walrasian demand instead of Hicksian demand to do welfare analysis.
Also if share of budget spent on good 1 is closer to 0



Application of IE and SE

Example: consider a good like housing, with 8 = 0.4,
Ew,o = 1.38,and g, o = —0.6.

Much smaller than walrasian demand! ‘

Therefore, (1.38) j
Ero =g+ Ewo 0 =—06+1.38-04 =005

If price of housing rises by 10%, and consumers do not
receive a wealth compensation to maintain their welfare
unchanged, consumers reduce their consumption of
housing by 6%.

However, if consumers receive a wealth compensation, the
housing consumption will only fall by 0.5%.

— Intuition: Housing is such an important share of my monthly
expenses, that higher prices lead me to significantly reduce my
consumption (if not compensated), but to just slightly do so (if
compensated).
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Share on the budget is not small in housing. In this example testa is 0.4 so 40% of IE. So this term is
not close to 0. We can use walrasian demand instead of Hicksian demand to have some infos about
elasticity of housing with respect to income.

What does elasticity of 1.38 means?
You cannot by a piece of house so we can measure it with square feet. So 1.38 if your income increase
by 1% the demand for housing increase 1.38% so demand increase more than demand in proportion.

This means that elasticity is not small at all. So we can predict and we expect and increase of 10% in
prices. So when we only consider substitution effect and walrasian demand (uncompensated demand).
In this case we already have the estimati which is -0.6. So if price increase 1% the demand for housing
decrease for 0.6%.

We can compute compensated demand in price change.
First of all we get the substitution elasticity that we can get from the parameter.



Application of IE and SE

e Other useful lessons from the previous
expression

gp,Q = gp,Q + EW,Q - 0

* Price-elasticities very close &, o = &, ¢ if

— Share of budget spent on this particular good, 9, is
very small (Example: garlic).

— The income-elasticity is really small (Example: pizza).

* Advantagesif &, o = &, ¢:

— The Walrasian and Hicksian demand are very close to
each other. Hence, CV = EV = (CS.

Advanced Microeconomic Theory
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Application of IE and SE

* You can read sometimes “in this study we use the
change in CS to measure welfare changes due to
a price increase given that income effects are
negligible”
— What the authors are referring to is:
= Share of budget spent on the good is relatively small and/or
= The income-elasticity of the good is small
* Remember that our results are not only

applicable to price changes, but also to changes
in the sales taxes.

* For which preference relations a price change
induces no income effect? Quasilinear.



Application of IE and SE

* |n 1981 the US negotiated voluntary automobile
export restrictions with the Japanese
government.

e Clifford Winston (1987) studied the effects of
these export restrictions:
— Car prices: p;q, Was 20% higher with restrictions that
without. pys was 8% higher with restrictions than
without.

— What is the effect of these higher prices on
consumer’s welfare?

— Would you use CS? Probably not, since both 6 and
Ew,q are relatively high.



Imaging import tax. So what happen to the consumer? The demand decreases since the prices
increases and we are going to replace with internally goods.
On average we tend to replace internal good instead of abroad good but prices will increase.

We can evaluate in advance to evaluate the introduction of import tax.



Application of IE and SE

 Winston did not use CS. Instead, he focused on the CV.
He found that CV = -S14 billion.

— Intuition: The wealth compensation that domestic car
owners would need after the price change (after setting
the export restrictions) in order to be as well off as they
were before the price change is $14 billion.

* This implies that, considering that in 1987 there were
179 million car owners in the US, the wealth
compensation per car owner should have been
$14,000/5179 = S78.

* Of course, this is an underestimation, since we should
divide over the new number of car owners (lower)
during the period of export restriction was active (not
the number of all current car owners).



Application of IE and SE

e Jerry Hausmann (MIT) measures the welfare
gain consumers obtain from the price
decrease they experience after a Walmart
store locates in their locality/country.

e He used CV. Why? Low-income families spend

a non-negligible part of their budget in Wal-
Mart.

e Result: welfare improvement of 3.75%.



Advanced Microeconomic
Theory

Chapter 3: Gross and net
complements and substitutes, and
substitutability across goods



Outline

Welfare evaluation
— Compensating variation
— Equivalent variation

Quasilinear preferences
Slutsky equation revisited

Income and substitution effects in labor
markets

Gross and net substitutability
Aggregate demand



Gross/Net Complements and
Gross/Net Substitutes

Perfect substitute we are looking for the crossite



Demand Relationships among Goods

* So far, we were focusing on the SE and IE of

varying the price of good k on the demand for
good k.

* Now, we analyze the SE and IE of varying the
price of good k on the demand for other good ;.



Demand Relationships among Goods

* For simplicity, let us start our analysis with the
two-good case.

— This will help us graphically illustrate the main
intuitions.

e Later on we generalize our analysisto N > 2
goods.



Demand Relationships among Goods:
The Two-Good Case

* When the price of y
falls, the substitution Quantity ofy

If y increase BC shift up or
down. So there is a rotation
of the budget constraint. This
is a case a price decrease of
good .

effect may be so small -
that the consumer o,
purchases more x and
more y. .
— In this case, we call Yyo I
x and y gross
complements.
0x /ud“g_,,,‘r/\/é
—— <0 ]
apy HeTTa TV
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C is the new walrasian demand and account for total effect. Moving A to C. The price of Py decrease
and quantity of x increase so TE is positive. What about demand for y? Increases. Demand of both
increase due to decrease in price of y.

Are the two good complement or substitute?
So see the walrasian or Hicksian? WALRASIAN and they are complements. If der negative they are
moving in opposite direction: if py decrease the demand for x increases.

From A to B demand for X decrease, but demand of y increases. So this is the SE for good y.
From B to C we can find income effect: are the two good normal or inferior? Demand for X increase so
x is normal. Demand for Y increase so also Y is normal.



Demand Relationships among Goods:
The Two-Good Case

* When the price of y
falls, the substitution
effect may be so large
that the consumer
purchases less x and
more y.

— In this case, we call

x and y gross
substitutes.

0x Pesirwir
—>0

Quantity of y
A

Quantity of x

apy Venwvptng Same DALsCT [ep
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Demand Relationships among Goods:
The Two-Good Case

e A mathematical treatment

— The change in x caused by changes in p,, can be
shown by a Slutsky-type equation:

dx  Ohy 0x
dp,  0p, Y w
S\E_'V_J(-I-) IE:

(-) if x is normal
(+) if x is inferior
Combined effect (ambiguous)

SE > 0 is not a typo: Ap,, induces the consumer to
buy more of good x, if his utility level is kept constant.

Graphically, we are moving along the same
indifference curve.

Advanced Microeconomic Theory



Demand Relationships among Goods:
The Two-Good Case

* Or, in elasticity terms

—— ~
SE (+) IE:

(-) if x is normal
(+) if x is inferior

where 6,, denotes the share of income spent
on good y. The combined effect of Ap,, on

the observable Walrasian demand, x(p, w), is
ambiguous.



Demand Relationships among Goods:
The Two-Good Case

* Example: Let’s show the SE and IE across

different goods for a Cobb-Douglas utility

function u(x,y) = x%>y%>,

0T, o Mana
— The Walrasian demand for good x is _ k. x

1w

x(p,w) = 20 ?
X

— The Hicksian demand for good x is _. r/ans40

\/p_ Hepavo
hx (P, U) — \/p— U
X
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Is X gross complement or substitute with respect to y?

What we have to do? a <<

WE CAN USE DERIVATIVE OF x with respect to Py - 5 =
oly

By looking at the walrasian demand the consumption of x and y is independent.
Let’s see the income and the substitution effect for these cobb Douglas.

If we look at the Hicksian demand: What would you conclude between the relationship between X or Y
(are they net complement or substitutes?)

The derivative here is

p %2

Vs A p, * pe
Z

= w >e
bPY

y ans MY SWBET I [VVes
dNere (S O 0

e

Sinves

Effect Walrasian demand is 0

What about income effect? Is the same as the substitution effect since TE = 0 of increasing Py. So IE =
SE and opposite.

So the effect on walrasian demand is 0 and we can prove this if we compute the SE of the derivative
here (sopra).



Demand Relationships among Goods:
The Two-Good Case

* Example (continued):

— First, not that differentiating x(p, w) with respect to
Py, We obtain

dx(p,w)
dp,y

i.e., variations in the price of good y do not affect
consumer’s Walrasian demand.

0

— But,
oh,(p,u 1 u
x(p,u) _ 1 £ 0
dpy 2 [DxDy

— How can these two (seemingly contradictory) results
arise?

Advanced Microeconomic Theory 11



Demand Relationships among Goods:
The Two-Good Case

* Example (continued):
— Answer: the SE and |IE completely offset each other.

— Substitution Effect: Given
ohy(pu) 1 u

J Py 2 ,/pxpy’
plug Walrasian demands for{< arv1vd y in u(x,y) to get the

indirect utility function u = = , and replace it in

Zw/pxpy 1w
the expression above to obtain a SE of—p ~
Xy

— Income Effect ;> ng% side of slushy equation

ey WAL S N9

ox 1w\ /11\ 1 w
Yow 2 2 B 4 DDy
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Demand Relationships among Goods:
The Two-Good Case

* Example (continued):
— Therefore, the total effect is
TE SE IE
éx(p, wj 57; “ox
dp,  op, > ow
1w 1 w
4pepy  4DkDy

=0

— Intuitively, this implies that the substitution and
income effect completely offset each other.

Advance d Microeconomic Theory



Demand Relationships among Goods:
The Two-Good Case

e Common mistake:

a )
- % = 0 means that good x and y cannot be
y
substituted in consumption. That is, they must be
consumed in fixed proportions (perfect complents).

Hence, this consumer’s utility function is a Leontief
type.”

* No! We just showed that

dx(p,w) 0 — dh,  Ox
0p, op, ~ ow

i.e., the SE and IE completely offset each other.

Advanced Microeconomic Theory 14




Demand Relationships among Goods:

The N-Good Case

 We can, hence, generalize the Slutsky
equation to the case of N > 2 goods as
follows:

axi ahl Bxl-

o~ ap; Tow
foranyiandj.

* The change in the price of good j induces IE
and SE on good i.

Advance d Microeconomic Theory
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Asymmetry of the Gross Substitute
and Complement X <L

or; o Px

 Two goods are substitutes if one good may
replace the other in use.

— Example: tea and coffee, butter and margarine

 Two goods are complements if they are used
together.

— Example: coffee and cream, fish and chips.

* The concepts of gross substitutes and
complements include both SE and IE.

: .. 0X;

— Two goods are gross substltutes\y;‘_ >
J

dx

0.
— Two goods are gross complements\if # < 0.
J

Advanced Microeconomic Theory



Asymmetry of the Gross Substitute
and Complement

* The definitions of gross substitutes and
complements are not necessarily symmetric.

— It is possible for x; to be a substitute for x, and at
the same time for x, to be a complement of x;.

* Let us see this potential asymmetry with an
example.

We can get that x Perfect Comp to y but
not the contrary.



Asymmetry of the Gross Substitute
& Kmmpoe and Complement

e Suppose that the utility function for two goods is given by
Ux,y) =Inx+y weslcnean |
Uninn>
* The Lagrangian of the UMP is
L=Inx+y+ AW —px —p,y)
* The first order conditions are

oL 1 B d:rg"”’% o
a_;_lpx_ N XCQ
oL A Px
oy ¥ =0T :
W"M\J-P To
oL i

— — — %
S =W DX —pyy =0
6/1 opr psManp Otcy

¥ - w-rx
Py
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Asymmetry of the Gross Substitute
and Complement

* Manipulating the first two equations, we get

1 1

—=— = pPyx=p
DyX Dy g 4

* |nserting this into the budget constraint, we
can find the Marshallian demand for y

&c+pyy=w = PyY =W — Py =

19
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Asymmetry of the Gross Substitute
and Complement

* Anincrease in p,, causes a decline in spending on

Y
— Since p,, and w are unchanged, spending on x must

: 0

rise [— > 0.

opy
" Hence, x and y are gross substitutes.
. .. d
— But spending on y is independent of p, (% = 0).
X

" Thus, x and y are neither gross substitutes nor gross
complements.
— This shows the asymmetry of gross substitute and
complement definitions.

= While good y is a gross substitute of x, good x is neither a
gross substitute or complement of y.

Advanced Microeconomic Theory
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Asymmetry of the Gross Substitute
and Complement

* Depending on how we check for gross
substitutability or complementarities between
two goods, there is potential to obtain
different results.

* Can we use an alternative approach to check if
two goods are complements or substitutes in
consumption?

— Yes. We next present such approach.

Advance d Microeconomic Theory 21



Net Substitutes and Net Complements

* The concepts of net substitutes and
complements focus solely on SE.

— Two goods are net (or Hicksian) substitutes if
dh;

— Two goods are net (or Hicksian) complements if
dh;

where h;(p;, pj, u) is the Hicksian demand of good i.

> (

<0

Advance d Microeconomic Theory 22



Net Substitutes and Net Complements

e This definition looks only at the shape of the
indifference curve.

* This definition is unambiguous because the
definitions are perfectly symmetric
oh; Oh
ap;  op;
— This implies that every element above the main

diagonal in the Slutsky matrix is symmetric with

respect to the corresponding element below the main
diagonal.

Advanced Microeconomic Theory 23



Net Substitutes and Net Complements

Py ) Op,
sow) = ) Sokpw)  Oh(pu)
apl apz / ap3
Ohy(p,u) ohy(p,u) Oh,(p,u)
\ apl apz 5p3 )

Advance d Microeconomic Theory 24



Net Substitutes and Net Complements

* Proof:
— Recall that, from Shephard’s lemma, hy (p,u) =
de(p,u)
. Hence,
Pk
Ohi(p,u) 0%e(p,u)
dp;j 0pi0p;

— Using Young’s theorem, we obtain
d%e(p,u) 0d%e(p,u)
dpxdp;  Op;Opy
which implies
Ohy (p,u) _ Ohy(p,u)
dp; 0Py

Advance d Microeconomic Theory 25




Net Substitutes and Net Complements

* Eventhough x and y
are gross
complements, they are
net substitutes.

* Since MRS is
diminishing, the own-
price SE must be
negative (SE < 0) so
the cross-price SE must
be positive (TE > 0).

Advance d Microec

Quantity of y

onomic Theory

Quantity of x
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A Note on the Euler’s Theorem

* We say that a function f (x4, x,) is homogeneous
of degree k if

ftxy, txy) =t - f g, x2)
* Differentiating this expression with respect to x4,
we obtain

af (txq, tx;) . 0f (xq,%2)
. t — t .
axl 0x1
or, rearranging,
Of (txq,tx2) . _; 0f(x1,x3)
=t .
0x4 0x4

Advance d Microeconomic Theory 27




A Note on the Euler’s Theorem

9
* Last, denoting f; = % we obtain

fi(txy, txp) = tF7 - fi (g, x3)

* Hence, if a function is homogeneous of degree k,
its first-order derivative must be homogeneous
of degree k — 1.



A Note on the Euler’s Theorem

* Differentiating the left-hand side of the definition
of homogeneity, f(txy, txy) = t% - f(xq,x3),
with respect to t yields

0(txy,tx3)

at = fl (txl’ txz)xl + fZ (txl) txZ)xZ

» Differentiating the right-hand side produces

O(t" - f (x4,
(t gixl “2) _ k-t f (g, x2)

Advance d Microeconomic Theory
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A Note on the Euler’s Theorem

* Combining the differentiation of LHS and RHS,
f1(txq, tx)xq + fr(Exq, tx3)x;
=k -t f (xq, %)

e Settingt = 1, we obtain

f1(xq, x2)x1 + fo(x1,%2)x = k- f(xq,%3)

where k is the homogeneity order of the
original function f (x4, x»).

— If kK = 0, the above expression becomes 0.
— If k = 1, the above expression is f (x4, x5).

Advance d Microeconomic Theory 30



A Note on the Euler’s Theorem

* Application:
— The Hicksian demand is homogeneous of degree
zero in prices, that is,
hy (tpq, tp2, s tPp W) = hye (D1, D2, oo, Py U)
— Hence, multiplying all prices by t does not affect
the value of the Hicksian demand.

— By Euler’s theorem,

ohy ~ ohy ok
apl pl apz pZ apn pn

=0-t""th;(py, Py, ., 0y, u) =0

Advance d Microeconomic Theory 31




Substitutability with Many Goods

Question: |s net substitutability or complementarity
more prevalent in real life?

To answer this question, we can start with the
compensated demand function

hk (pl' P2, - Pns U)
Applying Euler’s theorem yields
oh,  Ohy Ohy,

ke =0
ap Pt T ap, P2 T T ap, P

Dividing both sides by h;, we can alternatively
express the above result using compensated
elasticities

gl'l + gl'Z + -+ gin =0

Advance d Microeconomic Theory 32



Substitutability with Many Goods

* Since the negative sign of the SE implies that
&; < 0, then the sum of Hicksian cross-price
elasticities for all other j # i goods should

satisfy
S e 20

JEI!
* Hence, “most” goods must be substitutes.

* This is referred to as Hick’s second law of
demand.

33
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Advanced Microeconomic
Theory

Chapter 3: Aggregate demand



Outline

Welfare evaluation
— Compensating variation
— Equivalent variation

Quasilinear preferences
Slutsky equation revisited

Income and substitution effects in labor
markets

Gross and net substitutability
Aggregate demand



Aggregate Demand



Aggregate Demand

WwAaLms

* We now move from individual demand, x; (p, w;),
to aggregate demand,

I gledex
oF YArnng
xi(p» Wi) )= wam
=1 WANIS VA Z

which denotes the total demand of a group of
I consumers.

* Individual i’s demand x;(p, w;) still represents a
vector of L components, describing his demand
for L different goods.

Advance d Microeconomic Theory 4
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Aggregate Demand

 We know individual demand depends on prices
and individual’s wealth.

— When can we express aggregate demand as a function
of prices and aggregate wealth?

— In other words, when can we guarantee that
aggregate demand defined as

x(p'Wl'WZJ ...,W[) — l 1xl(p' Wl)
satisfies sum of N0 FUNLT N ok o Ann
N S MAND

! ! SJdMm ofF

E xi(p,wy) = x| p, E wi | wenan
> VL gaudn

7
r £ Aer (vorn
1=1 1=1 (J% ol e TR JTES

Advanced Microeconomic Theory 5



Aggregate Demand

* This is satisfied if, for any two distributions of
wealth, (wy, w,, ...,w;) and (w{, w,, ..., w;) such

that Yi_, w; = Yi_, w{, we have
I I

D> xw) =) x@w)

i=1 i=1
* For such condition to be satisfied, let’s start with
an initial distribution (wq, w,, ..., w;) and apply a
differential change in wealth (dwq, dw,, ..., dwy)
such that the aggregate wealth is unchanged,
{=1 dWl' = (.

Advance d Microeconomic Theory



Aggregate Demand

* If aggregate demand is just a function of aggregate
wealth, then we must have that

[ 9xi(pw
i=1

2 dw; = 0 for every good k

ow;
In words, the wealth effects of different individuals are
compensated in the aggregate. That is, in the case of
two individuals i and j,
Oxyi(p, w;)  Oxyj(p, wj)

dw; B ow;

for every good k. ><

Advanced Microeconomic Theory 7



Aggregate Demand

* This result does not imply that [E; > 0 while [E; < 0.

* In addition, it indicates that its absolute values

coincide, i.e., |IE;| = |IEj , Which means that any
redistribution of wealth from consumer i to j yields

dx;(p, w; 0xi(p, w;

ki (D, w;) dw; + k](p ]) de — 0

aWi aW]

which can be rearranged as

W), @)

an- ——r’ GW] ——

- +
Oxgi(pwi) _ Oxkj(owj) _ K
* Hence, o éw_ L since |dw;| = |dwj|.

Advanced Microeconomic Theory 8



Aggregate Demand

* In summary, for any
— fixed price vector p,
— good k, and
— wealth level any two individuals i and j
the wealth effect is the same across individuals.

* |n other words, the wealth effects arising from the
distribution of wealth across consumers cancel out.

* This means that we can express aggregate demand as a
function of aggregate wealth
I I

z xi(p,w;) = x P»Z: Wi

Advanced Microeconomic Theory 9



Aggregate Demand

* Graphically, this condition entails that all
consumers exhibit parallel, straight wealth
expansion paths.

— Straight: wealth effects do not depend on the
individuals’” wealth level.

— Parallel: individuals’ wealth effects must coincide
across individuals.

= Recall that wealth expansion paths just represent how
an individual demand changes as he becomes richer.

Advanced Microeconomic Theory 10
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Aggregate Demand

A given increase in wealth A given increase in wealth
leads the same change in the leads to changes in the
consumption of good x;, consumption of good x; that
regardless of the initial wealth US\\' are dependent on the
of the individual v 7 7 individual’s wealth level
k Y\ T\WT'C)

X2 (\’LDMQ’ X,

v 71 % [

Straight wealth 4

expansion path Nonstraight wealth

expansion path

Aw| ", Aw|

y
2

%‘ %’ %' xl %\ w/pl V%I xl

Al SCLTiv  cr Ay ] Advanced Microeconomic Theory Aw ] 11
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Aggregate Demand

* Individuals’ wealth | ©,

Wealth expansion
path for consumer 1

effects coincide.

* The wealth expansion

(C Cavne®

(®

path for consumers 1

Wealth expansion
path for consumer 2

and 2 are parallel to
each other

— both individuals’
demands change

similarly as they
become richer.

Advanced Microeconomic Theory

12




Aggregate Demand

* Preference relations that yield straight wealth
expansion paths:
® Homothetic preferences

@® Quasilinear preferences

 Can we embody all these cases as special
cases of a particular type of preferences?

— Yes. We next present such cases.

13



Aggregate Demand: Gorman Form

consumers to exhibit parallel, straight wealth
expansion paths is that every consumer’s indirect
utility function can be expressed as:

Przr s nvd WUmn

v;(p,w;) = a;(p) + b(p)w;

N
> Crmm w0 |Jac

This indirect utility function is referred to as the
Gorman form. (lue ottty 15 vinsnn v o >

* Indeed, in case of quasilinear preferences

1 1
vi(p,w;) = a;(p) + —w; sothat b(p) = —
pk pk

Advanced Microeconomic Theory

Gorman form. A necessary and sufficient condition for

14



Aggregate Demand: Gorman Form

* Example (continued):

— The vertical intercept of this
1 _vi(p,w)

functionis p(0) = 700"

— The slope of this function is

dp (w; 1 1
pwy) _ N S0
ow; 10 10,/1 + 40w; 1

100

and it is decreasing in w; (concavity)
0°p(w;) _ 2
owz (1 + 40w;)3/2

l

Advanced Microeconomic Theory 16



)(C - &‘-’C(P) +2}( P\ wc = Lirsnr (M W, Wgew
we T SVMWAT/O

Aggregate Demand: Gorman Form|
2(5: Zeilry £ S Zp) i
e Let’s show that, for indirect utility functions of the {

. Snd L
rman form, w in - = -
Gorman form, we obta & c.i(ph CHZ o ST
I 1 Tourne IzAAein coroF
Svummnarrep,
E xi(p' Wi) — X(p, E Wi) So Do Aal Do
i=1 =1 cwor~ W (S N&T/z(@oro:ﬁ

5”[/(',@,’ l.% AL(/\/"’A'," ‘UA/C]’/%

 First, use Roy’s identity to find the Walrasian deman
associated with this indirect utility function

AGOLy 2=/ avi(p, Wi) A/Q’ [D\—ZCD‘F
e T op xi(p, wi) o
I RS — — Aj\P, Wi
ov; (v, w; ‘ y
Dé'\’""\'\—) lg}‘?/v l) H"?/l

Advanced Microeconomic Theory 17



Aggregate Demand: Gorman Form

* In particular, for good j,

av;(p, w;) da;(p) 0db(p) Wy  UNEAn

op ap 0p;:
_a -p] N . & '_x(prwl)
v;(p, w;) b(p)  b(p)
ow

* |n matrix notation,

_wuilpw) _ Wai(p)  Vb(p) Wi = % (o)
Z,v:p,w) b  b(p) P Wi

for all goods.




Aggregate Demand: Gorman Form

* We can compactly express x;(p, w;) as follows

V,v;(p,w;)
pVi\th Wi
— = a;(p) + LP)w; = x;(p, w;
_pail®) _ _b®) _
where o) S a;(p) and = = B(p).



Aggregate Demand: Gorman Form

* Hence, aggregate demand can be obtained by
summing individual demands

a;(p) + B(p)w; = x;(p, w;)
across all I consumers, which yields

ixi(n w;) = i a;(p) + ﬁ(p)iwi
= ZI: a;(p) + f(pIw = x(P»zI: Wi)
i=1 =1

where Yi_ w; = w. )<

Advance d Microeconomic Theory 20



Colns cméinm. QOrHuTy FurClonw (ANB &  WRITTEN W

Cunseimsna SING Lirvp IM )

M’(K//):Lhif-\'f @ @

WAE Te NG [NOWNRECT UTiuil 7 anw e tad ko Al Linaonm /a0 Coc

Yirns YA

ST P‘-}(+r>y.7’gw
L f//«ax»/A—/\(u,—Px-x-\”r"/)

Yo o A Mpa=c

Ve,
Y _
SeLuTIeN g = A - Apy=c
éL— = U"P"-X'Py'/to
SA
<= 7
Px
e - ’; w- Y7
V'= W= PeProap, 5,
hx

ks (WD . gnaT)

vlix,p) = ,(/M([)’V) y w5y
Y K Px A
—~——T —u -A/\/
= U) — A Z wi
b (?% ¥ %
SATIE &/ US2My Ccamn Wienryd v cert (S
&/) oA

Co[((’\ < 14‘!(?,{
L= 2

4



DiSimBuriov  oN  Ivlus DS NoT 0 nwmoc o0

T Terae WgneTn

W(%a, $o) = X b
IZ/N:) (v, &, cS
O P (gowtonvs .
o leed Ko (pa) = 2%
e (cotf3§ P

¢ SVe LtOrhkonTe Cet LiBes)

(%3
bﬂ(P/WBT = E)O/ﬂa wﬁsz
B Pa

(Pn :/;13 A

(GAVE Pn': P2= 2 co ;I;.:/é e

b e 2l

A Frem ZECEAZE

Py M wT e 9\4 Svike—

A
P RiCr
V;\ L\‘ (l‘n\ / ("”3
A (P"' ""°) ~ w¢ ars US MG turrs
>
oy NV
2. Wwn J xrc MO , )

1
o3

L rce P )=
C\/T— S hq(?/ M) d_Pﬂ ~ S/, (B ? » (/(,Q



P4

Pa

Pn' V4 P Sivee P 4

2" 2.5 dpa

2 N

S (=)

U

o Man Tarw Pn

a
(/\/4 CAB -

w = 2.5

7,
72

nS Npral ALy

A
(/kc —> OLD oSVse oL OTveiTt

N (tay 2 2.2 dps
9

-
-

W Acras
£
)<n. e ?';

g b ol

= ﬂ/?,z; (Z-/‘}\Z'ZJ



Firm to produce use some technologies.
They use inputs that are factors of production that are combine in a production function (production

process). And then after the input are combine in the production process they give and output.
To produce a car we will use capital (machinery) and Labor and then there will be a production process

that give an output that is car.
Production process can be approximated by a production function

Floms

‘\/(./}" C[/LU QL LC Gjes  —>process frominput to

output

/NPU'\'S — PRecnov Crrons - S ({curour

Preeess
Frerting
e Prronyction
OAPH’A‘_ (e
A
. > % vCtiean > | Chre
= JVAr R FUAILT/CaY

Przeco CHon Sy ey oV

Maximum amount of
output possible from input
bundle



Advanced Microeconomic
Theory

Chapter 4: Production function and
Profit Maximization Problem (PMP)



Outline

Production sets and production functions
Profit maximization and cost minimization
Cost functions

Aggregate supply
Efficiency (15t and 2" FTWE)



Production Functions



Technology

A technology is a process by which inputs are
converted to an output. — Gen quantity of output

E.g. labor, a computer, a projector, electricity,
and software are being combined to produce
this lecture.

Usually several technologies will produce the
same product -- a blackboard and chalk can be
used instead of a computer and a projector.

Which technology is “best”?
How do we compare technologies?

Advanced Microeconomic Theory



When we have technologies we have
I n uts inputs bundles. It is similar to
p consumption bundle but refers to the

firm to produce certain output.

* x, denotes the amount used of input i; i.e. the
level of input i.

e An input bundle is a vector of the input levels;
(X1, Xy v ) X,)-

* E.g. (x4, X5, X3) =(6,0,9).

Advanced Microeconomic Theory 5



Output

e y denotes the output level.

* The technology’s production function states
the maximum amount of output possible from

an input bundle.

s 4l
7

) @: f(xq, %0, i X))
/

This is a scalar since we are considering only one good as output.

IO m)wrw

You will have many technologies and
production will give the most efficient
Advanced Microeconomic Theory Way of prOdUCing \ given X1, X2 ... XN



Technology set

* A production plan is an input bundle and an
Olltpllt level; (Xl’ *tc Xn’ y) Feasible if this tech logic

produce at least y.

* A production plan is feasible if ~ so collection of this feasible

production plan is called

y < f(xl' X2y eerns xn) technology set.

* The collection of all feasible production plans

1s the technology set.



Technology set - |

* One input one output (simpler case)

V= K(4)
y’ y =f(X’) is the maximal
""""""" , output level obtainable
. from X’ input units.
) T AT ——— Yy’ =1(x) is an output level
. that is feasible from x’
/ . input units.
i 4 YOD U low/ LP/ X X
Il v(lr A9Y)
'S @Bl To (TR g !dnp!'fAtLe"?Iy ;

(NBAICI SN Swey 7Y e Pl CERaEnT cotr



Technology set - Il

Technically
efficient plans

(frontier)
) Ppe v crion (Puc oy

The technology
set

X
Input Level

Advance d Microeconomic Theory 9



Multiple inputs, one output

10]
3 ,,,,, -@
61
41
3 A
_.,w“w'wéii 0.
ol 4 © -
2“"‘”“':::;::_;—:_____ "
4 6 "“—é-r-;,._.m

Advanced Microeconomic Theory
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Many inputs and one output

Multiple inputs, one output

Isoquant: the set of all input bundles
that yield at most the same output
level vy.

Advanced Microeconomic Theory 11



& XAmPLE

Multiple inputs, one output

Lol o aad e
<

L/ 109

L o o i o P e s

This production plan gives this
level of production.

= This sections give the same
level of production output.

Advanced Microeconomic Theory 18



Multiple inputs, one output

10}

S =
1
1
1
0- II
L/\
|
|

)} “_ﬁ_,,w*"*g 8 N
U:&*,EQ.:;:i___ l -
e G
= 4 6 el
P,
8 10

Isoquant: How is it obtained?

Advanced Microeconomic Theory
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Multiple inputs, one output

10

Lo OF 4

sgggnt‘vr/w\\ 2k

Combination of factors that
give the same level of
output. We can notice that
as the IC for the consumer
were representing
combination of good that
gave the same level of utility.

Isoquant represent the
combination of inputs that
give the same level of
output( or production)

Isoquant: level map (like indifference
curve for utility) — combination of
inputs that give same output level

Advanced Microeconomic Theory
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Multiple inputs, one output

14



Multiple inputs, one output
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Multiple inputs, one output
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Multiple inputs, one output
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Slope of Isoquant is called the Marginal rate of technical substitution ‘ CXaMPe W
< WAyre

A simple production function

* We consider the following production function in
which output depends on physical capital (k),
such as machlnery, and labour (l) N. Of workers or hours of works,

It depends on the model

Inputs cannot be negative:

positive capital and labour y = f(k ) l) Derivative: If i
T P f (y) increase small
with k,l = 0, —— > 0 and decreasing, i.e. amount of capital
2 0X —— cromic ot how much
0°f(y) production will

increase?

Tx0x < 0, where x is the generic input.

The first derivative is called the marginal
productivity of input x (= k, l).o N
Half worker is consider like a part-time worker. J 7‘

So we are not considering discrete case but
continuous Advanced Microeconomic Theory 19




© 1 4 } - Noe Aen

\' — N—
ay 47
Same increase of the two firms but delta y’ < delta y. ==> marginal productivity is decreasing.
In agriculture you have an amount of land: initially production will increase if i put 2 worker instead of 1

but if i put more worker in the same instance of land then worker will get a decreasing production since
there is a lot of persons.

1]

Now define the MRTS.

Marginal rate of technical substitution (MRTS)
Is the slope of the isoquant —> isoquant is the combination of inputs giving the same output level.

To find the MRTS we compute the total differential of the production function.

Y~ kL)

This is a production function in two variables. The total differential now is:

-~ VAZ L Arsov Spppn
d}/c ﬁ”’t\‘ s e o G o
Dl ol

A Nesarjw o MAzoe PRetupmraTy ¥ Meee Progugmay
0 Ot ¢
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MRTS is given by the ratio of the Marginal productivity. The MRTS is how much you have to substitute
the two good to maintain the same level of production.

According to the example the MRTS is increasing or decreasing moving to the right?
Increasing | the MRTS is decreasing.
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Production function

* Along an isoquant y is constant, therefore totally
differentiating the production function

of ) of )

dy =) ———dk+—=dl=0
(dy =) P +—;
solving

dli 482 2ie))

T = —3Hsy Where —52 = MRTS; (7)

al al

— MRTS; (¥) is the Marginal Rate of Technical
Substitution measures how much k must decrease
(increase) if [ increases (decreases) so as the maintain

the same output [the book defines MRTS without the
minus sign]

Advanced Microeconomic Theory 20



Diminishing MRTS

* The slope of the firm’s isoquants is

MRTS, ;, = %, where MRTS, ;, =

f1

[k

(NB. K is in the vertical axes ointhe isoquant graph)

 Where f; =
of
fl (y)

af (y) .

is the marginal productivity of labour and

is the marginal productivity of capital

. leferentlatmg MRTS; j, with respect to labor and taking
into account that along an isoquant k = k(1) i.e. capital is a
function k(.) of labour yields

O|MRTSk|

fk(fll+flk dl) fz(fkl+fkk d’;)

al

(fr)?

(we apply the rule of a composite function)

Advanced Microeconomic Theory

allora

f'(x) - g(x) - f(X) g




(LIS e
T\
9"9 UZ W AavT TC

Diminishing MRTS  -..cc comce
/

SN
e Using the fact that

@ _ -
TR (slope an isoquant)

along an isoquant and YoEng’s theorem f;, = fiy

(if f double differentiable than cross derivatives
are symmetric),

" O|MRTS, | fk(fu i ]]:) fz(fkl frr ]/:l)
al (fi)?
flz

fefu = fuehi — fifia + fre "
B (fi)?

Advance d Microeconomic ic Theory 22




Along and isoquant k is a function of I. There is a relationship between k and I. So computing
derivative we have to keep in mind that k is function of |
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Given a fix amount of workers if you increase capital the Marginal productivity of the worker will
increase!



Diminishing MRTS

e Multiplying numerator and denommator by fx

OMRTS fk fu +fkkfl _Zflfk flk
dl (fx)?

(I have used fi;=fi; by Young’s theorem, if f twice
differentiable, i.e. second derivatives exist.)

* Thus,

— If
— If

fue >0

fue <0

(i.e., Tk =T MP;), then

then we have

[+ fiaf2| {2} 12fificfu) =

Advanced Microeconomic Theory

OMRTS
dl

<0

OMRTS)

al

NE

/O

<
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If folk < 0 is like stundyting by your self give you a greater grade than also follow lectures.
If folk >0 following lectures and studying by your self gives you a greater grade



Diminishing MRTS

|Spanvavs JC P ‘Q\ e prr
A CoN WK sjear A
K - K Wil B Ceecens

Sz cPs AVGA SIVE — — . =
\\l/soquant, q

Al Al
fik >0(Tk=1TMP),or fi <0(Tk =1l MP)
fik <0 (T k=1 MP)but
small | in MP,

We will use convex to be able to use the maximisation problem



Diminishing MRTS

* Example: Let us check if the production function f (k,l) = kl yields
convex isoquants (i.e. decreasing MRTS).

* Use the generic equation of an isoquant, i.e.

k= iek="2

. >M<T5Lk = Z—’; =1 gl~2, to check is if convex | compute the

S 12 B

>< second derivative of the MRTS, i.e.

OMRTS 9%k 23g
k=2~ =>9
ol alol 13

MEAS

Thus isoquant is convex.

Advanced Microeconomic Theory 25



Constant Returns to Scale

* If production function f (k, ) exhibits CRS,
then increasing all inputs by a common factor

t yields

f(tk, t)) = tf (k1)

| can exactly replicate a
technology. Double
amount of capital and
labour i also duplicate the
production.

* Hence, f(k,l) is homogenous of degree 1,

thus implying that its first-order derivatives

fi(k, ) and f;(k,1)

are homogenous of degree zero.

Advance d Microeconom ic Theory

So this is like homogeneous
of degree 1 when production
function exhibit constant
return to scale

26



Constant Returns to Scale /\/D

Therefore, ><

Cf (k1) Of(tk,tl)
MAb=—3""=""73

= fi(k, 1) = fi(tk,tl)

Setting t = %,we obtain
1 1 k
MPl=fl(k,l)=fl Tk,z :fl 7,1

.k
Hence, MP; only depends on the ratio —, but not
on the absolute levels of k and [ that firm uses.
A similar argument applies to MP,.

Advance d Microeconomic Theory 27




Constant Returns to Scale

. MP; FI fk do not depends on q (scale of
i Th us, MRTS - — production) so MRTS does not depend
Py onq
only depends on the .
ratio of capital to Ray from the
labor. origin
* The slope of a firm’s \ Same MRTS
isoquants coincides at =k 5 .
any pointalongaray . : - q
from the origin.
., : 02
* Firm’s production ;
function is, hence, L .k d
homothetic.

| ~ Doubling the input also
Advanced Microeconomic Theaaub“ng the production 28



Constant Returns to Scale

o f(tk,tl) =tf(k, 1)

a.
A, L]
* \
|
1.-__5\| ~—— g =200
|
!
‘ﬁ
: g ——g =100
]
1 2 I

29



Increasing Returns to Scale

o f(tk,tl) > tf(k,1)

proportion the amount of

production increase more than l \ \
proportion '

Increasing inputs by same l| I l

Advanced Microeconomic Theory 30



Decreasing Returns to Scale

o f(tk,tl) <tf(k,1)

| |
Increasing input by same \ I
proportion the amount of \ '\
production increase less \ O\

than proportion o N ' \\
TN

31



Buying inputs is costly so we have some cost to achieve a certain amount of production.
Increasing return to scale: doubling the size of your plan you will receive a larger production than
splitting the plan in half and double them by the same proportion.
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Elasticity of Substitution
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Elasticity of Substitution

» Elasticity of substitution (o) measures the
proportionate change in the k/l ratio relative
to the proportionate change in the MRTS;
along an isoquant:
~ %A(k/T) | d(k/l) |MRTS|  dln(k/l)

® = %|AMRTS| [ d|MRTS| kI _ 9In(|MRTS|)
where g > 0 since ratio k/l and |MRTS|
move in the same direction.

d Ky | e
/s

o M Iz
L I ol / ol

7
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Elasticity of Substitution

 Both MRTS and k/I
will change as we
move from point A to
point B.

¢ isthe ratio of these
changes.

* g measures the
curvature of the
isoquant.

Advance d Mi
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Elasticity of Substitution
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Elasticity of Substitution

S
¢

* Elasticity of substitution (o) measures the
proportionate change in the k /I ratio relative
to the proportionate change in the MRTS; j,
along an isoquant:

%A(k /1) d(k/l) |MRTS]| |61n(k/l) |

? = %|AMRTS| _ d|MRTS| _kJ/I _ 9In(|MRTS|)
where g > 0 since ratio k/l and |MRTS|
move in the same direction.
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CurVatureys o

Tl | SceoyanT
ﬂ

.« . . 7
Elasticity of Substitution
. Both MRTS and k/l <"
will change as we ‘.
move from point A to
point B. ‘ A
* o isthe ratio of these /
changes. 3 a=4q,

* g measures the o (k/1a
curvature of the 1
iSOquant. o B LSS mEAwS  Taar Tae mose y

A
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Elasticity of Substitution

* |f we define the elasticity of substitution
between two inputs to be proportionate
change in the ratio of the two inputs to the
proportionate change in MRTS, we need to
hold:

— output constant (so we move along the same
isoquant), and

— the levels of other inputs constant (in case we
have more than two inputs). For instance, we fix
the amount of other inputs, such as land.
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Elasticity of Substitution

* High elasticity of
substitution (o): K} (nees  Ats Lowm
— MRTS does not

. A
change substantially T MR
relative to k/L. MRTS;
o . B
— Isoquant is relatively (/1) =a.

flat./

# (k/1)e
\MPL Av Vi a LEPVse

ry

0F U;msnoo\'? Cf e ok trume NSe 15 \Wlwn

1N
Suz 5TITYT A 1 5¢ LUANT .S 4 STMROAT
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Elasticity of Substitution

* Low elasticity of
substitution (o): K“
— MRTS changes

substantially relative A___MRTS,
to k/L. MRTSg

— Isoquant is relatively (/e / i=a
B 0
sharply curved.

7 :
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Elasticity of Substitution:
Linear Production Function

e Suppose that the production function is

q=f (k1) =ak + bl
Ui EUNCT 1 eV

e This production function exhibits constant
returns to scale

f (tk,tl) = atk + btl = t(ak + bl)
=tf (k1)

e Solving for k in g, we getk =

f&D) _ b,

a a

— All isoquants are straight lines -
. A ARAZAV 4
— k and [ are perfect substitutes w:'u%,. rurien IS
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Elasticity of Substitution:
Linear Production Function

e MRTS (slope of the
isoquant) is constant
as k/l changes.

-

%A(k/1)
o = = OO
%AMRTS —

6 SL:-:‘:?/\(:P

e Perfect substitutes
* This production

function satisfies
homotheticity.
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Elasticity of Substitution:
Fixed Proportions Production Function

e Suppose that the production function is
g = min(ak,bl) a,b >0

Capital and labor must always be used in a fixed
ratio (perfect complements)

— No substitution between k and [

— The firm will always operate along a ray where k/l is

constant (i.e., at the kink!). wK- gt
* Because k/l is constant (b/a), o L
WA/ _ e
%AMRTS ~— — 5o, K o L
pehances Wic@nami heor 2



Elasticity of Substitution:
Fixed Proportions Production Function

e MRTS = oo forl
before the kink of the
isogquant. «

e MRTS = 0 for [ after
the kink.

* |'The change in MRTS is
infinite (perfect
complements)

e This production

,
,
.
,
,
,
,
,
)
,
§
)
,
,
| L |
, P
’ P
7 P
’ Pie
, P
as/a — — 03
,
,
,
,
,

function also satisfies
homotheticity.
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Elasticity of Substitution:
Cobb-Douglas Production Function

* Suppose that the production function is W o sk T
g = f(k,[) = Akl where A,a,b >0 ™ *re

& EF raenr

(4 is sometimes called the “efficiency” parameter) cocpcrair,

* This production function can exhibit any returns to
scale

f(tk,t)) = A(th)%(t))P= AttPkP = t2*Df(k, 1)

— If a + b = 1 = constant returns to scale,

2 ton
f(th, t) = tf(k, D) 2% ptw ket
. . DK
— If a + b > 1 = increasing returns to scale
f(tk,tl) > tf(k, 1) ALt

— Ifa + b < 1 = decreasing returns to scale

f(tk, t)) < tf(k,1)
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Elasticity of Substitution:
Cobb-Douglas Production Function

 The Cobb-Douglass production function is

linear in logarithms
In(q) =In(A) + aln(k) + bIn(l)

— a is the elasticity of output with respect to k

_ din(q)
@k = BIn(k)

— b is the elasticity of output with respect to [
dln(q)

@l = JIn(D)



Elasticity of Substitution:
Cobb-Douglas Production Function

* The elasticity of substitution (o) for the Cobb-
Douglas production function:

— First,
d
MP, at bAKSITU b k
MRTS = = 0L _ == =
MP, 0dq aAk®* b a |
ok
— Hence,

In(|MRTS]|) =1 b | k
n(| ) = n(a) + r1<7>

Advance d Microeconomic Theory
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Elasticity of Substitution:
Cobb-Douglas Production Function

— Solving for In (%),

In (k) = In(|[MRTS|) — In <2>
[ a

— Therefore, the elasticity of substitution between k

and [ is
k
dIn (T)

~ dIn([MRTS|) _

1

o
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Transformations of a degree 1
homogenous Function

* Assume y = f(k,l) is homogeneous of degree one, i.e.
f(tk,tl) = tf(k,1)i.e CRS. —> Cosbrnst % ruw 4 .
* Then define the new production function
F(k,D) = [f(k, D]
Then the Returns to Scale (RTS) of this new function
depend on y. Indeed,

F(tk,tl) = [f(tk, tD]) = [tf(k, D] = t¥V[f(k, D]
=tYF(k,1)
That is the new function is homogenous of degree y,

which also determines the RTS. If y > 1 IRS; if y = 1 CRS;
ify < 1 DRS.
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Elasticity of Substitution:
CES Production Function

Suppose that the production function is 5
q=f(k 1 =(kP+ lp)y/p D 4(4 (“”C)) =

where p < 1,p # 0,y > 0. Applying what we just said: , N

— ¥ = 1 = constant returns to scale _ E(KP +ZI’) 1 J

— ¥ > 1 = increasing returns to scale

— ¥ < 1 = decreasing returns to scale

d
This happens because f(k,1) = (kP + 1?)/P is homogeneous of 'elkﬂ
degree 1, i.e. f(tk,tl) = t(kP + 1P)Y/P [prove it!] \

Nj

MometwmZtu s o=  Detnes A

. . . < ~ %\ 3
Alternative representation of the CES function ° (K Y )
o—1
o—1 o—-1\"og 4 — 2
fo)=ko +19) =
where o is the elasticity of substitution. . G -
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Elasticity of Substitution:
CES Production Function

e The elasticity of substitution (o) for the CES

. L 5
production function: A ] ’ ],) %,
— First, 1
L A O
_MP 3 _p
IMRTS| = 2= = Fi =
S T LIRS N T
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Elasticity of Substitution:
CES Production Function

A L 5
— H ,
ence ) g Lo v
In(|JMRTS|) = (1 —p)In <—)
l y =L X
k AP
— Solving for In (=), X
L) i \
Y TR\ 1
In|—|= In(|MRTS|)
[ 1—p

— Therefore, the elasticity of substitution between k

and [ is
k

~ dIn(|MRTS|). .1—p .

o



Elasticity of Substitution:
CES Production Function

 Elasticity of Substitution in German Industries
(Source: Kemfert, 1998):

industry |0

Food 0.66
Iron 0.50
Chemicals 0.37

Motor Vehicles 0.10
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Elasticity o

* The elasticity of
substitution o
between k and [ is
decreasing in scale
(i.e., as g increases).

— go and g, have very
high o

— gz and g have very
low o

Advance d Mi

f Substitution
44 81
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Elasticity of Substitution

e The elasticity of
substitution o &
between k and [ is
increasing in scale
(i.e., as g increases).

— go and g, have very
low o

— g, and g5 have very do

high o

Advance d Microeconom ic Theory



Elasticity of scale .«

S EWSTreaT s O our UF w F

—

* The elasticity of scale is the elasticity of output
q to increasing the scale of production (4), i.e.

. ~N
’/ C::l“@‘oDV et

of Mk, A1) "
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Relation btw returns to scale and
elasticity of scale

We have the production function g = f(l, k) and assume
that is homogeneous of degree a.

We take the total differential
dq = fidl + fi.dk
Divide both sides by g

d
4 _ Ty Jr gy
9 q q

Then multlply the first term of the RHS by and the second
term by—

dq _fildr gl di 75—-%& = A
N e X

Advanced Microeconomic Theory 54



Relation btw returns to scale and
elasticity of scale - Il

* Since we are considering a change in scale, all inputs increase by the

same proportion, i.e. % = i—k = d% and substituting in the previousw&o‘»u ch"‘T"3
equation
dq _ (E+M>@=MQ o g = o A(K.2)
q q q)A4 q A

* But by the Euler’s theorem, if f homogeneous of degree a, then

A -
e Thus ¥4 —2adr_  adk 0{_01: = O L
usq—q A—(XA,OI’ ‘\ —&
dq n
_ 49

* NB. Scale elasticity coincides with the production function degree of
homogeneity. ” o»z Ar ciasceaty X Stace
S
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