UNIVERSITA DEGLI STUDI DI MILANO

Dipartimento di Economia, Management

e Metodi Quantitativi M

<ITI

Academic Year 2019-2020
Time Series Econometics

Fabrizio lacone

Chapter 6, Parametric Estimation,
part 2

Topics: Exact Maximum Likelihood
estimation, Conditional Maximum
Likelihood estimation, Optimisation of the
(Pseudo) Maximum Likelihood



Estimation :
maximum likelihood
Let
Y = (Yq,...,Y7)
be a Normally distributed vector with
ECY) = EQY -p)(Y-p)') = Q.
The Gaussian density, computed at the point

y =(Y1,..y7)
in the support of Y is

fyp.yr (Y, Y1)
- @2m) ™Qr exp( Ty-waty-w)
Now assume thaty =(y,..,y7)  is the realisation of

Y, and consider p =p(B) and Q = Q(B), where B is a
set of parameters of interest. Then,

i, v(B) = (20) TQ(B) [
< exp(—3 (v~ k() QAB) (v - k(B)) )

is the likelihood function.

Maximising that function with respect to B gives
the (exact) maximum likelihood estimate, B,, , i.e.

B, = ag m[;'J\val,..,YT(B)



Some comments about the notation

1. Hamilton uses 0 instead of B. I put B to avoid
confusion with the parameter 6.

2. We are often interested in ARMA models: in this
case, the parameters of interest are

B=(C,d1,...,0p,01,...,0q,02)".

3. Be careful to distinguish between the density
and the likelihood. The density fv, _ v;(Y1,..,y7) is a
function of ys,..,Yyr, and it is computed for given
(known) value of the parameters B; the likelihood
fy,..v:(B) is a function of the parameters and it is
computed for the (given) value of the observations
Y1,..,Y1. We indicate the likelihood as fv, _v;(B)
(without reference to yi, .., Yyt in the argument) but
Hamilton uses fv, _v;(Y1,..,Y1;B) instead.



4. Hamilton sometimes also uses fy,  v;(Y1,..,YT:B)
for the density; the difference between density and
likelihood must be clear from the context.

5. Hamilton also uses the notation
fyr,.v.(Y1,..,Y1;B), i.e. inverting the order of Y, ...,
Yt and Yy, ..., YT in the notation: fy; _v,(YT,..,Y1;B)
and fv, _v;(Y1,..,Y1;B) are the same function.

6. We will often refer to the parameters that
generated the data (and the values of which we
want to estimate) by adding a subscript O, i.e. B,



Examples:

AR(1) (lgo] < 1):

Yt = Co+ ¢oYi-1 + &t, &t ~ Nid(O,G%)
B=(c.¢,02)", (I¢] < 1) and

Q@) - 777
/ 1 6 T2 gTL \
¢ 1 ¢T—3 ¢T—2




MA(1) (|fo] < 1):

Yt = o T+ &t +908t—1/ &t ~ N|d(0,6(2))

B =(u,0,02) and
QB) = c?(1+6%)

/ 1 o .. 0 0 \

(1+6?)
0 0 0)
(1+62)
X e
0
0 0 1 (1+62)




The likelihood function may be computed for
given set of observations and for any parameter
(within the range of the parameter space).

For example, assume that we know that po = 0 and
we observed

time Yi Y2 ks Ya
observation 0.5 -0.8 -0.2 2

and suppose you want to estimate 0 in the MA(1)
model when po = 0and ¢§ = 1is also known (so
B = 0 in this case). Consider five potential values
for 0g: —0.5, —-0.25, 0, 0.25, 0.5. Then, we have to
compute Q(B) for each 0: for example, when

6 =0.5

Q(0.5) = (1+ 0.5?)

(1 —»s_ o 0 )

(1+0.52)
0.5 0.5
(1+0.52) 1 (1+0.52) 0
X
0.5 05
0 (1+0.52) 1 (1+0.52)

\ 0 0 (1+%?52) 1 /



and
(y—p(B)'QB) "y - u@)) =
=< 0.5 -0.8 -0.2 2 )X

(125 05 0 o \ [ 05 )

05 125 05 O —0.8
0O 05 1.25 0.5 —0.2

\O 0O 0.5 1.25/\2/

= 4.6903

SO

(2r) ")

< exp(= (v - () QB) (v ~ k(B)) )
= (2m)72 x (1.332) ™ x exp(~ 4.6903)
= 2.1033x 1073

and, for the other values of 6,
0 -0.5 -0.25 0 0.25 0.5
1000xf 3.178 2.618 2.153 1.967 2.103



The function may be computed for all the 6, [f] < 1
(6 = -0.76)

0.004 -
0.0035 +
0.003 +
0.0025 -
0.002 -
0.0015 +
0.001 +
0.0005 -
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The computation of

Q) exp( 5 (v - 1(B))'AB) (v - w(B)))

is very heavy, because it requires the inversion of
the T x T matrix Q(p) for all the admissible values

B.

Luckily, it is sometimes easy to rewrite the
likelihood function in a way that does not require
the inversion of Q(B); otherwise, it is also possible
to modify the problem so that, again, we can avoid
the inversion of of Q(p).



AR(1)
Y: = Co +([)0Yt_1 + &4, |([)o| < 1, Et ~ Nld(O,G(Z))

Then
Y: ~ N 2 1
(i)

so the density of Y1, fv,(y1), is

e (yl_ Lss )

exp

ok

-1/2
U

1—¢o
Of course, the same density may be expressed for
Y,, however in this case we can also exploit the fact
that we observed Y1 on the period before, and look
at the density of Y, conditional on Yj,

Y2|Y1 ~ N(Co + (boYl,G%),

fvaiva (Yaly1)
= (2m) o3| exp<—i (Va-Co — doys)° )

2 or;

We can then express the joint density fv, v,(Y1,Y2)
(ie, of fv,v,(Y2,Y1)) as

fyovi (Y2, Y1) = fyvyvi (Yalyn)fv, (Y1)




and, by the same argument,
fv v (Y1, Y1)

T
— H fYtlYt_]_ ..... Y1 (yt |yt_1’ e ’yl) le (yl)
t=2

where

fYtlYt—l ..... Y1 (Yt |Yt—1, e ,Y1)
= (2m) |3 exp(— 1 (¥i=Co— $oyea)’ )

2 oy
whent=2,...T.
Also notice that, for the AR(1),

Nivese Y Velyess Y1) = Tyves (Yelyes)
so in what follows we simplify the notation in this
way.




So, setting B =(C, ¢,02)’, letting

le (B)
2
_1/2 C
B 12| o2 1 (yl_lT¢>
= (2r) 14 exp( 5 " >
1-¢2
and
fYt Y1 (B)
2
= (2m)Plo?| " exp(— % Wi ;f Y1) )
the likelihood is then

...... v:(B) = wa i (B) fr.(B)

and the log- hkehhood is

L(B) = In(fy,(B)) + Z In(fvyves (B))

_%In<2ﬂ1f—2¢2> 1 (yl_lT¢>

1—¢2
T_1 1 < (Vi—C— ¢yi1)?
— 2\ t—ov — t-1
5 IN(2rc) > E —

t=2



We then succeded in rewriting the (log) likelihood
in a way that does not require the inversion of a
T x T matrix.

Maximising that function gives the "maximum
likelihood estimate" when ¢; is normally
distributed.



However, althought we eliminated the problem of
inverting Q(B), we still can’t express our estimate E
as a closed form function of the observations, so
we still have to compute the likelihood function on
all the admissible parameters in order to find the
maximum.

Consider, on the other hand, estimating B, by
maximising

T 2
- T=1|n@ro?) - % Z (yi=C —GfYt—l)
t=2

2

That estimate is known as "conditional maximum
likelihood estimate", because it is the maximum
likelihood estimate if Y1 is not random (so, the
log-likelihood above is called "conditional"
log-likelihood). In this case, a closed form solution
exists.



To find the closed form solution for the conditional
maximum likelihood estimate, first notice that o2
can be estimated and concentrated out:

o [ T-1 1N~ (V€ gyi1)?
o | _1=1 2y 1 t—ov— t—1
562< > In(271'6) 21:_22 62 )

__T-11 ,
2 o0 24 (¢¥)

and, equating the derivative to 0,

) 1

.
2 A~ 2
T-1) ;(Yt C— dYr1)

O =
so replacing this in the log likelihood, the
concentrated likelihood is

_ TE L In2n)
T
T3t oy Soee-
_TI=1
2

which is maximised if Zthz (Vi—C — PYr_1)? is
minimised.



This is the standard OLS problem, so the solution
1S

)
C = ﬁ tZ:;(yt — QY1) =Y — ay—l
G > Y)Yy 1)

Z;rzz (yt—l_Y,—l ) ’

where

T T
_ 1 __1
Y. T T . 1 ; ytl Y__]_ T _ 1 ; Yt—l

So for the "conditional maximum likelihood
estimate" a closed form solution exists, and it is the
OLS estimate in Y; = Co + ¢o Y1 + &t.

Notice that this is not the likelihood function of
our original stationary AR(1) process, but the
likelihood of the process

Yt = Co+ ¢oYt1+ €, |po| < 1,
gt ~ Nid(0,06%) whent > 1;

Yi=VY1
(hence the name, "conditional maximum

likelihood").



AR(p)

Yt = Co + ¢O;1Yt—1 +.. -+¢O;th—p + &t,
where g ~ Nid(0,03)

and the roots of 1 — ¢g.12—...—¢opZ° = O are outside
the unit circle. Using conditioning, we rewrite the
density as

fvi.vi(Y1,.., Y1)

.
— H fYt|Yt—1,---,Yt_p (Yt |yt—1, - ’yt—p)
t=p+1
Xy Ye(Y1s .0 Yp)
Introduce

Yo=Y, Yp) 1y = E(Yp), Y = (V1se--,¥p)
and Vp = (63) "E[ (Yo —1,) (Yo - 1,) ]

and take again the Gaussian density,
fy o (Y1reoaYp) = (27) P2lo3V, | ?

% exp(—?lz (yp - ”p> ,V51 <yp - ”p>>

fYtlYt_l,...,Yt_p (yt |yt_1, L ,Yt—p) — (27T)_1/2|G%|_1/2

2
o exp(— 1 (Yt=Co— ¢o1yt-1 —...—¢opYtp) )

2 or;

whent=p+1,...T.



Taking logarithms, the log-likelihood is

t=p+1
= —2In@r) - Injo?V,(B)[ 2

- L5 (Y~ 1p(B)) VaB) (¥, ~ ()

_I-p In(27c?)
2
1 ET: (Yr—C — P1Yi1 —---—¢th—p)2
2 o2
t=p+1

where the problem of inverting the T x T matrix
Q(B) is reduced to inverting a p x pmatrix Vp(B).

Maximising the log likelihood yields then the
"maximum likelihood estimate".



Again, a "conditional maximum likelihood

estimate" can be considered instead: this is

obtained by treating Y1, ..., Yp as given, and
T

maximising H fyivis,..vi, (B) instead. The value of
t=p+1
B that maximised the (log) likelihood is called

"conditional maximum likelihood estimate". This
turns out to be the OLS estimate of Co, ¢o1, ..., Pop
in the corresponding regression model.



MA(1)

Yt = Uo + &t +908t_1, |90| < 1, Et ~ Nid(O,G(Z))

Under the additional assumption that
EQ = 0

we can also derive a "conditional maximum
likelihood estimate" of 8 in a MA(1).

In general, since &; ~ Nid(0,c%), then
Yilerr ~ N(uo + 0oet1,03)
i.e. the density of Yiler1 is
fyiec, (Vtletr1) =

__ 1 exp(— 1 (Yt — pro — Bogra)” )

JZﬂG% 5

2 o2




Unfortunately &1 is not observable.

However, suppose that we know ¢o, then
Y1 = po+ &1+ 0ogo, and, given o and g we can
also compute

€1 =Y1— Mo —0Oogo

Having computed £1 we can also compute
€2 = Y2 — 1o — Bog1, and, iterating the procedure,

gt = Yr — Ho — Oo&r1.
Then,

fyiecs (Vilet1) = fyvaqvea..Yieo VilYi-1, ..., Y1, €0)
and

v, . YrovYreo(Y1s -+, Y1-1, YTl€0)

— 1:Y1|80 (yl |80)

T
X H fYtIYt_l,...,Yl,go (yt |yt_1’ e ’yl’ 80)
t=2

T 2
~TI2 /2 €
= (2r)" (o)) |t_1| exp(— 2;2 )

0



Notice that this is not the density of
(Y1,...,Y71,YT) when each Y; has MA(1)
representation, but that density (i.e., the density of
(Y1,...,Y71-1,Y7) when each Y; has MA(1)
representation) conditional on &o.

Morevoer, we cannot compute a likelihood,
because we can’t observe &o.

However, consider the process
Yt = po+ &t + 0o,
with ¢ ~ Nid(0,068) when't > O;
go = 0.

This process is very similar to the stationary
MA(1), and it has the density above (setting
Eo = O).

Given that we know &g, we can compute ¢1 for a
given point P in the parameter space: this is of
course a function of B, so
e1(p) =y1—nu
and then
£2(B) = y1— pu—0e1(p)

and in general

et(B) =yt — u—0er1(B).



We can then compute the likelihood (which is,
then, a "conditional likelihood") as a function of a
set of observations (yi,...,y7)’, and of a generic
vector of unknown parameters ,

-
= fy1|80:o([3) H fYt|Yt_1,...,Y1,80=0(B)
t=2

T
_ (27[)_T/2|62|_T/2 Hexp(_:]z_ gi-(g) )
t=1

Taking logs, the (conditional) log-likelihood is

>
Lp) = ~5 In@21) ~ 5 In(6?) ~ 525 2 et

The value of B that maximises the (conditional)
(log) likelihood is called "conditional maximum
likelihood estimate".



MA(0)

Yi = po + &t + 0161 +...+00qEtq, €t ~ Nid(0,03)

and the roots of 1 + 6012 +...400,qz% = O are all
outside the unit circle.

/
Introduce €0 = (€0,...,6-q+1) -

Again, if g9 = 0, we compute, for
B — (H191’ LR 1QCI162)II

et(B) = yi—pu—0161(B) —...—0q€tq(B)

iteratively, and we can formulate a "conditional
maximum likelihood":

= lelaozo(B) H fYtlYt—L---,Yl’GO:O(B)
=2

;
_ (2n)‘T’2|02|‘T’2Hexp( > ZG(B) )

Taking logarithms, the log-likelihood is

L(B) = 7 In(@n) - 5 In(@?) - 515 Zems)

The value of B that maximises the Cond1t10na1 (log)
likelihood is the "conditional maximum likelihood
estimate".



ARMA(p, )

Yi = Co + ¢O;1Yt—1 +.. -+¢O;th—p
+ &t + 90;18t_1 +.. .+90;q8t_q,
gr ~ Nid(0,52)

the roots of 1 — ¢pp1Z—...—¢opz° = 0 and of
1+ 6001Z+...460,429 = O are all outside the unit
circle, and there is no common factor.

Again, assume that Y1,...,Yp are given and

gp — 8p_1 — .. gp_q+]_ — O

Then we can compute, for

B=(Co1,....0p,01,...,0q,62)
et(B) =Yt —C—P1yr1—...—PpYtp

_ ngt—l(ﬁ) — .. —Hqgt—q(B)
fort > p.

The conditional likelihood is then

= (27) (T—IO)/2| 2| (T-p)/2 H exp( t(E) )

t=p+1



The conditional log-likelihood is

£(B) = 152 In(2x)

.
T-p 1
-5 Ine?) - 527 2 &)
t=p+1
The value of B that maximises the conditional (log)
likelihood is called "conditional maximum
likelihood estimate".



Concentrated likelihood

Consider again

£8) = -—5°

In(2r)

o Pine?) - Z;ZEZGHW
t=p+1
Clearly, this is maximised as long as ZtT:pﬂ et(B) is

minimised with respect to (C,¢d1,...,¢p,01,...,0q):
although we wrote &:(B), the parameter o2 does
not actually enter the recursions to compute &:(B).

If we are not interested in 6§, we can estimate

(Co,Po:1,--- ,¢O;p, Oo:1,- .. ,Qo;q) by minimising the
(condltlonal) Residual Sum of Squares (RSS)

Zt p+1 (B) i.e.
T

C.fy,,01,...,00= agmin > &¥(B)
C,¢1,...,¢p,91,...,9q t=p+1

To estimate o§ notice that

oL(B) _ T-p 1 Z g'IZ(B)

02 2 o2 2(c;2)2 =

so, from the first order condition - (E ) — 0,

o

G = T— Zé‘t<C ¢1"" 91,.../9\(1).

t—p+1



Pseudo Maximum Likelihood
(PML)

When ¢ is not normally distributed, the density is
different and then the maximum likelihood
estimate is different as well.

If we use the gaussian density even if ¢ is not
normally distributed, then, our estimate is no
longer the maximum likelihood one. In this case it
usually known as Pseudo (or Quasi) maximum
likelihood instead.

We already saw that there many variants of the
maximum likelihood estimates; in the same way,
there are many variants of the PML ones. In what
follows, we will discuss the asymptotic properties
of a minRSS type of PML estimate, i.e.

.
(6,¢1,... 0 )PML = arg min ) e#(B)
wPp 0100 t=pi1
Y T
A %p > e (g0 eq)PML.
t=p+1

Notice here that this estimate "generalises" the ML
one in the same way as the OLS regression
estimate generalises the ML estimate in a
regression model.



Optimisation of the objective
function

In general, it is not always possible to obtain a
closed form formula for the estimate, and it may be
extremely time consuming to compute the
log-likelihood function (even the conditional
log-likelihood) for all the potential B.

The optimisation of the log-likelihood may be
carried using a numerical algorithm, such as the
Newton-Raphson one.

Introduce
0y _ 9LB) :
aB*™’) = 813 0 (gradient)
HB©@) = - 88;65([5) o (Hessian)

for a generic B, and consider an approximate
second order Taylor expansion of £(B),

L(B) ~ L) + [ gB?) (B -]
- 5 [B-BOTHE)B - B



Recall that £(B) is maximised at ﬁ if

LB | _ o
B lpp
Now, consider the approximation of the derivative
around B©:

0LEB) _ _ ]
5 = [9B)]~HE)B-p*]

If the approximation was perfect, we could have
just computed B solving for B

[9(B®)]1-HEB™)[B-p™] =0,

1.e.,

B =B +HE) 9B )]
However, this may be a rather poor estimate,
because the approximation is not exact (there is a
remainder, in this case of the third order, in the
Taylor expansion of £(B)). Let’s call this possibly
poor estimate B(l), then, where

BY =B +HB) " [g(B)] -

clearly, this is (in a certain probabilistic sense)
better than a generic p(©.



Next, we can improve, by considering a second
order approximation of £(B) in B, and compute

B = B™ + HB™) " [g(B™)].

The procedure can then be iterated until
convergence (which gives p).

Example
ARMA(1,1) (assuming uo = 0, 6§ = 1 known),
B=(6,0)". Recall

et(B) = Yt — ¢yr-1 — Oe-a(B)

so fort > 2,

agat(eﬁ) _ _gt—l(B) —0 88'519([3)

oei(B) der1(B)
oo~ Y05

0%e(B) _ _,0eaB) _ ) O%ea(P)

002 00 062
0’ei(B) _ p0%ra(B)
02 02

0%et(B) _  Oea(B) 0 0%era(B)
000¢ O¢ 000¢




These iterations may be initialised setting €1 = 0O,

go = 0 (which also implies % =0, aggéﬁ ) = 0),

and taking Y; = y1 as given. So,

i
L) = —L5+In2r) - % pI()

t=2

oL T [ ep)
oB) - 5 - —Z< e

2 | &B)—
02L Hi Hi
o) - ZEB) s

opop Hi> Hox

~ Et 2 azst
Hu = < i aéﬂ) + £1(B) ag(zm

Et Et 2St
where< Hiz = aa;B) aa((aﬁ) +&(B) aaea(g)

ost(B) \ 2 0%1(B)
\ Hz = (42 )"+ a(B) =



In many cases, you may start the
optimisation with any set of starting values,
but this may result in a rather slow
optimisation, or even in an "incorrect"
solution (you may end up picking a local
maximum, rather than the maximum).

It is then advisable to start from a "good"
point, that is, from a consistent estimate of
(tipically, an estimate that you may
compute easily, even if it is less efficient
than maximum likelihood): the correlogram
based estimate is a good starting point
(given certain regularity conditions,
properties as in the pseudo-maximum
likelihood estimate may be obtained after
just one step).



Appendix

Maximum likelihood estimation for
independent bernoulli trials

Maximum likelihood estimation in the linear
model with iid gaussian innovations

Step-by-step derivation of the
variancecovariance matrix for a stationary
time series

A numerical example of the computation of
the LS /CRSS estimate for MA(1)



Maximum likelihoood
estimation for independent
bernoulli trials

Consider an experiment that may result in two
outcomes, success or failure, with probability of
success P, and suppose that we repeat the
experiment n times. Then, letting X the number of
successes, X is binomially distributed with
parameters N and p,

P(X=X) =

(n— X),X, pPL-p)™*

Suppose that we run the experiment 7 times. What
is the probability of observing 5 successes? Setting

n=7 X=25,
we can compute P(X = 5) for various values of p:
P(X =5:p=0.4) = =[1-0.450.62 ~ 0.077

2151
P(X = 5;p = 0.6) = -/=-0.60.42 ~ 0.261
P(X = 5;p = 0.8) = (£-0.850.22 ~ 0.275
and, for the generic value p = 0,
P(X=5p=0) = —L_651-6)"°

(7 - 5)I5!



Suppose now that p is unknown, and that we did
run the experiment (n = 7) and we observed X = 5.
Then, nand X are fixed, and

O =% —75!)!5! PA-0)"

is a function of 0 only, and it is called likelihood
function.

I(theta) *° T

04T
03T
02T

01T

0.0 1 f 1 1 1 1 1 1 1
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.

° theta

As we have seen before, P(X = 5;p = 0.8) ~ 0.275
while P(X = 5;p = 0.4) =~ 0.077, so the probability
that X = 5 occurrs when p = 0.8is higher than the
probability that X = 5 occurrs when p = 0.4. As we
do not know p but we observed X = 5, the idea
behind maximum likelihood is that, therefore, |
should rather think that p = 0.8 generated this
result of X = 5, and not p = 0.4.

As p may actually be any value in (0,1), by the
same argument the estimate is § = 5/7 ~ 0.714.



Maximum likelihood estimation
In the linear model with 11d
gaussian innovations

We are interested in estimating ag and fo in
Yt = ao + BoXi + Ut

assuming that

1) X: is deterministic

2) U is normally, independently distributed with
E(u;) =0, Var(u;) = 6(2), 1.e. Ui 1S Nld(O,GCZ))

(notice: X; is deterministic means for example that
Xt may be some known function of time, such as
Xt = t, or X; = t% or X; = cos(t); X; = ¢ constant is
also a deterministic function, but the constant is
already in ao).

Then,
Yt ~ N(Oto + ﬂoXt,G%)

with density
Vi — oo — PBoXt 2
fr(yo) = ——L exp(— 5( ) )
‘/27'[(7% 2 ©0
1 1/ Up \?
[2103 ( 2 <00> )




Morever, the density of Y,...,Y71is

T
fv . vi(Y1,...,YT) = HfYt(Yt)
t=1

because U; is independently distributed.

Note: the density fy,(y:) is a function of y; € R, and
it is computed for given (known) value of the
parameters ao, Bo,08; fv,,v:(Y1,..,YT) is a function
of y1,..,Y1, and it is computed for the same given
(known) value of the parameters ao, Bo, 3.

We cannot observe u; but, using observations
(Y1,...,¥7) (and recall that X; is deternisitic, so X; it
is known) we can compute

u(a, B) = yr —a — px
for each admissible value of a and 3, so we
compute

2
fv.(a, B,6%) = 21 - exp<_ % ( Ut(g‘,ﬁ) ) )
0}

T

and the likelihood




Note: Ui(a, B) is a function of a and f; it is not a
function of y; or X; because these are known at the
moment we compute Ui(a, ). The likelihood

fv, .v:(a, B,02) is a function of the parameters

(a, B,0%) and it is computed for the (given) value of
the observations yi,..,yt (and using the fact that
X1,...,XT are known). We indicate the likelihood as
fv,. v:(a, B,02) (without reference to yi,..,yr in the
argument).



The logarithm of the likelihood is

£(a,p,0%) = — 1 1n2ro2 ——Zut(a B)2.

The maximum likelihood estimates of a9, Bo,c3 are
the values of a, 8,02 that maximised the likelihood
(and therefore, the log-likelihood), i.e.

,B,6° —argmax £(a, B,02)
a,ﬁ,oz



For the maximum likelihood estimation of «, 3,

first order conditions are M(O;f ) _ O and
oL(a,B,02)
55 =0, so
6Ut(a,ﬁ) 1 5Ut(a,ﬁ) — _x
oa T t
oui(e,B) oug(a,B) _
o = —2Ui(a, pB), op = —2XU(at, B),
T
0L (a, B,0°) 1
do | 202 2; i@ f)
T

0L(a,B,6?)
aaga :?]-ZZZXtUt((Lﬁ)'

Equating these two derivatives to 0, and
substituting ui(e, ), we have

-
> (-0 Px) -0
t=1

-

ZXt<yt —a—/BXt> = 0.

t=1




Solving the first equation for @, we have

:
Ta =3 (v~ Bx)

t=1

and finally, letting y = + Zthl Y, X = =+ Zthl Xi
a=9-pBx

Replacing this in the second equation,

.
th<yt —y+ﬁx-ﬁxt> =0
=1

T T
Z XYt —y) = B Z Xt(Xt — X)
t=1 t=1

Z;r:]_ Xt (yt — Y)

P = Z;r:]_ Xt (Xt — X)

Notice that Zthl(yt —-y) =0, s0 Zthl X(y; —y) = 0.
In the same way, Zthl X(X¢ — X) = 0, so
> (=X —)

S (X - %)

B =



Notes:

% if g = 0 and we know it, i.e. we want to
estimate B¢ in

Yt = ﬂoxt + Ut
then

ZtT=1 XYt
ZtT=1 Xt®

% if we have many types of X; (for example, p) i.e.
we have X1y, X2y, ..., Xpt and we want to estimate ag

and ﬁo;]_ ﬁo;z, ceey ﬂo;p ln
Yt = 0o + ,30;1)(11 + -I—,Bo;zXz;t +.. .+,Bo;po;t + Ut

B =

then, stacking

Bo = (a0, Bo1,Boz.- .-, Bop)’
(thisisa ((p+ 1) x 1) vector), and

y=(Y1,...,y7)’ (Tx 1)
Xt = (L, X1, ..., Xpit) (p+1) x1)
X=(Xs,....,x1) (Tx(p+1))

then
B =007 (Xy)



* E = (X'x) H(X'y) is a function of the observations.

As we change our observations, we also change the
value of B. As the observations are realizations of
the random variables, we can also consider the
function

B = (XX)'XY).
This is a random variable and it has a proper
distribution. In particular, it is possible to prove

that, if there is M such that +X'X - M, then
ﬁ —p P
JT(B-B) »a N(O,M152)

Moreover, in this particular case (X: deterministic
and u; Nid(0,52)) P is the "best" estimator in a
certain class

(the class of linear and unbiased estimators; "best" here means
"minimum variance" if only one variable is used in Xt; in general, it
means that the difference between M ™16 and the
variance-covariance matrix of any other linear unbiased estimator,

is negative semidefinite).



% The estimator B = (X'X) " (X'Y) is also known as
the Ordinary Least Squares estimator, because it is
obtained minimising the sum of squares of the
residuals Zthl u(a, B)?. Tt is also used in many
other contexts, in which X; may be not
deterministic and u; is not normally distributed, or
indeed not even independently distributed. In all
these cases of course the properties are not as
stated above, and they must be studied case by
case.



Step-by-step derivation of the
variance-covariance matrix for

a stationary time series
Let {Yi},_ be a process and each Y is identically

distributed and

with

ECY) = EQY -p)(Y -p)) = Q

How are Y, pand Q done?

/Yl\

Y2

Y11

\ Y

aa

U

N

So,Y,pand Y —pare T x 1 vectors.




(Y —p)(Y —p)’

/ Y1—u \

Yo—u
— (Yl—y Y2_,U YT—,U>

N
Y- —p)isa(Tx)x(AxT)=(TxT)
matrix.

To ease the notation, assume that
u=>0
Then we are interested in
/ Y1 \
Yo
: (Vi Y2 Ysoovr )

\ YT/
7YY YiYs YiYa .. YiYr

YoY1 YaY2 YoYs ... YaVYg
— Y3Y1 Y3Y2 Y3Y3 Y3YT

YV

\YTYl YrY2 YrYs ... YrY7 /



Recall that 4 = O, then

E(Y1Y1) = vo,

E(Y1Y2) =71, ..,

E<Y1 YT> = Y11,

in the same way, E<Y2 Y1> = Y1,

EC(Y2Y2) = 7o, ...,
E(Y2Y1) = 712, ... 50

E(YY’)
7 NiY: YiYa YiYs oo YiYr

YoY1 YaY2 YoYs ... YaVYg
=E Y3Y1 Y3Y2 Y3Y3 Y3YT

\YTYl YTY2 YTYs ... YrY7 /
/ Yo )4 Y2 ... YT \

Y1 Yo Y1 ... YT
- Y2. Y1 Yo ... VT3

\ Y71 Y72 Y713 --- Y0 /



Assume for example that {Y:}, _ is a MA(1),
Yt = UuU+ét+ 98'[_1 with Et lld(O,Gz)

Then, Q is the T x T matrix

[ (1+02)
0
Q=c? 0

=5%(1+6%)

0 0)
(1+62) 0
0 (1+62)




Conditional ML for MA(1)
a numerical example
We observed

y1 = —0.4, y»=0.8, y3=0.6, yg4=-0.2
and we want to compute the Conditional RSS
for three values of 0: —0.5, 0, 0.5.
Using eg = 0 for any 60, :(0) =yt — 41 (0)
875(0) t=1 t=2
0=1/2 | —04—-1/2x0=-04 08—-1/2%x(-04)=1.0
=0 —0.4-0%x0=-0.4 0.8—-0x%(—0.4)=0.8
f=-1/2 | —-04+1/2x0=-04 0.84+1/2%(-0.4)=0.6
Et(@) t=23 t= 4
0=1/2 06—-1/2x1=01 —02-1/2%x0.1=—-0.25
6 =0 06 —-0%x0.8=0.6 —02—0*06:—0.2
6=-1/2 | 0.64+1/2x06=09 —-0.24+1/2%x0.9=0.25
g2 (0) t = t=2 t=3 t =
6=1/2 | (-0.4)*=0.16 1°=1 0.12=0.01 (—0.25)° = 0.062

=0 (-0.4)2=0.16 0.82=0.64 0.62=0.36
0=-1/2 | (-0.4)2=0.16 0.62=0.36 0.92=0.81

T
Zf: €t(0)
0=1/2 0.16 +1 + 0.01 + 0.0625 =1.2325
0=0 0.16 +0.64+0.36 +0.04 = 1.2
0 =-1/2 | 0.16 4 0.36 + 0.81 4 0.0625 = 1.3925

(—0.2)? = 0.04
0.252 = 0.0625



This means that if we were to pick a condi-
tional maximum likelihood estimate 6 between
the three candidates 1/2,0,—1/2, we would
pick 0=0.

If we used the whole [-0.98,0.98] the estimate
0 would be 0.14. The function 27,2 (0) is

25
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