Hypotesis testing
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Example.

Testing of a mean of a normal distributior. (with known variance).

Let Xy,...,X, be independent, X;~N(u,0?) (i = 1,...,n) for known o2.
We are interested in Ho : {u = uo} where 1 is a known constant. Let
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under Ho, T~N(0, 1), so T'is a valid test statistic. The decision rule depends
on the type of alternative.
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For Hy = H} : {u > po}, the rejection rule is "Reject Hy if # > d,", where tis
the realisation of 7, and d, is the solution of P(Z > d,) = a, where a is the Ve
significance level, and Z is a N(0, 1) random variable. A (’\/l
For Hy = Hy : {u < po}, the rejection rule is "Reject Hy if ¢ < —d,", where 1, — \
dy and « are defined as above. ST \\Q
For Hy = Ht : {u # po}, the rejection rule is "Reject Hy if |¢| > d>", where ¢ \\’ Y=gz [@N]
and « are defined as above, d- is the solution of P(Z > d») = a/2,and Zis a £ )/ Pe A
N(0,1) random variable. B .
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Example.
The Railway Regulation Authority is revising the performance of the Fast
Tortoises Railway Company, which is currently running the railway

franchise: in the contract it was approved that the length of a regular A \@ lj §(J WL (_;; A U\MO&C

journey is normally distributed with mean of 2 hours and standard
deviation of 0.9. In the last 25 journeys, the average journey time was 2.4
hours. Should the franchise be renewed?
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We first check if the problem is correctly specified, and then we address the

question about renewing the franchise. \
We are told to assume that X,...., X, be independent, X,~N(u,0*) \)

(i=1,... n) for n = 25, 6> = 0.92. We are interested in Ho : {u = 2}.
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The test statistic is
X-2
T=425 ( X )~N(O,l),
under Ho. We are not told which type of alternative to take, nor the
significance value. Assuming that the customers would not mind if the
journey is shorter, we take the alternative
Hy : {u>2},
We also assume that a = 0.05, so the critical value is 1.65. So,
1. null hypothesis

Hoy:p=2
2. the alternative hypothesis
Hy:p>2
3. the test statistic
B X-2)
=553

4. the limit distribution of the test statistic under the null
T ~ N(O,1)
5. the decision rule
Reject if t > 1.65
6. the size of the test
a=0.05
7. the limit distribution of the test statistic under the alternative

x-2) X-2-p+u)
=42 0.9 =25 0.9

- s - ()
=25 S5+ 5

soT =2+ Jﬁ% where Z-N(0,1)

-
8. the power of the test
We should compute P(Z+ Jﬁ% > l.65> for u > 2. There are |
infinite values for this, so we only COmp}ltE it for a few possible D c/ T K A o
parameters. For u = 2.1, 1.65 - m% = 1. 0944, power
1-0.86 =0.14. T/UL/
& T -

u 2 21 22 23 24 25 26 27 2o VA LT

size 0.05

Power 0.14 030 051 0.72 0.87 095 0.99

9. the realisation of the test statistic
_ x-2) _ 2.4-2) _
t=425 09 = ¥25 o9 = 2.22

10. wether the null hypothesis is rejected or not.
Since t > 1.65, the realisation of the test is in the rejection area so H is
rejected. The Fast Tortoise will lose the franchise.

Example.

Testing of a mean of a normal distribution with unknown variance.

Let Xi,...,X, be independent, X;~N(u,02) (i = 1,...,n).
We are interested in Ho : {¢t = po} where g is a known constant. We do

not know 62, but we estimated $* = -1+ Z(X; —X)°. Let
=l
X -
T=Jn ( 9#0)

under Hy, T~t,-1, so T is a valid test statistic. The decision rule depends on
the type of alternative.

WInT S Ty Prine (Clyg OF e stwe 2

Wy 1S 1S5 ceen 7

0 W& lon Prp TS L e (Sl

et

© Wh|v ACGat/vG A& BNAT (b <
we TAKG COztl, ¢ e VAL v A TG

[ =T

For Hy = HY : {u > po}, the rejection rule is "Reject H if # > d,", where ¢ is
the realisation of 7, and d is the solution of P(T,-; > di) = a, where a is the
significance level, and T, is a #,-; distributed random variable.

For Hy = Hy : {u < po}, the rejection rule is "Reject H if t < —d:", where ¢,
dy and a are defined as above.

For H, = HY : {u # po}, the rejection rule is "Reject Hy if |t| > d>", where ¢
and «a are defined as above, d- is the solution of P(T,- > d>) = /2, and T
is a #,- random variable.
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Testing the mean for a general distribution.

Let Xy,...,X, be independent and identically distributed, with E(X;) = u,
Var(X;)) = 6% i=1,...,n(Xii.i.d (u,6%)).

We are interested in Hy : {u = po} where p, is a known constant. We do

not know o2, but we estimated 5% = -1+ Z(X; -X)" Let
=1
X —
T=Jn ¢ Sﬂn)

even under Hy, we do not know the distribution of 7. However, as n - o,

T -4 N(0,1), so Tis a valid test statistic in large samples. The decision rule
depends on the type of alternative. The decision rule given for the normal
distribution of X; (with known ¢2) are applied.
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